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PROCEEDINGS 


OF 


THE PHYSICAL SOCIETY 


OF LONDON, 


NovemBer 1896. 


I. On some Experiments with Rédntgen’s Radiation. By 
RicHArD THRELFALL, @.A., Professor of Physics, and JAMES 
Artuur Potock, Demonstrator of Physics in the University 
of Sydney, N.S.W* 

THE experiments to be described were performed during 

April and May of this year, and were made with the object 

of elucidating the nature of the radiation. It was thought 

that the following possible explanations should be tested :— 
1. The radiation consists of a swarm of material particles 
projected through the glass of the generating tube. 
Electrical changes taking place at the glass surface are 


invoked to explain the differences between Rontgen’s 


and Lenard’s rays. 

2. The radiation consists of an “ ether wind.”  Aither is 
sucked through the glass towards the source of radia- 
tion and then blown outwards. The question as to 
whether the radiation observed by Réntgen is the 
expression of the motion of zether to or from the source 
remaining open. 

3. The radiation consists of sther vortices moving to or 
from the source. 


* Read November 138, 1896. 
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4, The radiation consists of ether waves: that is waves of 
regular or irregular eether motions. 

5. The radiation consists of electromagnetic waves of either 
very small wave-length or having longitudinal com- 
ponents. This is probably a special case of (4)—at 
least if we are to look to the sether to explain electricity 
and magnetism dynamically. 

6. The radiation is a phenomenon of a new order entirely 
unconnected in any way with anything in our past 
experience. 


Source of Radiation. 


Being thrown entirely on our own resources for means of 
production of the radiation—all the Crookes’s tubes in our 
possession being almost useless—we arrived at the form of tube 
shown in fig. 1, These tubes are easily made; the surface 


Fig. 1. 


co) 


opposite to the kathode being spherical, can be made very 
thin, and the electrodes are kept well apart. The kathode 
is best made very nearly plane—if concave it will easily fuse 
the thin glass against which its rays are projected ; we have 
lost many tubes from this cause. We have found that the 
bulb may be conveniently about three or four centimetres in 
diameter and the main tube as little as 1°5 to 2 em. in diameter. 
The expansions round the electrodes are intended to obviate 
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local heating, for it is not always easy to prevent oscillatory 
discharges and consequent “‘ kathoding” from the “ anode.” 
The chief merits from our point of view, however, were that 
the tubes were very easy to make out of comparatively small 
glass tubing. Their volume is small, so that they can be 
exhausted quickly, and they give very intense action. In 
fact one tube—tbe bulb of which ultimately fused under the 
influence of the kathode-discharge—gave quite as intense if 
not more intense radiation than a “ focus ”’-tube made in our 
laboratory, which appeared to act perfectly, so far as we 
could judge. 


Experiment to test Hypothesis 1. 


When a vacuum-tube is prepared with electrodes of alu- 
minium-wire whose ends are about 1 centimetre apart, and 
exhausted until the discharge will rather jump across three or 
four centimetres of air between balls of 1°5 cm. diameter 
than pass in the tube, it is generally noticed that the dis- 
charge, when forced to pass by the tube, goes rather more easily 
in one direction than the other. By placing a spark-gap 
with spherical electrodes in parallel with the exhausted tube 
and properly adjusting the distance of the balls from one 
another, it is easy to so arrange matters that the sparks pass 
mostly by the spark-gap when the current is in one direction 
and by the tube when it is reversed. An arrangement of 
this kind is exceedingly sensitive to small changes of pressure 
in the exhausted tube. In the experiment to be described, the 
spark-gap was generally so adjusted that when the coil-com- 
mutator was in one position the whole of the discharge 
passed over the gap—only the faintest glow being discernible 
in the tube in a dark room. When the current was reversed, 
however, the discharge was about equally divided between 
the gap andthe tube. No very delicate adjustment of the gap 
seems to be necessary, at all events when the discharges follow 
each other rapidly. 

Having thus obtained a means of testing the vacuum in a 
” discharge-tube more rapidly and probably much more deli- 
cately than by any kind of gauge, we thought it worth 
while to try whether Réntgen’s rays would project particles 
into the exhausted tube. If hypothesis (1) be correct, 
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then particles must be carried into the exhausted tube if 
it is thin enough to be transparent; and if in addition it 
contains a piece of platinum-foil which stops the radiation, 
the particles would also be stopped; also if the particles are 
not wholly entangled in the platinum, some change in the 
vacuous state of the tube is to be expected. 

A tube about 12 em. long and 1°5 em. in diameter, and 
having a bulb about 4 cm. in diameter in the middle of its 
length, was prepared of German glass. It was provided with 
electrodes fused in from either end, and extending to within 
1 cm. of each other in the centre of the bulb. A bit of platinum- 
foil lay in the bulb, and the tube was fused on to a Sprengel 
pump through about a metre of tubing some millimetres in 
internal diameter. A phosphorus-pentoxide tube was included 
just above the fall-tube. The whole apparatus, including the 
pentoxide tube, was repeatedly heated by a Bunsen burner 
and exhausted until the discharge preferred to pass through 
3 cm. of air-gap rather than through the tube. So sensitive, 
however, was this means of testing the vacuum that for the 
first few days, despite frequent heatings and pumpings, the 
vacuum would not remain constant for more than some 
minutes. After about a fortnight of heating and pumping, 
however, the vacuum became so steady that the change in 
twelve hours, which was sufficient to entirely stop the discharge 
in the spark-gap, could be rectified by the fall of at most 
50 drops of mercury in the fall-tube—i. e. by about 30 seconds’ 
pumping. ‘The change of vacuum occuring during an hour 
could still be easily detected by testing with a current in 
alternate directions. 

Under these circumstances, experiments were made by 
urging Réntgen tubes to their utmost, almost in contact with 
the bulb of the exhausted tube, and directing their radiation 
on to the platinum-foil. Though many very active tubes were 
fused or otherwise destroyed, yet during an hour’s action on 
several occasions no change of vacuum in the exhausted tube 
could be detected when due allowance for the slight progressive | 
deterioration was made. 

This experiment was repeated several times, and a tube 
which had successfully exhibited the fluorescence of a screen 
of tungstate of calcium through an aluminium plate -7 mm. 
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thick to an entire audience, was melted down in the operation ; 
but no effect whatever was observed. 

Professor Wright, of Yale, has given some reasons for 
thinking that Rontyen rays when passing through gold-leaf 
carry particles (of gold?) off with them ; so that if a positive 
effect had been obtained in the experiment described it would 
not have been quite conclusive ; neither is the negative effect 
observed conclusive against any particles being carried for- 
ward; it only shows that the particles so carried (if any) 
either refuse to behave as gaseous particles, or are exceedingly 
few in number. 

The experiments of Professor Minchin which are now 
available have, however, rendered the solid particle theory so 
‘unlikely that it is hardly worth while pushing the investiga- 
tion further—at all events until much more powerful appli- 
ances are to hand. In case the experiment appears worthy 
of repetition, we would call attention to the fact that it appears 
desirable to use specially purified phosphorus pentoxide in 
the drying-tube ; for the presence of the vapour of phosphorus 
or its lower oxide fouls the mercury when impure pentoxide 
is heated. 


Experiments made to test whether Réntgen’s Radiation ts 
associated with cether currents in any way. 


With regard to hypothesis (2) Michelson has put into our 
hands a comparatively simple method of obtaining the inter- 
ference of two beams of light which may be used for detecting 
the presence of xther currents by their influence on the 
velocity of light travelling through the moving ether. 

The arrangement employed in fig. 2 was made use of for 
the purpose of determining whether Réntgen’s radiation is 
associated with sether movements. 

In this arrangement the light from L is divided into two 
beams at A which travel round from mirror to mirror in 
opposite directions, eventually reaching the telescope T. 
When the adjustment is correct, interference-bands are seen 
on looking into the telescope. 

In this experiment it was estimated that a shift of the 
bands equal to one tenth of the width of a single band, or a 
widening of the bands by one fifth of the same amount, 
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could not have escaped our netice. In some experiments the 
Réntgen tube was placed so that the line of kathode discharge 
made an angle of about 30° with the path BC, and in others 
made an angle of 90° with the same line. No disturbance of 
the bands could be detected when the coil was started or 


Fig. 2 
B C 
a aed SSS SS SF 
4 
cs ae 
® fo 
NY LO 
Sy LY 
ee ah 
, 
SS ae 
SAS . THO 
‘ A 
LN ZA 
S\ He 
® wa 
& 
SS ya “7 
ANY “ 
Nis. JE 
» ~ rer A 
SS 


‘ 
See 
No UAE 
Mm DP 
7g ‘, 
< 
V4 wSN. 
we ® 
of, 
“y 
” 
GEN hic | 
7 
7 


while it was working, which shows at once that within the 
- limits of accuracy imposed by the experimental conditions, 
the Rontgen radiation is unaccompanied by ether streams. 
This conclusion refers, of course, only to air, and it therefore 
appeared desirable to make an additional experiment, replacing 
the air by a substance of greater density. Pure benzene 
was selected as a suitable liquid, and a glass tank 16-4 cm. 
long, and several centimetres wide and deep, was placed in 
the path BC. The radiating tube, which was placed above 
the free surface of the benzene, was arranged to radiate on to 
the path in all directions, and in some cases was actually 
immersed in the benzene so that its active surface was in the 
field of view of the telescope. 
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No disturbance of the bands commencing when the coil 
started, and stopping when it stopped, was ever detected, 
though a great many excellent observations were made. Of 
course, effects due to the heating and electrification of the 
glass can be easily distinguished from those we are in search 
of in view of their persistence after the coil is put out of 
action. Thetube employed gave quite visible fluorescence by 
barium platinocyanide at a metre’s distance and through 
aluminium *7 mm. thick. We can get an idea of the order 
of the minimum ether velocity which could be detected 
by this means. The path BC being some 25 cm. long, 
we will suppose that only 10 cm. of it are influenced by 
the tube and that the radiation is along the path. The sen- 
sitiveness of the method was the same whether we employed 
air or benzene. 

A shift of the bands amounting to a fifth of the distance 
from band to band would be produced by an ether velocity 
sufficient to change the time of passage of light over the path 
by one tenth of a period. As sodium light was employed, 
we may call this 

5:9/3 x 107" seconds. 


But the time required for light to travel over ten centimetres 
in air is about 
1/3 x 107° seconds ; 


or the velocity is not changed by the radiation by more 
than six parts in ten million, say. This is about 177 metres 
per second, so that the conclusion to be drawn from the 
experiment is that the Réntgen radiation is not associated 
with sether velocities greater than, say, one fifth of a kilo- 
metre per second, or about a thousand times less than that 
of kathode rays as measured in a vacuous tube by Prof. J. J. 
Thomson (Phil. Mag. vol. xxxviii. p. 364). 


Experiment to test whether Réntgen Rays produce any change 
in ether affecting the velocity of light. 

An experiment (fig. 3) was arranged on Michelson’s 
principles. In this case the sodium light from L is divided 
at the partially silvered mirror A, one beam travelling to © 
and thence to T, the other travelling to B and thence back 
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toT. The path AC is operated upon by the tube, and the path 
AB is screened by a heavy cast-iron screen. The active 
surface of the tube is brought up to the path CA, and the 


Fig. 3. 


Réntgen radiation allowed to traverse it in a variety of direc- 
tions from parallelism to normality, and is even thrown on to 
the mirror at C. For experiments on benzene, troughs of 
that liquid as similar as possible are inserted in both paths, 
the one in the path AB acting merely as a compensator. 
This experiment is much more difficult than the one previously 
described, and the benzene requires to be well stirred if good 
definition is required. In the experiments in air a shift of 
the bands by ;\5 of the width of a band could be observed, 
while in benzene a change of about half the distance from 
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band to band only could be seen. A widening of the bands 
to about half the above amounts could have been detected in 
each case. When the benzene was used the fringes were 
unsteady, and opportunities for observation had to be waited 
for. Of course, when the active surface of the Réntgen tube 
dipped into the benzene so as to appear in the field of view 
of the telescope great disturbances due to thermal and electric 
changes became visible. These, however, did not appear 
instantaneously on starting the coil, nor did they disappear on 
stopping it. In no case was any real effect observed. 

The chief interest of this experiment lies in the fact that if 
the Rontgen radiation consisted of longitudinal ether waves, 
2. €., waves of longitudinal ether displacement, some effect was 
to be expected. If the waves are long compared with the path 
AC (the path AB being screened) a widening of the fringes, 
or in the extreme case a total disappearance of the fringes, is 
to be anticipated. This can easily be realized by blowing an 
organ-pipe in the neighbourhood. If the waves are short 
compared with the dimensions AC then all will depend on 
the azimuth of the tube, or rather on the inclination of the 
Réntgen-ray path to the path of the light rays. This appears 
from the fact that whole waves would produce no effect in 
the case contemplated—everything would depend on the 
fractional parts of the waves included in or projected on AC. 

The conclusion to be drawn from the experiment is that 
neither in air nor benzene are the light-transmitting properties 
of the ether interfered with. The limits of observational 
accuracy are of the same order as in the case of Experiment II. 


Action of Réntgen’s Rays on a Selenium Cell. 


It so happened that one of us was engaged early in the 
year in experimenting with photo-resistance cells made of 
selenium which had been laboriously purified and which was 
probably as pure as any that has ever been obtained. Con- 
trary to expectation, such cells showed a quite normal light- 
sensitiveness whether the electrodes were of platinum or of 
aluminium. ‘The cells were made according to the directions 


given by Mr. Shelford Bidwell* in his paper read before the 


* Phil. Mag, vol. xl. p. 233; Proc. Phys, Soc, vol. xiv. p. 552, 
VOL. XV. C 
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Society last year—the only difference being that purified 
selenium was employed. 

The result of a good many observations was to show that 
a certain selenium cell with platinum electrodes was acted on 
to about the same extent and in the same direction whether it 
was exposed to the radiation of a “standard” candle at a 
distance of three metres, or to the Rontgen radiation at 
a distance of ten centimetres and passing through*7 mm. of 
aluminium and about 3 mm. of wood. The tube was 
working so as to cause visible fluorescence in a barium platino- 
cyanide screen—not of quite the best quality—at a distance 
of rather over a metre in a room nearly but not absolutely 
dark. This is of course a very rough way of stating the 
degree of activity of the tube, but when the experiments were 
made Professor Minchin’s work had not reached us, and 
consequently the simple scale of tube intensities which it 
implies was not available. 

In order to test whether the action of the light differed in 
kind from that of the Rontgen radiation two experiments 
were made—in one the rate of resistance-recovery of the 
selenium cell was carefully studied and compared with the 
rate of recovery of the cell after exposure to candle-light ; 
in the other tests were made in the hope of discovering that a 
permanent electromotive force was established by the radia- 
tion, and that it persisted after the radiation was cut off. 
Neither of these experiments led to positive results. The rate 
of change of resistance during the twenty seconds of exposure 
to Réntgen’s radiation was, so far as could be seen, exactly the 
same as when the candle-flame was substituted at the proper 
distance. The recovery curves, extending over about half 
an hour, were also very similar on the whole (several tests 
were made), though both curves themselves exhibited great 
irregularities. 

In order to obtain effects as little complicated as possible 
by previous history the sensitive cell was kept in circuit on 
the bridge, and was traversed by the testing current for two 
or three days before the observations. 

It was for the same reason that exposures were limited to 
20 seconds, for the rate of recovery of resistance with the 
cell employed was very slow. Qn one occasion when an 
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accidental exposure for several minutes to Réntgen’s radiation 
was made, the cell had by no means recovered four hours 
afterwards. 

The resistance of the sensitive cell employed was reduced 
from 1209 ohms to 1185 ohms in 20 seconds by the radiation 
under the conditions mentioned. The testing battery consisted 
of two “Obach” cells, and the bridge was made up of two equal 
arms of 1000 ohms each—the selenium and the variable arm. 
We mention this in case it may ever turn out that the effect 
depends on the testing current. 

With regard to the electromotive force which it was supposed 
might be set up. The cell was kept at rest and undisturbed 
for three days before the final trial; it was placed three 
centimetres from the active tube, which was, as before, in a 
metallic box, together with the coil. The tube was shut off 
from the cell by an aluminium plate ‘7 mm. thick. 

A very sensitive high resistance galvanometer in our 
possession, which has been described in a paper read before 
the Royal Society but as yet unpublished, was employed to 
test for any electromotive force which might be set up. An 
exposure to the radiation was made while the cell was in 
series with the galvanometer, and it was found that the cell 
always exhibited a small electromotive force whether it was 
exposed to the rays or not. This prevented the test from 
being very sensitive, but inno case was any electromotive 
force attributable to the radiation discovered, though if a 
a voltage of 10—7 volts had come into operation its effect could 
probably not have escaped observation. 

At the time these experiments were made we were unin- 
formed as to the discharging action of the rays, which has 
since been so copiously studied. As soon as we saw an 
account of some of this work we felt that the change of 
resistance of the selenium cell was no longer an isolated 
phenomenon to be worked out by itself, but must be studied 
in conjunction with the similar phenomena observable in other 
substances, and it is for this reason that the experimental 
work was not extended so as to include other cells. 

These notes may, perhaps, be summed up as follows :— 

(1) It is easy to make a Roéntgen tube of great activity by 
the most elementary glass-blowing. f 
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(2) The Réntgen radiation does not consist in the pro- 
jection of gaseous matter, or if it does the amount of such 
matter involved is extraordinarily small. 

(3) The Réntgen radiation does not consist in the projec- 
tion of ether streams having a velocity above a couple of 
hundred metres per second: this is true whether the radiation 
takes place in air or in benzene. 

(4) The properties of wther regarded as determining the 
velocity of electromagnetic waves are not greatly changed 
(i.e. not at all within our experimental limits) by the Rontgen 
radiation, and this applies alike together in air and in benzene. 

(5) A selenium cell composed of platinum electrodes and 
highly purified selenium is affected by Réntgen radiation to 
an extent which is comparable with the effect produced by 
diffused daylight. 

(6) No permanent or temporary electromotive force is set 
up in a selenium cell by the Réntgen radiation. 


DISCUSSION. 


Mr. SHELFoRD BIDWELL said he had made some experi- 
ments on the effect of Réntgen rays on the resistance of 
selenium, but with a negative result, although he could have 
detected a much smaller change than that found by the 
authors. It might be that this difference was due to the 
tube, for in his experiment the radiation started from a 
platinum plate within the tube, while in the authors’ arrange- 
ment the radiation starts from where the kathode rays strike 
the glass of the tube. 

Prof. Sirvanus THompson said there were a unmber of 
points with reference to the Réntgen radiation which required 
clearing up. Jor instance, the suggestion that they were 
vortices in the ether had not been tested. Again, Lafay 
says that if the rays are passed througha metal screen which 
is charged with electricity, then the rays can be deflected by 
a magnet. He (Prof. Thompson) had not been able to 
repeat this experiment, neither had he that of Galitzine on 
the polarization of the rays by tourmaline. The statement of 
Prof. J. J. Thomson, that under the influence of the radiation 
paraffin became a conductor, had not been satisfactorily 
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proved. As to the wave-length, while some observers ob- 
tained values about one-tenth that of the extreme violet, 
another had obtained a value greater than that of the extreme 
red. He (the speaker) did not understand the authors’ 
device for detecting changes in the vacuum of a tube, since 
everyone who has worked with Crookes tubes has found 
that the resistance is always greater for a spark in one 
direction than in the other, and also varies with the battery- 
power employed. Lenard, adopting Hertz’s arrangement, 
uses as anode a cylinder surrounding the kathode (a disk), 
the idea being that by using such a symmetrical arrange- 
ment the kathode radiation was more homogeneous. It 
might be advisable, when seeking to produce homogeneous 
Roéntgen rays, to adopt such a symmetrical arrangement. 


Il. A Satisfactory Method of Measuring Electrolytic Con- 
ductivity by means of Continuous Currents. By Prof. W. 
Stroup, D.Sc., M.A., and J. B. Henperson, B.Sc.* 


Tuer devices for eliminating or reducing the disturbing 
effects of polarization in the measurement of the con- 
ductivity of electrolytes are very numerous. Wheatstone, 
Horsford, Wiedemann, Beetz, Paalzow, Ewing and Mac- 
gregor, Bouty, and others have all experimented on this 
subject. It will, however, be universally conceded that 
Kohlrausch’s method of measuring the conductivity of elec- 
trolytes by the use of alternating currents and a telephone is 
superior 0 any method at present in use in which con- 
tinuous currents are employed. That there are difficulties in 
the use of this method, arising from self-induction, capacity, 
&e., is admitted by Kohlrausch himself. Hver since the intro- 
duction of this method in 1875 physicists have not ceased to 
try to improve the continuous current methods, with the 
desire unquestionably of employing a galvanometer instead of 
a telephone as the indicating apparatus. In the method used 


* Read October 30, 1896. 
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by Fitzpatrick*, where the alternating currents are confined 
to the four arms of the bridge, we have an example of a suc- 
cessful attempt to utilize the advantages of alternating currents 
while dispensing with the telephone in favour of the more 
satisfactory galvanometer. 

In the face of all the experimental work done in the past 
it may seem a bold thing to say that if the proper conditions 
are only satisfied, continuous currents are preferable in every 
way to alternating currents for the measurement of electro- 
lytic conductivity, but such we believe to be the fact. 

The idea underlying the method to be described struck one 
of us some six months ago. This idea was to obviate the 
detrimental effects of polarization in the electrolytic cell by 
inserting a second cell with the same size of plates &c., but 
with a very different length of electrolytic conductor in the 
corresponding arm of a Wheatstone bridge circuit. 

The notion of employing such a balancing cel] we subse- 
quently found was suggested in 1877 by Kohlrausch and 
employed by Tollinger ft. 

The method ae by Tollinger consisted in having an 
electrolytic cell in each arm of the bridge, but the method of 
finding the resistance was to obtain a balance for a particular 
position of the electrodes in one cell, then to diminish the 
distance between them by a measured amount and increase 
the resistance in that arm so as to restore the balance. A 
conceivable source of error arises in consequence of the 
motion of the electrode through the liquid producing a possible 
alteration in its polarization. 

The results of Tollinger’s work show that resistances 
measured by his vontintous current method were 0°6 per 
cent. iower on the average than the same resistances measured 
by toe alternating current method. 

Elsas t has also employed the balancing cell method. He 
used a long trough of known section with two fixed non- 
polarizable eleoimodes at the ends (Cu electrodes in CuSOQ,) 
and one movable electrode between them. A resistance in 


* Brit. Assoc, Rep. 1886, p. 828. 
ft Wied. Ann. vol. i, 1877, p. 510. 
} Wied. Ann. xliv. p. 666. 
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series with the shorter column of liquid was adjusted to 
balance the bridge. The resistances so measured were of the 
order of 12 ohms or less. For many purposes the use of non- 
polarizable electrodes is impossible or inconvenient. 

The method to be described is in many respects similar to 
those of Tollinger and Hlsas, but it differs from them in the 
form of electrolytic cell employed, and especially in a very 
material point, viz.:—the employment of high voltages and 
high resistances so as to effectually drown any residual error 
arising from differential polarization. 

Fig. 1 will make the arrangement clear, rr are equal re- 
sistances, Ce are two similar electrolytic cells equal in all 


Fig. 1. 


respects, except that in C the electrolytic conductor is very 
long, inc very short. The resistance-box R is adjusted till 
there is a balance, when, of course, the resistance in the box 
is equal to the difference in the resistances between the two 
cells C and c. Since the resistances rr are equal it will be 
clear that when approximate: balance has been obtained equal 
currents will be traversing both electrolytic cells, and therefore 
* there should be the same polarization in each cell, and these 
polarizations are clearly opposed and are in theory eliminated. 

Instead of the arrangement shown in fig. 1, in which the 
cells are arranged in parallel, we have also tried the effect of 
interchanging the battery and galvanometer so as to arrange 
the cells in series. In the first case the polarization of one 
cell is opposed to that of the second, so that the polarization 
of each cell is much more persistent ; in the other case the 
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cells are joined in series, so that the polarization falls as soon 
as the battery circuit is broken. Experiment shows that the 
arrangement shown in the figure is much the better of the two. 

In practice, however, it is found that the polarization in 
the two cells is not always exactly the same; generally speak- 
ing at least 99 per cent. of the polarization may be balanced 
in this manner, but ordinarily the balance is much more 
perfect than this. The next point then is to drown the 
residual differential polarization by working with high re- 
sistances and high voltages, and in this way the detrimental 
effects of polarization are reduced to insignificance. With 
electrolytic cells having a difference in resistance of about 
20,000 ohms, the remaining arms being 1000 ohms each, and 
with a D’Arsonval galvanometer of about 300 ohms, when 
the voltage on the bridge is 30 the measurements are very 
like measurements of metallic resistances. 

To get the specific resistance immediately in ohms, without 
reference to any other electrolyte, the cells C and ¢ are con- 
structed as shown in the figure. 

Each cell consists of three parts, two being small, thick- 
walled test-tubes with necks half-way up their sides. Into 


Fig. 2. 


these necks fit the well-ground ends of a tube of nearly uni- 
form bore. In the case of the cell C this tube is 30 centim, 
or more in length, while in the case of ¢ itis only a few 
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centim. long. In every other respect the two cells are as 
nearly as possible alike. 

The vertical limbs of the H cells were about 1:2 centim. in 
diameter, and about 6 centim. high, and the horizontal tubes 
about 0°6 centim. external diameter, the diameter of the 
bore being chosen to give a conyenient resistance with the 
electrolyte used. The lengths of the tubes were about 30 
centim. in the one case and 5 centim. in the other. The 
tubes were calibrated by measuring their lengths and weighing 
in a watch-glass the mercury required to fill them. In this 
way a constant can be obtained for a particular pair of tubes 
such that on multiplying by the observed resistance of the 
electrolyte its specific resistance is at once obtained. 

In determining the weight of mercury required to fill the 
tubes we found that the results were most concordant when 
the finely ground ends of the tube were stopped by means of 
a small piece of thin cover-glass backed with cork about 7 
inch thick, the diameter of the cover-glass and cork being 
about the same as the external diameter of the tube, so that 
the pressure of one finger might suffice to keep the cover- 
glass firmly against the end of the tube. In this way any 
tilting of the cover-glass relatively to the end of the tube was 
avoided. 

The following weighings of mercury and watch-glass for 
one pair of tubes were made: 29:836, 29°837, and 29°835 
grms. for the long tube, and 11°482, 11°481, and 11°481 for 
the short one. The lengths of the tubes were 29°70 and 
4°89 centims. From these data, assuming the density of 
mercury to be 13°558 at the temperature of the experiment, 
the constant for this particular pair of tubes was zi; 

If we were making fresh cells we should make them with 
the cross-tube near the foot instead of in the middle of the 
tubes. This would much facilitate mixing when a portion 
of the electrolyte is removed and replaced by water so as to 
alter the concentration, All that would then be necessary 
would be to tilt the cell two or three times to ensure effective 
mixing. The electrodes were pieces of platinum foil bent 
into cylindrical form to fit the vertical tubes of the cells. A 
platinum wire was welded on to each electrode and electrical 
connexion established with the arms of the bridge by the 
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intervention of a mercury cup. By this means the electrodes 
were easily removable from the cells. 

The cells and mercury cups were mounted on a wooden 
stand placed in an oil bath, oil being used as it was found that 
with a water bath the apparent resistance of the electrolyte 
depended on the direction of the current. The explanation 
of this was traced to leakage over the glass surface and 
through the water, and was entirely obviated by the substitu- 
tion of an insulating liquid for the fluid in the bath. 


The following tables give the results of some experiments 
made with a solution of potassium chloride, the strength being 
$ molecular equivalent per litre. The arms rr of the bridge 
were each 1000 ohms, 30 volts were used, and the balancing 
resistance R was of the order of 20,000 ohms. Between each 
two measurements of resistance the electrodes were washed, 
heated to redness, replaced, and the current reversed. The 
method of making an experiment was as follows :—The current 
was made for about half a minute to polarize the plates, and 
then broken ; two minutes were allowed to elapse to enable 
the electrolyte to assume the temperature of the bath, which 
was constantly stirred, and then the balance was obtained 
by momentarily making the current and adjusting the re- 
sistance. 

Solution I.—The solution was made from KC] twice re- 
crystallized from water and dried in the air between filter- 
paper. With Kobhlrausch’s notation we found 


2 =1005°5 x 10-8, 
be 


We give no details of the experiment with this solution 
because the atomic weights used in making up the solution 
were only approximate, viz.:—K=389 and C1=355. Core 
recting for this error the result would come about 0-1 per 
cent. higher. The salt, too, was dried in air, and it is pro- 
bable that all the moisture was not removed, and any error 


resulting from this would cause the value obtained to be too 
low. 
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Solution II. (prepared for us with great care by Dr. Hwan). 
—The salt was prepared by fusing KC10O; in a platinum crucible 
until no more gas was evolved. It was then recrystallized 
from dilute hydrochloric acid and dried by heating over a 
bunsen. The molecular weights used were K=39:13 and 
Ci=35-45. The strength was as before 4 molecular equi- 
valent per litre. 


TaBLe [. 
Direction of ‘ Resist: duced 
: etath. Temp. | Resistance. beter ‘ 
& Puaecbonsanae 18:26 21035 21149 
es OBOCHEEC 18:19 21045 21129 
a roekic es cers 18:17 21045 21119 
eS Siisaguiocode 1811 21065 21113 
oR ceAbcoboccte 18:08 21085 21120 
ecb genous 18:06 21095 21121 


The temperature coefficient used in the reduction was 
taken as 2:1 per cent. per 1° C. 

The galvanometer gave a clear indication for a variation 
of 10 ohms. 
21125 
454°6 
Specific Conductivity in o.¢.s. units =2151°9 x LO”. 
Conductivity compared with mercury =2024'4 x 10-°. 


i aA AWW ie 3s Kite 
be 


Specific Resistance = =46'47 ohm-centim. units. 


Solution III. (prepared by Dr. Ewan).—The details of 
preparation of this solution were similar to those employed 
in the previous case, except that the salt was not recrystallized 
from dilute hydrochloric acid, so that it is possible that a 
trace of chlorate or perchlorate might have been present, and 
this would tend to diminish the conductivity. 
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Tasie II. 
irecti . Resistance reduced 
eal Temp. | Resistance. pan » 18° C. 

neuter ast 18:11 21155 21204 
mts ace bans 17:98 21225 21214 
mie ep rawres 17:84 21275 21204 
oy ea 1770 | 21345 21211 

Mean 21208 


whence as before "i = 10083. 


Kohlrausch’s latest result for the same strength of solution 
of the same salt at the same temperature is 1009, Bouty’s 
value is 1035, Krannhal’s 1003 (obtained by graphical inter- 
polation from the data given in Ostwald’s Lehrbuch der 
allgemeinen Chemie, p. 732). 

Let us now investigate the different errors which are pre- 
sent in the determination, and assign to each its relative 
importance. Taking the numbers given in Table I., the 
-mean error of observation comes to be +4°8, and the pro- 
bable error +38°2. The mean error of a single observation 
is 12, and the probable error of a single observation is 8, so 
that taking only one determination, R is probably correct to 
1 in 2000 or 345 per cent. The probable error of the mean is. 
about 1 in 7000. 

Another source of error would arise if the heat caused by 
the passage of the current through the electrolyte had not 
sufficient time to escape into the liquid in the bath. The 
current in our experiments would produce a rise of tempe- 
rature of 3° C. per minute, but the surface exposed is so 
enormous compared with the mass of electrolyte in the cross- 
tube that calculation shows that the difference in temperature 
between bath and electrolyte after vigorous stirring for two 
minutes is infinitesimal. 

The temperature of the bath was read by means of a ther- 
mometer graduated in tenths of a degree, and standardized 
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by comparison with a thermometer certified by the Reichs- 
anstalt. It was, however, difficult to read the thermometer 
with certainty to less than 34° C. The error arising from 
this cause might amount to ,'5 per cent. 

We estimate the possible error in the calibration of the 
tubes to amount to not more than 3 per cent., but this 
source of error arises largely from the fact that we had not 
in our possession apparatus for measuring the lengths of the 
tubes to less than 0°01 centim. With suitable apparatus 
there would be no difficulty in determining the constant for the 
tubes with much greater accuracy. 

The greatest source of error appears to be a chemical one, 
viz.:—the preparation of the solutions, for while the one 
solution prepared in one way by Dr. Ewan gave 1008°3 for 
the conductivity, the second prepared by a different method 
gave 1012°2. 

We have also made experiments to see whether the alter- 
nating current method of measuring electrolytic resistance 
would be improved by adopting the balancing-cell which we 
have described. To express the results very briefly, we find 
that for resistances not greater than 1000 ohms or thereabouts 
it is distinctly an improvement, enabling dead silence to be 
obtained in the telephone, while without the balancing-cell 
there was alwaysa feeble buzz. For resistances much greater 
than 1000 ohms the introduction of the balancing- cell seemed 
of no avail whatever. We did not pursue these experiments 
with alternating currents very far, because it seemed clear 
that there was very little chance of getting as great accuracy 
as with the continuous current method described. 


Conclusions. 


1. The form of electrolytic cell described is very suitable 
for determining the specific conductivity of electrolytes 
directly without reference to the physical properties of any 


second electrolyte. 

9. The method of measuring the conductivity of electrolytes 
described in this paper is, in our opinion, more convenient and 
more accurate than the method in which alternating currents 


are used. 
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DIscussIon. 


Prof. Perry asked if the authors had tested whether 
the difference in resistance of the two cells was proportional 
to the difference in length of the liquid columns. 

Mr. AppLeyarD said he had found that the resistance 
of an electrolyte appeared to vary, because in the ordinary 
arrangement the cell was short-circuited through the arms 
of the bridge. He suggested as a remedy the making 
and breaking of the circuit by a special key, so arranged 
that except when taking a reading the cell is on open 
circuit. 

Mr. Buakestxy asked if the authors had tried the method 
in which the resistances are adjusted till, when the battery- 
circuit is broken, there is no immediate change in the 
galvanometer deflection. It is possible by this method to 
measure a resistance of between 6,000 and 10,000 ohms to 
within 0°1 per cent. 

Prof. Ayrton said the method referred to by Mr. Blakes- 
ley was the ordinary “ false zero”? method. In using this 
method you were working to a continuously altering zero ; 
in Prof. Stroud’s method, however, the zero was constant. 

Mr. AppLEyArD said he had. found the “false zero” 
method troublesome to use. 

Prof, Stroup, in reply, said they had not tested the pro- 
portionality between the resistance and length, and they had 
not tried the “ false zero” method. 


ON THE ABSORPTION OF ELECTRIC WAVES, 83 


III. Absorption of Electric Waves along Wires by a Terminal 
Bridge. By Epwiy H. Barton, D.Sc., F.RS.E., Senior 
Lecturer in Physics at University College, Nottingham, and 
Gro. B. Bryan, B.Sc, “1851 Exhibition” Research 
Scholar*. 


Ty the discussion on Mr. Yule’s electrical paper last year, 
one of us stated his intention of endeavouring to realise 
experimentally the extinction of electric waves along wires 
on their arrival at the end of the line, the urgent desirability 
of this having been felt by several investigators {. The question 
is probably of interest also in connexion with Telephony. 
This task, small as it may seem, we had no opportunity to 
attack till this summer. The adoption of a resistance-bridge 
for the absorption of the electric waves was originally sug- 
gested by Mr. Oliver Heaviside’s mathematical proof§ that, 
given a bridge of suitable resistance at the end of a line, then 
the waves arriving there would be immediately absorbed ; 
“the electricity is all gobbled up at once, so to speak”’|. 
And, a few preliminary difficulties being overcome, this im- 
portant theoretical conclusion readily received experimental 
confirmation. 

Experimental Arrangement.—The electric vibrations were 
generated by an oscillator of the type and size previously 
used by Mr. V. Bjerknes{[ and others. The waves, about 83 
metres long, were propagated along a “line” consisting of a 
pair of parallel copper wires 1°5 mm. in diameter and 8 cm. 


* Read November 13, 1896. 

+ G.U. Yule, “On the Passage of an Oscillator Wave-Train through 
a Plate of Conducting Dielectric,” Proc. Phys. Soe. vol. xiii. pp. 858-892 
(1895) ; Phil. Mag. [5] xxxix. p. 809. 

t See eg. J. von Geitler, pp. 7-8, ‘Inaugural Dissertation,’ Bonn, 
1893; E. H. Barton, pp. 70-71, Proc. Roy. Soe, vol, lyii. 1894; G. U. 
Yule, Proc. Phys. Soc. ¢. ¢. pp. 884-387; Phil. Mag. ¢. c. pp. 384-337, 

§ ‘Electrical Papers, vol. ii. pp. 127 and 132-133. 

Wc Loc..cit.p. 127, - * 

q V. Bjerknes, Wied. Amn. vol. xliv. pp. 519-520 (1891); E. H. 
Barton, Proc. Roy. Soc. vol. liv. p. 86 (1893) ; G. U. Yule, Proc. Roy. Soc. 
vol, liv. p. 97 (1898). 
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apart. The waves were detected and relatively measured by 
an attraction-electrometer made on the principle of that 
devised by Herr von Geitler*. The length of the line to the 
electrometer was 116 m. This instrument has a needle of 
aluminium foil suspended by a quartz fibre between disks 
which may be connected to the respective wires of the line. 
On the passage of a wave-train the needle, initially uncharged, 
is charged inductively, and its ends are accordingly attracted 
to the-disks whatever the sign of their potential-difference. 

The electrometer therefore responds by a deflexion of the 
needle towards its disks. Let us call this a positive deflexion. 
In addition to the needle just described, and fixed to it in the 
same vertical plane, is a second similar one, but with its pair of 
attracting disks so situated that when they alone are connected 
to the line a negative deflexion ensues. When both needles 
have their respective disks connected to the line the electro- 
meter is said to be used differentially. When so used, and with 
the instrument in adjustment, no deflexion is produced by the 
simple passage of a wave-train. Suppose now, owing to any- 
thing on the line which causes reflexion, stationary waves are 
produced at the electrometer. Then, provided one needle be 
connected to a point on the line which is a node for the 
waves, and the other be at a loop, the electrometer must give 
a deflexion and thus prove that reflexion of the waves has 
occurred. It is easily seen that when a single needle is used 
the first throw is proportional to the time-integral of the 
square of the potential-difference of the two leads of the line 
at the place to which the disks are connected. 

The electrometer-needle carried a light plane mirror, and 
the throws were read by a distant telescope and scale. 

Theory of Absorption.—Mr. Heaviside’s t theory shows that 
in the case of plane electric waves proceeding along parallel 
leads to a bridge at the end of the line, the ratio of the 
potential-differences of the two leads due respectively to the 
_ reflected and incident waves is given by 

R—Lv 
P= Rat acs tt (1) 


* Wied. Ann. vol. xlix. p. 188 (1898). 
+ ‘Electrical Papers,’ vol. ii. pp, 182-188. 
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where p is the ratio in question, or reflewion coefficient, R is the 
resistance of the bridge, which must be of negligible induct- 
ance, L is the inductance per unit length of the line, and v is 
the velocity of light. Electromagnetic units are to be under- 
stood throughout. 


Thus, 
Pai, > forsR0, 0 x Ad tee Se) 
pool, for Rao). yc co ee t8) 
and p=". 0; ‘for Re=bLy. *....9% “Sui 24) 


Now v=3 x 10" em. per sec. nearly, and in the present case 
8 ; 
L=4] oo75)= 68 ; 
08.(5 075 18°68 nearly. Hence the critical value 


of R to give complete absorption is, 
R=8 x 10 x 18°68 absolute units of resistance =560 ohms. (5) 


Details of Bridge. At first an ordinary resistance-box was 
used as a bridge across the two wires of the line. But this 
was soon rejected lest the faces of the two bars at a plug 
opening should act as the plates of a condenser of appreciable 
capacity, which is inadmissible in the bridge desired. We 
next wound a small coil non-inductively on a bobbin in the 
usual manner and used it without any box or screw terminals, 
It was of well-covered wire and further insulated by thorough 
soaking in paraffin-wax both before and after winding. But 
this too proved unsatisfactory. For a time it stood, but then 
the insulation broke down and sparks were seen to pass 
between different turns of the wire. It was accordingly 
abandoned. ; 

The simple expedient of making an electrical resistance by 
rubbing a common lead pencil on a disk of ground glass, 
small pieces of tin-foil gripped on by binding-screws forming 
the terminals, was then tried, and seemed in every way 
satisfactory. The electrostatic capacity of the terminals was 
proved to be negligible by testing such a disk and screws 
without any pencil. In this case no reflexion of the waves 
could be detected. Moreover, by making the track of the 
pencil-marks between the terminals very wide, the self. 
induction of the bridge was reduced to a minimum. It 
was also found easy to adjust the resistance to a few ohms 


MOLEX VA D 
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and to restore it nearly to its original value after the change 
which spontaneously occurred in it from day to day. Three 
bridges of this type were used, of resistances 261, 549 to 560, 
and 1336 to 1355 ohms. Let these be denoted respectively 
by the letters F, G, and H. Finally, since the pencil- 
markings on the glass form an extremely thin sheet, the 
resistance may be assumed to be practically the same to high- 
frequency waves as to the steady current by which they 
were measured on the Post-office box. 

Experiments.—The oscillator emits rapidly-damped electric 
vibrations, only the first dozen, say, being appreciable. We 
thus have, advancing along the line with the speed of light, 
a damped waye-train, its large end, or head, leading and its tail, 
after about twelve waves, being negligibly small. Suppose 
now one needle of the electrometer to be connected to the 
line and a bridge of no resistance to be placed at the end of 
the line a little beyond the electrometer. We shall then have, 
at the electrometer, stationary waves due to interference 
between the incident waves and those reflected at the bridge. 
Hence, if a series of readings be taken with the electrometer 
at different distances from the end of the line the throws will 
be found to periodically wax and wane. But when tbe bridge 
is distant a few wave-lengths from the electrometer, we have 
the head of the wave-train interfering with the tail only. 
And with somewhat greater distances between electrometer 
and bridge the interferences of the waves and, consequently, 
the waxing and waning of the electrometer-throws cease to 
be appreciable. Thus, if the distances between electro- 
meter and terminal bridge are plotted as abscissz and elec- 
trometer throws as ordinates, we should expect the experiment 
to yield a damped wavy curve. And this is the case, as first 
shown by Mr. V. Bjerknes*, and utilized by him and his 
successors to determine the wave-length of the oscillations in 
use. The result of this experiment in our case is shown by 
the full-line curve E on the diagram. 

In the case just considered the reflexion coefficient, p, of 
the bridge is —1, as shown by equation (2). The waves 
are therefore unchanged in magnitude by the act of reflexion. 
Turn now to the general case of a precisely similar experiment 


* Wied. Ann. vol. xliv. pp. 522-523 (1891). 
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Ratios of Blectrometer-Throws. 


Curves showing Interference due to Reflexion. 


Line GG, being almost straight, indicates complete absorption by the corresponding bridge. 
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with a terminal bridge for which p is finite and less than 
unity. In this case, obviously, theory predicts a curve of 
similar form, wavy and damped, but lying between narrower 
limits, since the reflected wave is now always smaller than the 
incident one. Such an experimental result may, therefore, 
be accepted as proof that the bridge in use diminishes the 
wave in the act of reflexion. 
Further, 
for R< Lz, p has a negative value, . . - (6) 


and consequently the maxima and minima of the curves occur 
for the same values of the abscissee as when R=0. This is 
seen to be the case with the dotted curve, F, on the diagram, 
obtained with the bridge whose resistance was 261 ohms. 
Again, 
for R > Iz, p has a positive value; . . . (7%) 


hence this curve is, broadly speaking, an inversion of that 
just considered, the maxima occurring for those values of the 
abscissee at which the minima of the curve for R=0 occurred, 
and vice versd. This is exemplified in the dotted curve, H, on 
the diagram, resulting from the experiment with the bridge 
whose resistance was of the order 1350 ohms. 
Finally, we have 
for R= Ly, sp=0.. <5 5 eee O) 


In this case, since no waves are reflected, no stationary waves 
can obtain, and consequently no waxing and waning of the 
electrometer-throws can occur. Thus theory predicts a 
‘straight line as the outcome of an experiment with a bridge 
of this critical resistance. This is approximately the case 
with the full-line curve, G, on the diagram, obtained with the 
bridge whose resistance was of the order 560 ohms, the theo- 
retical value of the critical resistance for the line used. 

Of course an absolutely straight line cannot be expected, 
since the sparks in the oscillator vary slightly. For this 
reason, throughout the experiments hitherto considered the 
throws, with the bridge under examination at any desired 
distance beyond the electrometer were alternated with those 
obtained with a no-resistance bridge at the standard distance 
of a quarter-wave-length beyond. And the ordinates of the 
curves on thé diagram represent, not the actual electrometer- 
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throws with the bridge and distance in question, but the ratio 
of these to those obtained under the standard conditions just 
described. Thus the maximum ordinate in the diagram is 
unity, all the curves are reduced to the same scale, and the 
errors due to variations of the sparking at the oscillator are 
in great measure eliminated. In the above experiments the 
electrometer was used as a single-needle instrument, and the 
throws obtained varied up to 100 scale-divisions. _ 

As a further test of the non-reflexion of waves by the 
bridge G, the electrometer was afterwards used differentially, 
the upper and lower needles having their disks attached to 
points on the line a quarter-wave-length apart. The bridges 
were placed at the end of the line 0°25 m. beyond the second 
needle, With a no-resistance bridge the throws were positive 
and of the order 50 scale-divisions ; with a simple discon- 
nexion (‘infinity bridge”’) the throws were of the same order 
but negative. The bridges F and H gave smaller throws, 
positive and negative respectively, The bridge G also appeared 
to yield a small throw ; but this was no larger than might be 
due to a creep of the zero or an imperfection in the adjust- 
ment of the electrometer-needles. The use of the differential 
electrometer is thus seen to confirm the results of the expe- 
riments conducted with a single needle. 

It should be noted that this paper deals only with the 
absorption of waves by terminal bridges; no intermediate 
resistance-bridge will absorb all the waves arriving there: 
The reflexion and transmission coefficients p’ and 7’ for an 
intermediate bridge of resistance R are given by * 


—L VANS 
2 and f= OR+ Lo’ ° Po on (9) 


the notation being the same as that previously used. Thus 
the condition for non-reflexion is R=, in which case all is 
transmitted. Hence complete absorption is impossible. 

Tf, therefore, we wish to pass electric waves along wires 
through any layer of dielectric, or through any other arrange- 
ment which affects them, and are desirous of avoiding the 
annoying disturbance due to return of the transmitted portion 


* Oliver Heaviside’s ‘ Electrical Papers,’ vol. ii. pp. 141-142. 
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after reflexion at the end of the line, the following method 
will suffice. 

1. Place at the end of the line a bridge of the form herein 
described, whose resistance has the value given by the theory 
for plane waves. 

2. Test experimentally the absorbing-power of the bridge, 
and, if necessary, adjust its resistance until no reflexion can 
be detected. 

University College, Nottingham, 

September 1896. 


Discussion. 


Mr. CAMPBELL a%ked if the resistances given were ex- 
pressed in ohms or in electromagnetic units. 

Mr. Bipwxtu asked if the authors had found that the 
pencil-trace resistances obeyed Ohm’s law. He found that 
if you balance with one cell in the battery circuit, then, 
on increasing the battery-power to two cells, the resistance 
alters. 

Mr. APPLEYARD suggested that the variation was caused by 
the contacts at the ends not being good. 

Mr. CaMPBELL said the same variation occurred in the case 
of mixtures of clay and plumbago where the contacts could 
be made quite good. 

Mr. Carrer suggested electroplating the ends to give good 
contact. 

Mr. Bryan, in reply, said that in their case they did not 
require to know the resistance very accurately. 
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Introductory. 


§ 1. Tux existence of apparent movements in the earth’s 
surface-strata appeals in the first instance to seismologists. 
Prof. J. Milne, however, and others have been of late 
attempting to bring it home to astronomers and meteorolo- 
gists that they too may have a vital interest in the matter. 
The presentations of the subject which have come under 
my notice take little or no heed of the theoretical aspects 
of the case, in which, as an elastician, I have long been 
interested. As the neglect of theoretical results may be 
due not so much to their defects as to the slowness with 
which mathematical investigations become generally known, 
I have decided to group together and discuss in a more or 
less popular way the theoretical conclusions which seem to 
me the most closely counected with the subject in question. | 

§ 2. The mathematical work by which these conclusions | 
were deduced refers to material which is homogeneous, 
isotropic, and elastic, while the body in whose phenomena / 
the seismologist is interested is the earth. 

Now it must not be supposed that I fail to appreciate the 
differences between the material of theory and that of nature. 


%* Read December 11, 1898. 
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The certainty of the departure of many of the surface-strata 
from the attributes ascribed to isotropic elastic solids, and the 
uncertainty as to the density, solidity, and other physical 
properties of 3%%%, of the earth’s mass I perfectly realize. 
The conditions under which the deep-seated materials of the 
earth exist are fundamentally different from those we are 
familiar with at the surface. The enormous pressure, and 
the presumably high temperature, very likely combine to 
produce a state to which the terms solid, viscous, liquid, as 
we understand them, are alike inapplicable. But be the state 
what it may, the material must respond to the action of 
peviodic forces ; such forces must produce varying strains and 
stresses ; and these strains and stresses can hardly fail to 
produce effects at the surface. No numerical estimate of 
these effects can claim to be in any sense final, as the mathe- 
matical work by which it is evolved must depend on physical 
data which are at best unproved. It appears desirable, how- 
ever, that such numerical estimates should be made, on the 
least objectionable physical basis available, if only for the 
reason that their existence supplies a guide and incentive to 
direct observation. 

In my opinion, for reasons previously discussed *, the 
treatment of the earth as an incompressible elastic solid is 
exposed to perhaps a minimum of objections. Most probably 
the material increases in density and temperature as we 
approach the centre, and a treatment which assumes the 
material to vary with the radial distance would possess higher 
a priori claims to regard than one which treats the earth as 
homogeneous throughout. The problem of a gravitating 
mass of varying elastic properties has, however, still to be 
published, and as the assumed law of variation would probably 
be mainly guess-work, the advantages for practical ends 
might be less than would appear at first sight. 

Variation of the material with the radial distance, I may add, 
could hardly affect the general character of the phenomena 
Surface heterogeneity, in which the material varies rapidly 
with latitude or longitude, is not unlikely to modify largely 
the magnitude of some of the results at individual stations, 


* Phil. Mag. Sept. 1891, p, 289, 
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but is most unlikely to produce a large effect on the order of 
magnitude of the mean lunar or solar tidal effects at a 
moderate number of stations scattered over the earth’s 
surface. 

The treatment of local surface pressures in the first part 
of the paper is in some respects on a less uncertain basis. 
We can assure ourselves, if need be, of the solidity of the 
ground surrounding a station ; and though the mathematical 
work treats the solid as going down to infinity, this only 
means in practice that the depth must be large compared to 
the shortest distance of the loaded area. There are reasons, 
however, even here for regarding the numerical results as in 
general but rough approximations. 

They might possess high accuracy if the surface material 

were bare rock in horizontal strata, and the recording appa- 
ratus were supported directly on the rock ; but uncertainties 
are introduced when the load is applied at the surface of 
ordinary soil, and the support of the apparatus is stonework 
inside a building whose foundations go to an appreciable 
depth. 
’ § 3. The observed facts on which our investigations are 
most likely to bear are certain slow changes in the indications 
of spirit-levels or delicately suspended pendulums. Some of 
these Prof. Milne is disposed to attribute to meteorological 
agencies such as rainfall or evaporation. 

A relative excess of moisture to the west, say, of an 
observatory is, he considers, equivalent to a surface load on 
that side, tending to make the ground on which the building 
stands slope downwards from east to west. Such want of 
symmetry may arise from the peculiarities of the soil, or 
through the ground being sheltered by trees or modified by 
cultivation. In sunshine the shadow of the building itself, 
by retarding evaporation, may set up such a difference as 
Prof. Milne has in view. 

I am not sure that an excess of evaporation from the east, 
say, of a building is necessarily equivalent to the withdrawal 
of a surface load from that side, at least to the exact extent 
of the surplus evaporation. The withdrawal of moisture from 
the soil has a decided influence on its conductivity for heat— 
not to speak of electricity—and so may exert a very appre- 
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ciable influence on the temperature near the surface, the 
consequences of which it would be difficult to follow. There 
is also, presumably, underground circulation both of air and 
moisture, which may not unlikely counteract to some extent 
differences of surface evaporation. 

Though these and other uncertainties exist, it is certainly 
worth while considering the numerical magnitude of the 
results to be expected from the agencies postulated by Prof. 
Milne. The theoretical results will also, I hope, suggest the 
way in which the best use may be made of experimental 
determinations of the effects of surface loading over limited 
areas of convenient shape. 


Influence of Surface Load on the observed Level. 


§ 4. This influence is not sosimple as might appear at 
first sight. The weight of the loading material is equivalent 
to a pressure normal to the surface, which we suppose hori- 
zontal. But, in addition, we must allow for the fact that the 
gravitational attraction of the loading material slightly alters 
the direction of “gravity” at the surface. Consider, for 
example, the influence of the ordinary ocean tide at a point 
inland near the shore. At high tide there is on the sea- 
bottom a pressure exceeding the mean by an amount corre- 
sponding to the height of the water above its mean level ; 
this will tend to make a naturally horizontal plane dip towards 
the sea. At the same time the surplus volume of water will 
give a horizontal component to what we may regard as 
normal “ gravity ” in the neighbourhood. This second effect 
has been called attention to, in this very case, in Thomson 
and Tait’s ‘Natural Philosophy,’ art. 818, where will be 
found a numerical estimate for a specified set of conditions. 
What a spirit-level shows is the plane perpendicular to 
gravity—including “centrifugal force” and all disturbing 
forces. We are thus obliged to consider both effects before 
attempting numerical estimates. 


Direct Pressure Effect, Fundamental Formule. 


§ 5. In the following calculations the earth is treated as an 
isotropic elastic solid, principal weight being attached to the 
results obtained by supposing the material incompressible, 
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Also, as we are primarily interested in the consequences of 
pressure applied over limited areas, the loaded surface is 
treated as a horizontal plane, on the lower side of which the 
material extends to infinity. On these hypotheses we are 
enabled to make use of the very interesting and important 
results established by Professors Cerruti and Boussinesq. 

A convenient English abstract* of Boussinesq’s work is 
contained in Todhunter and Pearson’s ‘ History of Elasticity,’ 
vol. ii. part 2, arts. 1492 et seg. from which the following 
formule are quoted, the only variation being the use of 
Thomson and Tait’s notation for the elastic constants. 

The origin of coordinates lies in the undisturbed surface, 
taken as the plane of zy, the positive direction of the z axis 
being downwards into the earth. The normal pressure applied 
to the element dw of surface is pdw, where p is supposed of 
course a known function of a, y. 

wu, v, w denote the components of elastic displacement, 
n the rigidity, and 7 Poisson’s ratio for the material. 

The displacements at any point x, y, z in the material are 
as follows : 


a 2n) +. (row e+r)pao k, (1) 


v= = ie wae | ees (1—2n) £ (Woe zt7)pde \, (2) 


= {2a {[2ao+e ff Aao}. 1 A asp ES) 


Here r is the distance between the element dw where p is 
applied, and the point x, y, z where u, v, w are measured. 
The integration extends to all parts of the surface where p 
differs from zero. 

The simplification in the formule when »='5, or the 
material is incompressible, should be noticed. 

The slope—t.e., inclination to the plane of zy—introduced 
into any horizontal plane depends only on the vertical dis- 
placement w. In particular, the slope of the surface depends 


* Chapter ix. vol. i. of Love’s ‘Treatise on... . Elasticity’ may also 
be usefully consulted. 
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only on wo, the value of the vertical displacement when z=0; 
and by (3) we obviously have 


wo= {(L—)/(21n)} {\ (pir)dw. . . « (A) 


In (4) v is the distance between the element dw and the point 
Xo, Yo on the surface to which wy refers. 


Relation between Pressure and Gravitational Effects. 


§ 6. If we suppose ¢ the thickness, p the density of the 
material loading the surface, its gravitational forces are derived 


from the potential 
V =y|[(ta/r)doye 1e Mere aiaD) 


where y is the attraction between two unit masses at unit 
distance. 
The pressure exerted by the load is 


P=g9pt, 
where gis gravity at the surface. Here we may regard g 
as the undisturbed value prior to the application of the load, 
as the alteration in the vertical component is negligible for 
our present object. Thus 


V=(7/9) Sl (p/r)do. 


Comparing this with (4), we find for the surface value V, of 
V the simple relation 


Vo=2anyw/ig(il—n)}. . 2. (6) 


This holds true of Vy and wy all over the surface, and so 
applies likewise to their differential coefficients with respect to 
x and Yo—so far at least as concerns points outside the loaded 
area, 
The direction-cosines of the normal to the surface after the 
application of the load are, to a first approximation, 
dw, dwo 
day’ dy’ 


’ 


so that the slope at the point x, yo is given by 
dwo : (S2) } $ 
= S|) SP la COMES wen c 
¢ (ze) dyo @) 


Again, to a first approximation the presence of the loading- 
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material has altered the direction-cosines of the line of action 
of gravity from 
Prod eee on bad Ves 
g day’ g dy 


Thus gravity has become inclined to the vertical at the angle 


al LEV f Nov 1? 
Hg ttan) tet 
Employing (6) in (7) and (8), we obtain the elegant 


relation 

Wilvo=(L—n)g?/(aany). . 6 «+ (9) 
The spirit-level measures YW, +2, which always exceeds the 
true change of level yy. 


Since 
dr ol a gies teil) 
Ly | Ayo day| dyo 
the final directions of gravity and of the normal to the surface 
lie in the same vertical plane (¢.¢. plane through z). This 
result may facilitate experimental investigations, as a rough 
idea of the direction of the resultant attraction of the loading- 
material will generally be obtainable by eye. The possible 
influence of want of symmetry in the contour of the ground, 
or variability of the surface-strata, must of course be borne 

in mind. 

The relation (9), so far as I know, is new. Its discovery 
was due to a faint impression that a formula I had obtained 
for the effect of a loaded rectangle resembled something I 
had seen before, the something proving on mvestigation to be 
result (7) in Thomson & Tait’s Nat. Phil., art. 818. 

§ 7. To form an idea of the relative importance of yr, and 
wy, in the case of the earth, I have made the following selection 
of hypothetical values for 7 and n, the latter quantity being 
measured in grammes weight per square centimetre :— 


i.) ="25, n= 80 x 10'; 
(ii.) “25, 35 x 10°; 
(iii.) hy TP x10", . 


According to the table in Lord Kelvin’s Encyclopedia 
Article on Elasticity, (i.) may be regarded as representing 
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iron or steel, (ii.) as representing brass or slate of somewhat 

low modulus, while (iii.) represents an incompressible material* 

such as seems most compatible with the hypothesis of a homo- 

geneous earth, naturally spherical but for rotation. According 

to Lord Kelvin’s table, the value of 2 in (iii.) is similar to 

what one should expect in rock of somewhat low elasticity. 
If a be tho earth’s radius, p its mean density, 


gly =4rpa/3. 
Supposing p=5'5, and a=64 x 10’ cms., we have approxi- 


mately goa=35 x 10° grammes weight per square centimetre. 
With the above figures, I find 


case (i.) Wi/f2= 35/16= 2 roughly, 
(ii.) LOD pe 
(iii.) 350/33 =11 roughly. 


The last result is likely, I think, to prove the nearest to 
what ordinarily occurs in practice, so that the gravitational 
effect may be expected to prove as a rule relatively small ; 
still it ought not to be disregarded without due consideration 
of the special circumstances. 


Pure Pressure Effects. 
§ 8. In all cases when the largest dimension of the loaded 
area is small compared to its shortest distance from the point 
of the surface where the slope is required, a good first approxi- 


mation f to the surface vertical displacement—obvious on 
inspection of (4)—is 


wo=(1—n)P/(2enR), . . . . (11) 


where R denotes the distance from the centre of mass of the 
total load P. 


The corresponding approximation to the slope, viz., 


dwy 


— GR = (i—7) P/(2rnR?), + + 2 (12) 


shows that at considerable distances from a small loaded area 
the slope varies approximately as the inverse square of the 


* See Phil. Mag. Sept. 1891, p. 250, remembering E/n=2(1 +7). 
+ See Todhunter & Pearson’s ‘ History, yol. ii. pt. 2, art. 1498, 
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distance. In (11) and (12) the distribution of load is not 
assumed uniform. 

The fact that (11) holds only when the distance of the 
loaded area is so large that its effect is relatively small 
diminishes its value in practice. 

§ 9. The determination of w from (3) entails the evaluation 
of two integrals, neither very manageable. For points on 
the surface there is, however, only the single integral (4). 
This has been converted by Boussinesq into two alternative 
forms—one for points outside, the other for points inside the 
loaded area—which are convenient when the load, though 
not necessarily uniform, is distributed symmetrically round a 
point (see Todhunter & Pearson’s ‘History,’ arts, 1501 
and 1502). In this way the depression can be easily deter- 
mined at the centre and edge of a circular depressed area for 
a variety of laws of loading, and the depression at other 
points can be expressed in terms of infinite series or elliptic 
integrals (see Todhunter & Pearson, J. c., especially art. 1504). 

The slope in these cases, at any distance from the centre of 
the loaded area, can be obtained in the form of infinite series 
or elliptic functions ; but results of this kind are more apt 
to repel than to enlighten the unmathematical reader. 

Fortunately, when the load is uniform, and the loaded 
area rectangular, it proves possible to express the components 
of slope dw/dx, dw/dy at any point of the surface in terms of 
ordinary Napierian logarithms. I shall accordingly devote 
attention almost exclusively to this case. 


§ 10. Returning to (3), let «’, y’ be coordinates of the 
element da, so that 


dw=dx'dy’, 
r= (2—w')? + (y—y’)? +2%. 


The loading being supposed uniform, we have 


darn dw ia (AN 5791, ef (5) Faw, 
a ds =2(1—7) {zG) du'dy +(\: ale da‘dy’. 


But 
d (1) 2-4 (2) ma 2(4)-- 4 (4); 
4 (2) =- 21) and dz\r] ~~ da’ =) i 
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hence 

Aan dw _ 1 A eee ae (- » ghdieee 

= 72-0) | (Ey +e | a 


where 7, and r, are the inferior and superior limits of r in 
the integration with respect to 2’. 

Suppose the origin vertically over the point where the 
slope is to be found, or =y=0, and draw the axes of w and y 
parallel to the sides of the loaded rectangle. Take for the 
coordinates of the corners of the rectangle— 


Uy Yrs Voy Yrs Lay Ys U1; Yas 
and suppose 


Ly >Xy, Yor Yr 


The following result is then easily obtained from (13) : 


Hepes =2(1—7) log 


Pp 


+22 { 1 ( Y2 nat YA 
21" + 2# WV yo? + a2 + 22 Vy? +2? ae 2) 


1 A JY2 
+= ee eee Tae) }- . (14 
ity’ + 2 ( Myr aet 2 — fy2+a2+ 2 4) 


This combined with the corresponding expression for dw/dy, 
which can be written down by symmetry, supplies complete 
information as to the slope at all depths. By putting z=0 
in (14), or by direct calculation, we get 4 


= (at origin) = CaP og (yot Vy? +24”) (yt Vn? + 25°) 
oi il (it Vy? +2") (yor Vy? + 2,2)’ 


where y;, y. must be treated algebraically. Thus ABCD 
representing the loaded rectangle, DM, ON perpendiculars 
on Ox, we have, in the case shown in fig. 1 :— 


dw (l—n)p, (OD+DM)(OB+BN) 
— (at nwt wee see EH ere Ue oo es ct SUNN 
de) = “Fan 8 (OAL AM)(OCHOUN)} * (164) 


Ann (5 z=y=0 (yo+ Vy? + 2,2 + 2%) (yt Vy? + x9? + a 
(yt Vy2+ x2 +22) (yet V yo? + a9? + 2%) 


. (15) 
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in the case shown in fig. 2 :-— 


dw (l—n)p, _(OD+DM)(OB— 
oY at QO) LT MP), (OD+DM)(OB— BN) 
dz ** = FF, 98 (OA AM (OC GN) (160)* 
yt Pig. 1. 
D c 
i 
i 
i 
{ 
4 
H Al 1B 
ast Rata ee Se Z 


In the case of symmetry shown in fig. 3, where the centre 
of the rectangle lies on Oz, 


(OD +DM)/(0A—AM) = (OD + DM)/OM, &e., 
and (166) reduces to 


is (Lap. /OD4DM ON 
7g (at 0)= "Plog (OGeGN * OM): 


mares 


* An equivalent but somewhat longer form for the logarithm 
(leading directly, however, to [17]) is given in eqn. (7) art. 818 of 
Thomson and Tait’s ‘ Natural Philosophy.’ 

VOL. XY. E 


Jd 
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In this last case of course dw/dy=0, and Oz is the line of 
greatest slope at O. 

If in fig. 3 we draw DH and CK, bisecting the angles 
ODM, OCN, we easily throw (17) into the elegant form 


dw : aw NK 
=a (at Ove ee log (Ge | . *.. 18 (18) 


da 
It will frequently be possible to divide nearly the whole of 
a loaded area, not itself rectangular, into a small number of 
rectangles, so that the results obtained above could doubtless 
be utilized for obtaining approximate values of the slope in 
many cases where the loaded area is not rectangular. 


Subcases when one Dimension of Loaded Rectangle small. 
§ 11. In fig. 4, AB represents an elongated loaded area 
symmetrical about Ox. If we suppose the breadth 20 small 


y Fig. 4. 


compared to the distance OA=c, and denote the length AB 
by 2a, we easily deduce from (17) as a first approximation 


a at O)=(1—n)P+2mnOA.OB,. . . (19) 
where P=p. 2ax 26 is the total load over the area. 


If, further, c be small compared to 2a, we have 
dw 


qq (at O) = (1—n)pb/mne= (L—n)P+4rnac. . (20) 


When (20) applies, the slope along the axis of symmetry 
varies Inversely as the shortest distance from the loaded area. 


y Ig. 6. 


§ 12. In fig. 5, AB represents an elongated area perpen- 
dicular to the axis of symmetry Oy. 
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Supposing first that OD(=c) and the breadth 2 are com- 
parable, but both smail compared to the length 2a, we easily 
find from the formula corresponding to (17) 

dio _ 1l=)p,  e+26 
ai (at O) = is ere a artes (21) 

If, further, the breadth be small compared to the shortest 

distance from O, we reduce (21) to 

dw 
ay (at O) = 2(1—n) pb/anc=(1—7) P/2arnacy | ai ee) 
where P denotes as before the total load. Comparing (20) 
and (22) we observe that for equal distances c, the position 


of the loaded area in fig. 5 is twice as effective as the position 
in fig. 4. 


7! 


io tes tenia cs earth oN 


hee ee ~~ Soe a 


x 


§ 13. In fig. 6 the elongated loaded area has its centre at 
the origin of coordinates, and the axes of Ox and Oy are along 
its length 2a and breadth 26 respectively. The slope is 
required at a point Q(z, y) whose shortest distance from the 
area is considerable compared to 0. 

Draw through Q a parallel to AB cutting in M and N the 
lines AM and BN drawn perpendicular to AB. 

From (15) and the corresponding equation we have as first 
approximations to the components of slope 


dw _(1—n)pb/ 1 1 
de mn (Ga ap) rayeas alee) 


_dw _ (L—n)pbAM 1 9 1 5 
ays) 7 { QA(QA+QM) QB(QB+ QN) } (24) 
E 2 
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In (24), QM and QN are to be treated algebraically, and 
the formula must not be applied to cases in which either 
QA+QM or QB+QN tends to become very small (ef. § 11). 


Numerical Illustrations. 


_ § 14. Suppose in the case of symmetry, illustrated by fig. 3, 
that the loaded area is a square 100 metres in the side, and 
that OM, its shortest distance from O, is 1 metre. 
Suppose the load to arise from a sheet of water 1 cm. deep, 
or that 
p=1 gramme wt. 


As in case (iii.) of § 7, let us put 
n='5, n=11x 10" grammes wt. per sq. cm. 


Then we have approximately, in absolute measure, 
“ = (2m x 11x 107)~*log.(10100/163) ; 


or, as unit angle =206 x 10% seconds of are approximately, 
slope at O=0/"0012 approximately. . . (25) 


The result would be the same if the side and the least 
distance of the loaded square were altered in the same pro- 
portion, ¢. g. if the side were altered to 1000 and the shortest 
distance to 10 metres. 

The slope increases directly as the load. It would, however, 
require an abnormally large differential rainfall or evaporation 
to appreciably influence by direct pressure a level inside a 
building situated on strata similar to the material of our 
calculation. 

§ 15. The differential effect of barometric pressure during 
the approach or retirement of a deep cyclonic depression 
would appear a more probable disturbing cause. We might 
very easily have a mean differential excess or diminution of 
pressure of 1 or 2 cm. of merewry over an area whose greatest 
dimension was very large compared to the shortest distance 
from the observing station, and consequently effects 10 or 20 ~ 
times that appearing in (25) might not unreasonably be 
expected in disturbed weather. 

In the case of a large cyclonic area it would be desirable 
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to apply a formula applicable to a loaded spherical surface, 
but (17) would probably give a very fair idea of the order of 
magnitude of the result. 

§ 16. Asan illustration ofa different kind, suppose in fig. 5 
that O is a station near a long straight portion AB of a tidal 
river, and that we desire the difference of slope at O at high 
and low tide. It will suffice to take the difference of level 
at high and low water as the same all along AB. Suppose 
this difference to be 5 metres, and assume 7 and n to be the 
same as in the last example. 

Taking first c=4 x 2b, we get approximately from (21) 


dw 5x10?x7 


hy (at QO) = 9x22x 11% 107 log, 10 x logyo(1°25), 
or in seconds of arc 
slope ati O'==0"'083.:.. PP Peo) 
Taking next c=20, we replace (26) by 
BlopeyatsO= 0/010): pyc 0: oil om Laue) 


If, for instance, the river be 100 yards broad, the first 
station is 400, the second 100 yards from the bank. 

§17. As rivers are seldom straight, I have supplemented 
the above by calculating the slope at the centre of a semi- 
circular channel of width 2), supposed small compared to the 
radius R. For a difference / in the level of high and low 
water, I find as a first approximation 


difference of slope at centre of semicircle=2(1—mn)gbh/mnR. (28) 


To aid the imagination, the river may be supposed to enter 
and leave the semicircle by straight channels forming con- 
tinuations of the limiting diameter, so that the semicircular 
portion alone need be considered. 

It will be noticed that (22) and (28) are identical if 


c=R, and p=gh. 


In other words, the semicircular tidal river has exactly the 
saine influence on the slope of the station at its centre as it 
would have if the channel were straight throughout and came 
within the same distance of the station. 

§ 18. The results of the last two paragraphs point to changes 
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- of water-level in tidal rivers and estuaries as more likely to 
appreciably affect the level of neighbouring observatories 
than any probable differential peculiarities of rainfall or 
evaporation. In making this observation I exclude of course 
the direct action of water on the foundations of the building. 


In all cases similar to those treated in §§ 14-17 the direct. 


gravitational action of the load must be taken into account to 
obtain the full result. For instance, in the case of an anti- 
cyclone, the horizontal attraction of the surplus air must be 

considered as well as the excess of pressure over the area 
covered by the anti-cyclone. 


Pressure Effects below the Surface. 


§ 19. As the foundations of most buildings are below the 
ground-level, the slope at some little depth possesses con- 
siderable interest. The general formula (14) for the depression 
at any depth due to a loaded rectangle, though easily evaluated 
for specified numerical values of 2, 2, &c., is somewhat com- 
plicated. Its general character will be sufficiently compre- 
hended from the results in the case of symmetry, when 


Y= -n=b. 
Putting t= C, tee + 2a. 
we then convert (14) into 
Amn (dw\*=Y= 
Pp . 


=2(1—n) log 


Oc VP 4 e+e 2 )iCanbat /b? + (e+ 2a)? + 2 
°(—b+ VP4e42 +t 2?) (b+ Vb? + (c+ 2a)? + 

+ 2b2?{ (c? + 2%) —1(b? + c? + 2%) -3 

— ((¢+ 2a)? + 2*)-(b? + (c+ 2a)?+2%)-t}. 2 . (29) 


So long as z/c is small the right-hand side of (29) can be 
expanded in a rapidly converging series of the form 


A+B(z/c)?+..., 
where A and B are independent of z. 
There is no tendency in B/A to become very large for 


finite values of a/e and h/e. 
When we neglect B(z/c)? &., we simply get the slope at 
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the surface. We thus see that at depths small compared to 
the shortest distance of the loaded area the slope is nearly the 
same as at the surface itself. 

The value of B is easily obtained in special cases. As an 
example, take the sub-case of fig. 4, in which ¢/a and b/c are 
both supposed small. We then get for the slope 


c=) = 2 
ee = EP’ (1—n+ in’). eee 
In (80) constant terms of the order (b/c)® are omitted, though 
possibly more important than the variable term. 

Again, in the sub-case of fig. 5, when 6/c and c/a are sup- 
posed both small, we find 

x=y=0 2 
a). - 2" (1—n+n5). SSA 

In both these instances the slope znereases with the depth. 
The formule hold only so long as z/e is small, so that the 
phenomenon is rather of theoretical than practical importance. 
Though somewhat opposed to & priori conceptions, this result 
would not appear exceptional. Thus, take the case of an 
* isolated load pdw at a point P on the surface, and consider 
the vertical displacement at a point Q at depth z. Join 
QP=r, and draw QM=z2' perpendicular on the vertical PM. 
Then denoting the angle QPM by a, we have at Q 


w==(pdw/Amnr){2(1—n)+cos’at, . «2. 2 . . . (82) 
= (pdw/Amns’) {2(1—n)(A + 2/a?)-$ + (</a')? (1 + 27/2”) 3}. 
Thus when 2/2’ is small, we find, neglecting powers of 2/2’ 
above the second, 
w=(pdew/2irns'){1—n + $n(2/2')?};. .  «! (88) 
whence 


— 0% = (pdo/2mna!®){1—nt an(ela')3}. -. (34) 


Here the slope —dw/dz’ increases at first with the depth as 
in the case of (30) and (31). 

§ 20. When the depth is of the same order of magnitude as 
the horizontal distance of the nearest point of the loaded area, 
individual cases of (14) or (29) require separate consideration. 


* Todhunter & Pearson’s ‘ History,’ vol. ii. eqn. (xxiv.) of art. 1497, 
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When the depth becomes large compared to the horizontal 
distance of the remotest point of the loaded area, we easily 
find from (14) as a first approximation 


ops _ (5—20)p (y2—91) (a2? — m4”) 52 ee) 


dx gene ee San 2 
showing that the slope now diminishes as the inverse cube of 
the depth. 


If P denote the total load, x, y the coordinates of the C.G. 
of the loaded area, we have at once from (35) 


t=7=0 
wey = (5—2n)Px|(Amne’), . . . (36) 
and by symmetry 
2=y=0 ba 
=). = (7 2yiPy/Cane)e eee 


The line of greatest slope is thus in the vertical plane which 
contains the C.G. of the loaded area, and if R be the hori- 
zontal distance of the C.G., the slope is given by 


(dw/dR),-2= (5—2y)PR/(4nz?). . . . (38) 


The conditions assumed in (35) are practically tantamount to 
those of the elementary loaded area, and (38) can in fact be 
deduced from (32) by supposing @ small. 


Luni-Solar Effects.* 


§ 21. Another possible cause affecting the indications of 
pendulums and spirit-levels is the gravitational action of the 
heavenly bodies, especially the sun and moon. If we regard 
the-earth as a sphere of mass E and radius a, and suppose the 
moon’s mass to be M and its distance from the earth R, there 
exists in the earth a system of bodily forces of wich the 
principal come from a potential 


g(M/E) (a/R)3(r2/a) (3 cos*O~1)/2, . . . (39) 


muse Gk =. seen at the earth’s surface, neglecting 
“ centrifugal force.” The moon is supposed to co in the line 


* Strictly the problem is a dynamical one; as yet only an “ equili- 
brium ” solution is available. 
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6=0, the earth’s centre being origin, and 7, 6 ordinary polar 
coordinates. As explained in art. 812 of Thomson and 
Tait’s ‘ Natural Philosophy,’ there results at the earth’s surface 
a component force radially outwards 


g(M/E) (a/R)?(3 cos? @—1), 
and a component along the tangent 
T’=39(M/E)(@/R)* sin 0cos 0, . . . . (40) 


directed towards the point under the moon (6=0). 

Both components being small compared to g, the direction 
of gravity is, owing to the direct attraction alone, deflected 
through the angle 


dy’ =tan—'{3(M/E) (a/R)* sin Ocos@} . . (AL) 


from the vertical. The angle being very small may be re- 
placed by its tangent. 
Thomson and Tait suppose 


(M/B)(a/R)?=10-9/182, . . . . (42) 


and thence draw the following conclusion: —“ the plummet is 
deflected towards the point of the horizon under either moon 
(9=0) or antimoon (@=77), by an amount which reaches its 
maximum value... 0/017 when the altitude is 45°.” They 
add—“ The corresponding effects of solar influence are of 
nearly half these amounts.” According to this’ conclusion 
direct luni-solar influence should make itself feltin any system 
of pendulum or spirit-level observations in which the accuracy 
is of the order 0-02. ; 

§ 22. The data on which the above calculation is based are 
pretty accurately known, which constitutes a reason for 
treating the direct effect by itself. It must, however, be borne 
in mind that the luni-solar influence is not confined to the 
pendulum bob, but extends to the material of the earth itself. 
Consequently the result calculated by Lord Kelvin and Prof. 
Tait is part only of a composite effect, which there is no very 
obvious way of analysing in practice into its components. 

In the actual earth the most obvious consequence of luni- 
solar action is the ocean tides, and, as we saw in § 4, any 
station near the sea-shore has its apparent level affected by 
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these in two distinct ways. Even at an inland station ocean 
tides must exert some influence, though presumably it is very 
small. 

In addition, however, to ocean tides there must be tides in 
the earth’s mass, whether solid throughout or not, and it is 
to these I shall now call attention. 

The potential term (39) is only one of a series. The 
numerical values of the coefficients diminish rapidly as the 
order of the harmonic increases ; still itis desirable not wholly 
to neglect the higher harmonies, if only to make sure that the 
comparative smallness of the disturbing forces answering to 
them is not compensated in any instance by great effectiveness. 
I shall thus consider in the first place the results of the general 
problem when the degree of the harmonic appearing in the 
disturbing forces is unrestricted, making use of the results 
contained in a paper communicated to the Cambridge Philo- 
sophical Society * in 1887. 

§ 22. Before entering, however, on this investigation, it 
is desirable to consider briefly the relation between the 
results of theory and the phenomena we may expect to 
encounter in direct observation. 

Surface-points on the undisturbed surface, regarded as 
spherical, transform into surface-points on the strained sur- 
face ; thus a very small surface-area, e.g. a square decimetre, 
may be regarded as a tangent plane in both conditions. 

Suppose, now, this area to have rigidly attached to it a 
spirit-level, consisting of part of a circular are filled with 
liquid and with a minute air-bubble. In the undisturbed 
condition suppose the bubble exactly at the central division O 
of the arc, while in the disturbed condition it is at an angular 
interval 69 from O. This an observer would naturally attri- 
bute to a change 60 of level. The true interpretation is that 
in the disturbed condition the resultant of the forces at the 
surface makes with the normal the angle 60. In a rigid 
earth 50 would be the angle of Thomson and Tait’s calcula- 
tion ; but in an elastic earth allowance must be made for the 
fact that the attraction of the disturbed earth is not along the 
normal. 


* See the Society's Transactions, vol. xiv. p. 278. 
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The effect on astronomical observations is still more com- 
plicated. Thus let an observer take the altitude of a star in 
the same vertical plane as the moon, using a mercury surface 
for his horizontal plane. The observed altitude will differ 
from the theoretical—z. e. the true altitude if the disturbing 
influence were absent—by an amount equal to the angle 
between the disturbed and undisturbed mercury surfaces. 
This is the algebraical sum of the inclination of the resultant 
gravitational force to the radius-vector in the disturbed con- 
dition and of the inclination of this radius-vector to its undis- 
turbed position. 

This explanation will show what the quantities are of 
which we require to know the theoretical values. 

§ 24. To return to the problem. The earth is treated as 
truly spherical when undisturbed, “centrifugal force” being 
neglected, and as posssesed when disturbed of uniform den- 
sity p, and of uniform isotropic elastic qualities throughout, 
determined by the elastic constants m, n. 

The assumption of natural sphericity and the neglect of the 
centrifugal force answer merely to the neglect of small quan- 
tities of the second order of magnitude relative to those of the 
first ; the other assumptions have been discussed in § 2. In 
our ultimate applications the material will be supposed incom- 
pressible, i. e. n/m=0, but it is undesirable to introduce 
unnecessary limitations in the mathematical results themselves, 
Further, absolutely incompressible material is merely a ma- 
thematical fiction, so it is desirable to have the means ready 
to hand to apply a correction to mathematical results based 
on such an hypothesis. 

Supposing the typical term in the potential of the disturbing 
forces to be 

TON i eae eS see ae ae) 
where o; is a known surface-harmonic of degree z, and Vj‘ a 
given numerical magnitude, we easily see that the equation 
to the strained surface will take the form 


paa+ Daas «Fee AY 


At the present stage all we know is that a; is small compared 
to a, the mean radius of the strained surface. 
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The bodily forces consist in part of the disturbing forces, 
but mainly of the self-gravitational action of the “earth.” 
The complete value of the potential V is given by 

V=—h9a-'7? + 3 39(1r/a)‘ao,/(2i+1) + Sr'Vior. . (45) 
In ordinary circumstances We are supposed to be given the 
unstrained surface, with full information as to the force 
system, and it is customary to regard the surface equations as 
applying to the unstrained surface. In the present instance— 
and I daresay as a rule in practice—the forces depend to some 
extent on the disturbed form of the body. It is thus con- 
venient, to say the least of it, to suppose that the surface 
equations apply in the present instance to the disturbed sur- 
face. This implies nothing more serious than the replacing 
the ordinary definition of strain, viz. 

(final length —initial length) /(initial length), 
b 
: (final length—initial length) /(final length). 
The two definitions are equivalent so long as it is justifiable 
to apply the mathematical theory, which assumes the square 
of a strain negligiblef. 

§ 25. The problem whose results I am about to use was 
more general than the one at present before us, inasmuch as 
the surface was not assumed to be naturally spherical. The 
notation employed in its solution was also somewhat different, 
the potential being given'in the form 

= 592 ES aVaor ene 

Thus in utilizing the results we must put 
Vi=3ga-/(2i+1)+Wija. . . . . (47) 
In the general problem V; was unrestricted, but I contented 
myself with giving the two arbitrary constants aYi, aZi 
explicitly in terms of o,V; and ga—‘a;. The expressions for 
the displacements freed from arbitrary constants were given 


(/. c. equations (13) to (15), pp. 280, 281) only for the case 
when 


Vi =3ga-‘/(2i+1), 
or when V,’ in (47) is zero. 


* See Prof. G. H. Darwin, Phil. Trans, 1879, Part 1. 
t See Phil. Mag. Sept. 1891, pp. 246-7, 


“tt ly 


os 
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It is easy, however, to add the terms containing V,’.. For 
if in the equations (11) and (12) of p. 280, /. ¢., we substitute 
for V; the right-hand side of (47) and multiply up by ao, 
we notice that V,/o; appears with the same coefficients as V; 
possessed in the earlier equations (32) and (33) (J. ¢. p. 264), 
which determined the unknowns Y; and Z;—treated in that 
instance as each the combined product of surface harmonic 
and arbitrary coefficient—for a perfect sphere acted on by 
bodily forces. Thus for terms in V/ in the displacements, 
we have only to take the results (36), (37), and (38), l, ¢. 
pp. 264-265, and in them replace V; by V;/o; and S; by zero. 

Doing so, we find for the components of displacement, 
measured respectively in the directions of the fundamental 
polar elements dr, 7 d0, r sin 0 5¢, the following results :— 


re gpr { 2: a?(5m +n) 
a 10a(m +n) 3m—n 


i074 


= a 
+9? 257 (95 + 1) D, 
— mn (Ait + Ae? + 8422 + 295 + 10) + n2(87? + 82 + 131-2) } 
—pi1q—1+24 {10m i(E + 2) — mn (AP + 4224 + 1) —n2(4i—3)}] 


[réta-1610m(i2—1) 


Vi 4 Lakes + 2) — i , 
+ Sec glean AEA seine] 
d the vnge4 
ee 02 w= nO dpe pee 


where 
D,;=5(m-+n) {m(27? + 414+3)—n(2it+1)}, . ~ (50) 


GP UFR Fit 19-86 10 m2 (i —1) (1 +3 
Y= In (ai + 1D, [rit 1a-#{ 10m? (¢—1) « +3) 
—mn(4i3 + 127? — 67 + 17) —n?(8?-17)} 
— pi 1g—i+2£1 Omi (i + 2) —nn(4i? + 40? — 21 + 1) —n? (4t— 8) §] 
B(m+n)pVioil o «- a{m(t+2)—n} rig S ] 
+ nD, [ar iets sear {m(2+3)—n} }. 


§ 26. Before utilizing these results we must determine ai in 
terms of V/, which is easily done as follows :—The surtace 
being supposed originally spherical, the terms a,c‘ in (44) 


, (48) 


(51) 
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arose solely from the action of the disturbing forces, and so 
must be identical with the variable terms in the surface-value 
of wu. 

Thus writing a + Lao; for v in the principal terms in (48), 
and a for r in the subsidiary, then equating the separate 
harmonic terms to the corresponding ones in Layo; and re- 
ducing, we find 


ee pbHV i§(2i+ 1)m—nt + {2 (i—1)n( (22? + 47 +3) m— (214+ 1)n) t (52) 
goa 151(21 + 1)m?— (81? + be? — 20—9) mn + (40 — 20° —31—3)n® 
n 5(2i+1)(8m—n){ (2? + 40+ 3) — (21+ 1)n}. 


If the self-gravitation were negligible, the denominator in 
(52) would become unity, the numerator remaining un- 
changed. Thus self-gravitation reduces the change of form 
produced by the disturbing forces depending on the harmonics 
of degree i in the ratio 


1 


1:14 94 152( 22 + 1)m?— (823 + 6:2 — 27 —9) mn + (423 — 22? — 37 —3) n? (53) 
; n 5(22+ 1) (8m—n) { (20? + 47 + 38)m— (274+ 1)n? 1 
If nim=0, 


or the material be incompressible, (52) reduces to 


ap I+ (gpa/n)i/(Q2 + 4i+3) om ve) 
and the ratio (53) becomes 
1: 1+(gpa/n)i/(2?+414+3). . . . (55) 


When 7=2, (52) becomes 


es pa Vo! (5m—n)/{n(19m—5n)} 
“a= 1+ 3(goa/n) (10m? — bmn + n2)/{5(8m—n)(19m—Sn)}° - (56) 


A result equivalent to (56), with the notation 


A=m—n, p=, 


was given by Prof. Karl Pearson, in Todhunter and Pearson’s 
‘History,’ vol. ii. part 2, p.425. An obvious misprint of 


4u for 14u occurs, however, in the denominator of his 
formula. 
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§ 27. We may safely assume m—n positive, so the nume- 
rator in (52) has clearly the same sign as V;,/; also for a 
given value of V,’ it diminishes as 7 increases. Thus so long 
as the denominator in (52) exceeds unity there is no risk 
lest the relative smallness of the forces proceeding from any 
higher harmonic may be compensated in any way. It is 
obvious, however, that the coefficient of gpa/n in the deno- 
minator can be made negative by taking 7 large enough, for 
ordinary values of n/m. For instance, if n/m=1/2,—the 
hypothesis of uniconstant isotropy,—the coefficient of gpa/n 
is negative when 7 exceeds 9, and with i infinite the deno- 
minator as a whole would vanish and change sign as n passed 
through the value 6gpa/100. 

If we take as before 


gpa=35 x 108 grammes wt. per sq. cm., 


this critical value of n has the very ordinary value 21 x 10% 
grammes wt. per sq. cm. 

Thus if such a value as m/n=2 were admissible the con- 
tingency of a,/V/ becoming enormously large for a high 
value of 2 would be quite a possible one. Unless, however, 
as I have previously pointed out, n/m be very small, the 
term in w, independent of the angular coordinates, would in 
a body of the earth’s mass be enormously greater than is con- 
sistent with the mathematical theory of elasticity. Therefore, 
so long as the present calculation is justifiable, the denomi- 
nator in the value of a;/V,/ can differ but little from that 
occurring in (54), and we are thus thoroughly justified in 
neglecting all the higher harmonic terms in the potential 
relative to the term containing the second harmonic. 

§ 28. Asa small departure of n/m from 0 would exercise 
but little influence on numerical values, it will be best, as we 
are dealing with data so uncertain, to neglect n/m altogether. 

Thus, putting 


i=2, o,=Pe, n/m=0, 
V./=9(M/E)(a?/R’),. . - - - (57) 
we have for the displaced surface 
POE Geo ee oe i Oey 
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where 
a,/a= +5 (gpa/n)(M/B)(a/R)+ {1+ 75 (gpa/n) b. (59) 


An equivalent result is given in Thomson and Tait’s ‘ Natural 
Philosophy,’ art. 840. The result will also be found, along 
with that answering to 1=2, m=2n, in Mr. Love’s ‘Treatise 
on Elasticity,’ vol. i. pp..302, 303. 

The corresponding surface displacements are 


Ca EE (gpa/n) (M/E) (a/R)?/{1+2gpa/19n}, (60)* 


— Es asin @ cos @(gpan) (M/E) (aR)*/{1+ 2gpa/19n}. (61)* 


The term in u independent of the angular coordinates abso- 
lutely vanishes for n/m=0, and both components of the 
surface displacement, and so the resultant displacement itself, 
are reduced owing to the self-gravitation in the common 


0 1: 1429pa/(19n). 5 5) a G2)* 


The angle through which the radius-vector is rotated from 
its undisturbed position, in the direction away from 0=0, is 
equal to v,/a, and so is known from (61). As v,/a is nega- 
tive for all values of @ between 0 and 7/2, this rotation is 
really towards the moon at every point of the illuminated 
hemisphere. 

§ 29. We next require to find the inclination of the re- 
sultant force to the radius-vector over the surface. 

Employing (57) and (59) in (45) we find for the complete 
value of the potential 


V=—39(7?/a)[1—2P,(M/B) (a/R)3(1+ 5gpa/19n) 
+(1+2gpa/19n)]. . (63) 
The component forces along and perpendicular to the 
radius-vector are 
Se cy: rae ee 
R= — == oe 
dr? “ i 
* The material being as here incompressible, it may be proved that 
for any value of ¢ in (45) the displacements are everywhere the same as 


in a sphere of radius a, over whose surface act purel i 
ao Yy normal tract: 
equal to pato;V" = } 1+ Gpaln)il(2?+4i+3)}, ee 
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Thus ata point on the surface the principal terms, which 
alone we require, are 
R=—g, @=—3¢ sin 0 cos 6(M/E) (a/R)? (1+ 5gpa/19n) 
+(1+2gpa/19n), . (64) 
and the inclination of the resultant force to the radius-vector 
is to a first approximation 
dy = 0/R=3 sin 6 cos 6(M/E) (a/R)*(1 + 59pa/19n) 
+(1+2g9pa/19n). . (65) 
For the apparent change of altitude, dz, in a star we have, 
as already explained in § 23, 


da=dy + va/a=3 sin 8 cos (M/E) (a/R)? {1 + = (gpa/n) } 


+(1+2gpa/19n). . (66) 


§ 30. For the apparent change of level dy, we require the 
inclination of the resultant force to the normal. To obtain 
this we may employ the result (65) in conjunction with the 
inclination dy, of the normal to the radius-vector, the latter 
being given to a first approximation by 


bn=(-2 ae = sin 4 cos 8(gpa/n) (M/E) (a/R)3 


+(1+2gpa/19n). (67) 
Thus we have finally 


Op= oy —Syy 
=3 sin @ cos 0(M/E)(a/R)?+(1+2gpa/19n). (68) 


This result can also be got by noticing that 


Syr=tan~ (Tig), 
=T/g, to a first approximation, 
where 
T = Rsin 8y,—@ cos oy 
= 3g sin @ cos 0(M/E) (aR)*+ (1+ 2gpa/19n). . (69) 
is the tangential component of the surface-force. 
Comparing (68) with (41) we have 


Og OMe s Vs Le 2epafton, . «i s(70) 
VOL. XV. E 
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or the self-gravitational forces reduce the apparent change 
of level, as calculated in Thomson and Tait’s ‘Natural Phi- 
losophy,’ in precisely the same ratio as they reduce the 
ellipticity of the surface. 

This last result might probably be deduced at once from 
the fact that u, and v, are reduced in the same proportion, 
but 1 have preferred an explicit mathematical proof. 

Comparing (66) and (68), we have 

Ba/Byp = 144(2gpa/19n),. . . » (71) 


showing that the apparent change in star’s altitude—the star 
being, it will be remembered, in the same vertical plane with 


the moon—is always in excess of the apparent change of 
level. 


Numerical Estimates. 
§ 31. As before, we shall take 
a = 64x10’, 
gpa = 39x 108 grammes wt. per sq. cm., 


(M/E) (a/R)8 = 1/(182 x 10°). 


We shall consider only the greatest and least values of 2 
specified in § 7, exhibiting the results side by side ; 9, it will 
be remembered, is measured from the line joining the centres 
of the earth and moon. 


Numerical Results: Lunar Influence. 


80107 grammes wt. 11X10" grammes wt. 


per sq. cm. per sq. cm. 
2Qgpa/19n = 35/76 700/209 
1: 1+2gpa/19n (approx.) = EG 38:18 
3 cos? 6—1 26 — 
UU = ee cms, 68 co cms, 
2 
V, =| —25 sin 6cos 6 cms, —61 sin @ cos 6 cms. 
Polar less equatorial radius = 42 cms. 102 cms. 
Apparent change level, &) = 0'012 sin 26 0''-004 sin 20 
a Be tL. . O02 sin 28 0""-027 sin 26 


2, 
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The reduction effected by the self-gravitational forces in 
Thomson and Tait’s estimate, 0/017 sin 20, for the apparent 
change of level increases conspicuously as the rigidity 
diminishes. In fact, for the lower value of n, dy would 
_ be insensible unless with an instrument recording to zh, of a 
second of are. 

On the other hand, the changes in the shape of the earth 
and in the star’s apparent altitude are very decidedly larger 
for the lower value of n. 

Corresponding results of about half the numerical size of 
the above would be obtained in the case of solar influence. 


Final Conclusions. 


§ 32. The results obtained indicate at least the directions in 
which luni-solar effects may be profitably looked for. If the 
earth’s elasticity for luni-solar influence be perfect, apparent 
changes of level or star’s altitude will be nzl when the moon 
or sun, as the case may be, is either in the zenith or on the 
horizon, while they will be a maximum when the altitude 
is 45°. If the elasticity be not perfect, a lag in the tides may 
be expected. As regards star’s altitude, a hopeful feature is 
that the influence, being the same for all stars in the same 
vertical, should be easily separable from terrestrial refraction. 
The further fact that the apparent change is proportional to 
the cosine of the star’s azimuth measured from the vertical 
plane containing the moon, or sun, may prove of assistance. 

It would appear that luni-solar effects are not unlikely to 
prove of as much consequence as the direct pressure or 
gravitational effects of any ordinary differential meteorolo- 
gical action in the neighbourhood of an observatory, though 
not nearly so important as ocean or estuary tides for obser- 
vatories situated within a few hundred yards of high-water 
mark. 

The considerable fluctuation of the calculated luni-solar 
effects with the value ascribed to the earth’s rigidity may lead 
eventually to interesting speculations as to the state of the 
earth’s interior. 


Subsidiary Remarks. 
§ 33. Whilst attention has been confined to surface-pressure 
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and luni-solar action, it is not intended to imply the non- 
existence of other agents capable of producing similar 
phenomena. The sun’s direct heating effect is doubtless 
in some cases a most effective agent in altering the level. 
A priori one would expect a diurnal variation from this 
cause, most sensible at stations on rocky ground exposed 
to the south. 

§ 384. Before quitting the subject, it is desirable to consider 
what light existing seismological data throw on the credibility 
of the-hypothetical theory adopted. 

It appears pretty generally believed that wave-velocities 
calculated from observations near and distant from the 
epicentre of an earthquake are usually different, and the 
existence of at least two widely different wave-velocities 
seems on some occasions well established at the distant 
stations. One of the two wave-velocities has been regarded 
(on, I think, mistaken grounds) as postulating an elasticity 
incredibly high for an elastic solid medium. 

These phenomena are easily reconciled with the elastic 
solid hypothesis. When waves travel between two distant 
points through the interior of a sphere of large radius they 
may be expected to behave much as if the medium were 
infinite. Now in an infinite isotropic medium%, as is well 
known, there are two wave-velocities, v; and v,, given in our 
previous notation by 


v= V(m+n)/p r%2 = nip. 


Thus, under the conditions supposed, we should expect two 
earthquake-waves with velocities similar to vy, and v,. For 
definiteness, suppose that the velocities are actually v, and vg, 
and suppose them to be respectively 12°5 and 2°5 kilometres 
per second, this appearing a fair estimate. 

Then, in absolute C.G.s. measure, 


V(m+n)/p = 125x104, Wn/p = 25x 104. 
Taking p=5°5 for the earth, we have the approximate 
results, 
n = m/24 = 35x 107 grammes wt. per sq. cm. 


* See, for instance, Love’s ‘Treatise on Elasticity, vol. i. pp. 1338, 134. 
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For E, Young’s modulus, and é, the bulk modulus (resistance 
to compression), we have similarly, 
E = n(3—n/m) = 10 x 10° grammes wt. per sq. cm., 
k=m—n/3 = 83x 10° 5 ‘ 

The rigidity and Young’s modulus—the quantities from 
whose magnitudes our conception of a material’s elasticity is 
usually derived—are in no ways remarkable, being much 
below the average maguitude observed in iron. The only 
abnormal feature is the enormous resistance to compression. 
Any one, however, who considers the enormous pressures 
presumably in continuous operation on the earth’s deep- 
seated material, will appreciate the probability that it responds 
uncommonly little to any slight increase in pressure. 

A difference between the velocities calculated at stations 
near and distant from the epicentre is only what we should 
expect. Lord Rayleigh* has shown that waves with a 
velocity somewhat less than Vn/p may be propagated 
through the material close to the surface of a medium 
bounded by an infinite plane; and a similar phenomenon 
may be expected in a sphere, so long at least as the distance 
from the epicentre is small compared to the radius. In 
such waves the velocity must depend mainly on the density 
and elastic properties of the surface material, which in 
general must differ largely from the corresponding quan- 
tities in the deep-seated material. Thus the velocities calcu- 
lated from the observed effects must depend largely on 
whether the waves propagated along the surface or those 
propagated through the interior are the dominant ones ; in 
other words, on whether the distance of the station from the 
epicentre is or is not small compared to the earth’s radius. 


DIscussion. 


Prof. Perry said he had thought of taking up the subject 
from an experimental point of view, and trying the effect of 
loading a large block of indiarubber. He had not had time 
to refer to the author’s paper, in which the reasons were 


* Proc. London Math. Soc. vol. xvii. (1886). See also Love’s 
‘Treatise,’ vol. i. pp. 828-830. 
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given for taking the earth as incompressible. He (Prof. 
Perry), however, thought that this assumption led to results 
in contradiction to actually observed facts. Prof. Milne had 
obtained results which, for want of any other explanation, 
he had been compelled to attribute to meteorological causes. 
The reason Dr. Chree had obtained so small a value for the 
effect of loading by surface-water might be because he had 
assumed erroneous values for the elastic constants. If he 
took a value for Poisson’s ratio such as we meet with in 
practice, the effects would be much larger. Prof. Darwin 
had also investigated the folding of the surface of the earth 
due to loading. The results obtained by the author with 
reference to the velocity of waves did not seem quite satis- 
factory. The small waves which were found, both at Berlin 
and the Isle of Wight, to precede the main waves coming 
from an earthquake in Japan, were not accounted for. The 
wave-velocity in an infinite mass of steel (a very elastic 
material) was about 6 kilometres per second, which was very 
different from 12°5 kilometres per second. The author had 
assumed such values for the elasticity as would give the 
correct velocity. 

The AuTHoR, in reply, said that in applying the equations 
of elasticity to the earth’s interior, unless the material were 
supposed nearly incompressible, one obtained values of the 
strains too large to be consistent with the fundamental mathe- 
matical hypothesis that the squares of strains are negligible. 
In the case of surface-loading no such restriction was neces- 
sary, so far as the surface-layers at least are concerned. The 
differences between the several numerical estimates for the 
ratio of gravitational and pressure effects of a surface-load 
were principally due to the differences in the hypothetical 
values ascribed to the rigidity. It was his wish to make it 
clear that the pressure and gravitational agencies treated in 
detail in the paper were not the only ones likely to affect 
the level ; he had specially called attention to solar heating 
and possible direct influence of moisture on the foundations 
of buildings, &e. The reason why for the one wave-velocity 
so much higher a value was obtained than that Prof, Perry 
calculated for steel was solely the high value, 24 : ly found 
for the ratio of Thomson and Tait’s elastic constants m and n. 


“ss : 
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He knew Prof. Darwin had treated of the phenomena met 
with in loose earth in some cases, but could not say whether 
this was what Prof. Perry referred to. He had himself 
once thought of attempting an application of what Prof. Karl 
Pearson termed the “equations of pulverulence,” as treated 
in detail by Prof. Boussinesq, but had not done so, partly 
from a feeling of uncertainty as to their physical value. 
Supposing these equations satisfactory, they ought to give 
better results than the equations of elasticity when surface- 
load was applied to a deep alluvial soil. 


V. On the Effect of Capacity on Stationary Electrical 
Waves in Wires. By W.B. Morton, .A.* 


Waite working recently at stationary electrical waves in 
wires produced in Blondlot’s manner, I was led to make 
some measurements on the effect produced when a capacity 
is inserted at a point of the secondary circuit. The positions 
of the successive nodes were explored in the usual way by a 
bridge, the indicator being a vacuum tube which was placed 
across the wires and which showed a maximum of brightness 
when the bridge was at a node. When two opposite points 
of the parallel secondary wires were joined to the plates of a 
small air condenser, the effect was to bring closer together the 
nodes on the two sides of the condenser, the amount of this 
shortening of the apparent half wave-length depending on the 
position of the inserted capacity. The effect was nil when 
the condenser was at a node, and maximum when it was mid- 
way between two nodes. This influence of the increased 
capacity of the wires is of course of the same nature as the 
shortening of the wave-length when the wires pass from air 
into a dielectric liquid. Drude and others have made use of 
this way of measuring directly the index of refraction of 
different liquids for the electric waves; but the influence 
of an isolated capacity does not seem to have been much 
studied. Salvioni has published t some measurements on the 


* Read April 9, 1897. 
+ Rend. Acc. Line. 1892, pp. 250-253; Wied. Berbi. xvii. p. 485. 
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effect of capacity inserted at a point between the end con- 
denser and a bridge. When the second condenser was put 
in it was necessary, in order to restore resonance, to alter the 
distance of the plates of the end condenser. Von Geitler* 
got rid of the reflected waves by using a terminal resistance 
so that no standing oscillations were formed in the wires. He 
found that when a condenser was inserted it caused reflexion 
of the waves, and a series of nodes and loops could be found 
in front of the condenser. Mazzotto t in a recent research 
has availed himself of the effect of an isolated capacity to 
produce a gradual change in the wave-length of the oscilla- 
tions. He uses pieces of wire hung on to the parallel wires. 

The theory of electric waves in wires has recently been 
treated in an exhaustive manner by Drude}. His method 
consists in following out in detail the various reflexions 
undergone at the bridges by a wave-train which starts from 
the end of the wires. The state of affairs at a point of the 
circuit is obtained by summation of a series of separate dis- 
turbances due to the different direct and reflected trains. 
The calculations are rather complicated. In obtaining a 
formula with which to compare my observations I have used 
a method adapted from some work of Mr. Heaviside’s§. Apart 
from the actual results obtained, the investigation is perhaps 
of some interest as showing how easily some problems con- 
nected with oscillations in wires can be attacked by this 
method. 

The experiments were made, for the most part, at the end 
of the parallel secondary wires remote from the oscillator, 
the arrangement being as shown in the diagram. 


pen C 


A Sr B Se 


—_ 2 —_ = <b — <————— 2 —— 


Cis the end condenser of capacity 8. 8, an interposed 
condenser. The vacuum tube was placed across the plates of 


* Wied. Ann. xlix. pp. 184-195 (1898); ef Barton and Bryan, Proc. 
Phys. Soe, xy. p. 23. 

+ Nuov. Cim. [4] ii. pp. 296-311 (1895) ; Wied. Beidl. xx. p. 392. 

+ Abhandl. der Stichs. Ges. der Wiss. xxiii. pp. 64-168 (1896) ; Wied, 
Ann. \x. pp. 1-46 (1897). 

§ ‘ Electrical Papers,’ ii. p. 194 et seq. 
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S,. The plates of S, and S, were kept at a constant distance 
apart while the position of S, was varied. A nodal position 
B of the bridge having been found so that the tube shone, 
B was left on the wires, and A laid on and adjusted so that 
the tube remained bright. Then A, B are nodes of the same 
system. Owing to the finite length of the bridge the 
potential-difference at its ends is not quite zero, the true 
node falling at the centre of the bridge. Accordingly, if the 
bridge B is taken off the wires the nodes will fall a short dis- 
tance to the left of B—roughly half the length of the bridge. 
This distance Drude has called the “ bridge-shortening.” In 
order to restore maximum brightness in the tube, the bridge A 
must now be displaced in the same direction through twice the 
“ bridge-shortening.” The difference in the positions of A, 
according as B is on or off the wires, gives us therefore a 
means of finding the correction to be applied to the observed 
bridge-positions to get the true nodes in the wires. 

We want to express that the circuits AB and BC are in 
resonance. Jn order to find approximately the period of 
oscillation of such circuits we can proceed as follows :—Sup- 
pose a simple harmonic potential-difference Vosin nt to be 
kept up between the wires at one end of the circuit, and find 
an expression for the oscillations produced in the circuit. 
The amplitude of these oscillations will become infinite when 
n corresponds to the natural period of the system. A formula 
has been obtained by Cohn and Heerwagen for a circuit 
like BC. I have not found any discussion of the circuit AB. 

We neglect the resistance of the wires and put S for their 
capacity and L for their induction per unit-length, both sup- 
posed constant. This will be only approximately true as we 
approach the ends of the circuits. The equations connecting 
the current © and potential-difference V are 


dV dC 
da = ae 
d0 _ gaV 
dx at’ 
dx being the element of length, 
Vv ay 
° de =LS de d 


VOL. XV. G@ 
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or if V varies as sin nt, 


aN eee 
ame LSv’?V=—g 
eT Resi 
where q=n VLS=5>= 73 


vis the velocity of radiation, and % the wave-length along 
free wires; 


*, V=(A cos gv+B sin qe) sin nt. 
This gives —C= iA sin gv—B cos gx) cos nt. 
Take first the circuit BC. Here we have 
V=Vpsin né when «=0, 


and C= os when w=c, 


* 5 ak = Vo; 
and 


~ i ~ (A sin gc—B cos ge) = Sgn(A cos gc + B sin ge). 


Putting 
tana= 2 = L8,v’¢ = sq 
we get B=Atan (ge+a), 
and veahie cos {g(c—#) tate 
cos (ge+a) 
The amplitude becomes infinite when ge+a= z 
cot ge=tan a; 
2arce = Qar Be 
2€ co es we . S ° ee (1) 


This is Cohn and Heerwagen’s formula. 


Taking now circuit AB, suppose the impressed potential- 
difference to act at A. 


Let V,= (A, cos gv +B, sin gx) sinnt between =0 and = 6, 
V.= (A, cos gar + B, sin gz) sin nt between x=a and x=b, 
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The conditions to be satisfied are :— 
at z=0, V,=V,sin nt, 
at ct=aA, V; = V5, 


and C,—C,=8, = 


atz=a+b, V=0. 


Putting in the values we get 
Ay =V,, 
A, cos ga + B, sin ga= A, cos ga + B, sin ga 


1 : 
= 7 t(—Ait Ag) sin ga + (B,—B,) cos ga}, 


A, cos g(a+b) + Bysin g(a+b) =0, 
t has been put for 
On solving these equations for the constants we find 
aoe sin g(a+b—2) —t sin g(a—2) sin gb 
oe sin g(a+b) —t¢ sin gasin gb 
ee sin g(a +b—x) 
7 sin g(a +6) —ésin ga sin gb 


V, sin nt, 


Vo sin nt. 


Equating the denominator to zero we find 
cot ga + cot gb=t, 

or __ Qara 2b Qa Sy 

COR ORS ig cies ae eee (2) 
This formula, which connects the frequency of the oscillation 
with the position and capacity of the condenser, might have 
been deduced from formula (1). For we can imagine the 
capacity S, divided into two parts, o and o’, in such a way 
that when these parts are attached to the parts a and 6 of the 
circuit respectively, the two partial systems oscillate indepen- 
dently with the same frequency. We have thus from 


formula (1), 


pete ae 
Sa aaa Me 
, 2b _ 2m a! 
Se Neo tN 


On adding we get equation (2). 
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In seeking to test the agreement between the theory and 
the observations, formula (2) was written 


xf cot ee cot - =" = constant. 

A small error in observation of the node position causes an 
error in the left-hand side very large in proportion, and of 
amount varying with the position of the condenser in the 
circuit. In view of this the method adopted was to find the 
mean value of 2 from the observations and, using it, to cal- 
culate the values of b corresponding to each a. A comparison 
of the observed and calculated values of 6 shows a sufficiently 
good agreement, the discrepancy being greatest when the 
condenser is too near a bridge. 

One set of observations involving only the circuit AB and 
formula (2) were taken on a small apparatus at the end near 
the oscillator. One bridge was kept fixed and the wave- 
length was the same throughout. Thus only the quantity b 
was liable to the error in determining the node. The uncer- 
tainty in this determination amounted to about 5 millim. 
The wires were about 15 millim. apart, and the condenser 
consisted of two small copper strips, 1 centim. by 5 centim., 
hung on the wires. The half wave-length was 37°5 centim. 
The following table gives the results measured in centimetres :— 


TaBLe I. 
Z b. b 
: Cale. Obs 
20 34:7 33'1 
6-0 198 175 
8-0 13-4 12°9 
10:0 10:3 10°5 
120 85 8:7 
14:0 Vier 79 
20-0 5:9 59 
30-0 3-7 3-9 
33:0 ef 3:1 


The other observations were made at the end of the wires 
of a large oscillator in the manner already described. In the 
calculation both formule had to be used. First, a measure- 
ment without the interposed condenser gave directly a value 
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of X for a given value of c. Then from formula (1) by use of 
these values the constant = was found. In working up the 


subsequent observations with condenser §, in position, know- 
ing ¢ gave A from formula (1), then 2, a, b in (2) gave a value 

ZEOY 

<= ° 
were got as already indicated. 

The parallel wires were about 20 m. long, 2 millim. dia- 
meter, and 10 centim. apart. The plates of condensers 8, and 
S. were of 84 and 20 centim. diameter respectively. Uncer- 
tainty of node position from one to two centimetres. 


Using the mean of such values the calculated 0’s 


Tasxe II. 
Distance of plates of S,, 0°5 centim.; of S,, 3°7 centim. 


Without 8,, c= 44°5; at+b=s=3025, Hence ey 


S 
r 
c. 3 a. 6. b. 
Obs Gale Obs. Cale. Obs. 
451 | 3046 44 |. 2995 296-0 
51:3 3826°6 54:9 82°5 178 
50°7 324°5 79°7 55:3 54:7 
50°1 322°4 113°5 43:3 42:9 
48°5 3168 161°5 844 35°7 
46°3 808°9 224'3 28°1 27:9 
447 | 3032 | 2903 93 10-1 
Tase III, 
The same capacities, a different node-system. 
: xX a nL 
Without 8,, c=54°5; a 337°5 giving the same value, 
S. 
a= 1 95°2. 
Ss 
Cc. us a b. b. 
Obs. u Obs. Cale. Obs. 
Cale. 
61°5 3860°6 54:9 179°5 169°9 
62:9 365°0 79-7 553 54:7 
62:7 3864°4 100°9 65:7 67:3 
60°9 358°7 149°1 49:0 50:1 
56'3 3843°3 278°7 26°4 27-2 
55'°3 340:0 3805°7 19:0 19:9 
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Tasue LV. 


Distance of plates of 8, =1 cm., of S, unchanged =3°7 em. 
Same node-system as in Table III. 


a. 


TABLE V. 


Distance of plates of 8;=°5 cm., of 8,=6°2 cm. 


; x 
Without S,, c=60°0; 5 =300°0; ~ =131-4. 
Cc. A f a. b. ‘aDs 
Obs. 2 Obs. Cale. Obs. 
Cale. 
62°8 807°8 27°6 2331 231-7 
659 316°4 36 6 186°5 180-0 
65°5 3815°3 49:1 113-2 1229 
67:0 3819-4 68-0 G72 73°5 
‘66°0 316°7 1188 48°3 49°7 
65°5 3153 15771 40°4 40°5 
63'9 310°9 196-6 383°7 34°6 
60°5 3801°4 262°9 19°6 20°8 


The general course of the changes referred to is best seen 
from the annexed figure, which corresponds to the last series 


of observations. 


The ordinates are distances of the inserted 


condenser from an arbitrary origin near the end of the wires. 
the abscissas of the points on the two curves are the distances 
of nodes B and A from the same origin on twice the scale, 
the crosses between the curves showing the position of the 
condenser. It will be seen that the apparent half wave-length, 
or distance AB, is least when the condenser bisects the 
distance. When the condenser coincides with either node, 
A B is the full half-wave. When the condenser passes out- 
side A B, the curve of A turns in again. 


fal 
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I have to express my thanks to Prof. Ebert of Kiel, in 
whose laboratory and under whose kind direction the expe- 
riments were carried out of which these observations form 
part. 

Queen’s College, Belfast, 

27th February, 1897. 


VI. Liquid Coherers and Mobile Conductors. 
By Rotito APPLEYARD*. 
In a communication}+ made three years ago to the Physical 


Society, I described some experiments illustrating the change 
in electrical resistance of certain complex bodies under 


, the influence of oscillatory discharges. All the substances 
‘/ dealt with were solids ; and the coherence was invisible. The 


change of cundition had therefore to be demonstrated either 
by measuring the resistance before and after discharge, or by 
connecting the coherers permanently in series with a battery 
and galvanometer. 

The three experiments now brought before you have regard 
to “coherers”’ formed of liquid dielectrics, and mobile con- 
ductors. By choosing a transparent dielectric and an opaque 
conducting substance, it is possible to examine the process of 
coherence by direct observation. But it may be well to 
premise that the similarity of results obtained with solid and 
liquid “ coherers,” respectively, in no way proves a similarity 
of process. The two sets of phenomena are probably related, 
but are not necessarily identical. The term “ dielectric” is 
here to be understood as signifying merely a substance of low 
conductivity. 

Experiment 1—A glass tube about eighteen inches long, 
and half-an-inch wide, is sealed at one end and corked at the 
other. Platinum electrodes are inserted at each end. The 
tube is nearly filled with about equal volumes of paraffin-oil 
and mercury. If it is laid upon a flat table and shaken, 
horizontally, for a few minutes, the mercury breaks up into 


* Read March 26, 1897. 


+ “Dielectrics,” Phil. Mag. xxxviii. p. 396 (1894) ; Proc. Physical 
Society, xiii. p. 155 (1895), 
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small. spheroids ; and, by a little manipulation, these can be 
disposed as a chain of particles lying evenly between the 
platinum electrodes. The resistance of the chain of mercury 
spheroids, measured under these conditions, is several 
megohms. 

If we now connect the electrodes to a battery of about 
two hundred volts, the whole regime is suddenly altered. 
At the moment of applying the current, the spheroids of 
mercury, within the tube of oil, are visibly impelled, as 
though a mechanical tap had been administered to the glass ; 
and, almost simultaneously, they coalesce into large globules. 
The resistance is now represented by a few ohms. 

Exactly the same result can be brought about by sup- 
porting the tube near a Hertz oscillator; or, still more 
simply, by passing a spark into one or other, or both, of the 
electrodes. In order to retard the spontaneous coherence of 
the mercury, resulting from mutual pressure of the spheroids, 
it is well to keep the tube horizontal. If, however, it is 
desired quickly to convert a body of mercury from the sub- 
divided to the ordinary state, sparks may be passed into the 
tube while it is more or less vertical. The running-together 
of subdivided mercury is more leisurely to be observed with 
large globules. These form separate, elongated, conductors. 
The way in which they unite will be referred to in describing 
Experiment 3. 

Experiment 2.—A glass tube, similar to the first, but some- 
what wider, is nearly filled with a mixture of paraffin-oil and 
water, and vigorously shaken. I propose to call this a “ rain” 
tube. Ifit is kept at rest, the oil, in the common course of 
events, floats to the top in a few minutes. The “ rain” tube, 
however, shows that the separation, especially towards the 
final stage, is accelerated by the passage of a spark, or by a 
direct current from a battery of about a thousand volts. Ifthe 
conditions are right, the water particles suspended in the oil 
cohere, at the moment of electrification, to form larger drops. 
The frictional resistance to falling is thereby diminished, and 
the water is consequently precipitated in and through the 
" oil. It may sometimes be seen descending in a rapid suc- 
cession of globules, precisely as large rain-drops are precipitated 
after thunder. About equal parts of oil and water is a good 
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proportion. The containing vessel may be either a tube or a 
flask ; it should not be more than three-quarters full of liquid. 
This free space facilitates the mixing when the tube or flask 
is shaken. The phenomenon is rendered much more striking 
by colouring the oil with alkanet-root. I have to thank Prof. 
McLeod for suggesting this pigment. 

Experiment 3.—The behaviour of a mobile conductor, when 
electrified in a partially conducting liquid, is readily examined 
by pouring a little mercury into a flat photographic dish con- 
taining.a stratum of paraffin-oil and water. The presence of 
the oil is necessary to prevent the mercury from running 
together too freely of its own accord. A battery of from, say, 
one volt to two hundred is required, and a pair of wires to 
dip into the dish. A reversing-key, such as is used for cable 
transmission, may be included in the circuit. 

Suppose we begin with a large globule of mercury in each 
of any pair of corners of the photographic dish, several inches 
apart ; and let the globules be connected one to each pole of 
the battery, by means of the dipping wires. A momentary 
tap of the key causes instantaneous deformation of the mercury 
in each corner, especially of that connected to the negative 
pole ; and there is evident attraction between the globules. 
Sometimes the mercury gets into a lethargic condition; but 
it can always be roused by mechanical agitation of the surface. 
Now let the current be kept on for a few seconds ; the negative 
globule sends forth a tentacle towards the positive globule, 
the length of the tentacle depending upon the current and 
the distance between the globules. Under favourable cir- 
cumstances it may extend from corner to corner, and thus 
establish contact ; or fisswre may occur, the tentacle breaking 
into spheroids ; and these spheroids may cross over between 
the globules. This is the order of things usually to be 
observed, but the action is sometimes erratic. 

Let us now bring back the scattered globules of mercury 
to their respective corners, and distribute a few isolated 
spheroids in the interspace. In addition to the effects 
previously noticed at the terminal globules, we now see that, 
when the current is applied, each intermediate spheroid 
extends a “ finger ” towards the positive globule. This is the 
process of mobile coherence ; the short “ fingers,” or long 
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“tentacles,” form links between consecutive spheroids, ‘and 
finally a complete conducting circuit is established. 

By successive applications of the current, any elongated 
bodies of mercury between the terminal globules can be made 
to creep along like caterpillars; the successive forward 
motions of the tentacle, or tail, cause a corresponding retro- 
gression of the globule as a piel 

Any small spheroids scattered about the dish may be urged 
in a direction depending upon the direction of the successive _ 
current impulses; and a “finger ” will always appear on the 
side towards the positive electrode. So that by choosing a 
convenient stray spheroid, and operating a battery-reverser 
as a transmitting-key, a telegraphic receiver is improvised 
from no other apparatus than a drop of mercury and a little 
oil. By some such means the awakening genius of primi- 
tive man may haye contrived all the subtle machinery of a 
telegraph-instrument upon the smooth surface of an oyster- 


shell. 
DIscussIon. 


Prof. Ramsay said he had once attempted to facilitate 
churning by the application of 8 or 9 volts to some milk. 
He thought the cream came a little faster, but it turned sour 
very quickly. 

Prof. Firzezratp thought that the effects observed in 
experiment 3 were the result of current, and not of electro- 
static changes ; and he would like to know the value of the 
actual current used. There was no doubt that the motions ~ 
were due to variations in capillarity. 

Mr. SuHetrorp BipwsiL asked how the mercury was 
formed into spheroids in the tube in experiment 1. 

Mr. APPLEYARD, in replying to Prof. Fitzgerald, said it 
was not easy to define the circuit, as the terminal-globules 
were rather capricious, but he would try and measure the 
current in some particular case. The mercury-tube in 
experiment 1 was shaken in a horizontal plane ; the operation 
took about ten minutes. Equal volumes of mercury and 
oil was a good proportion. One quarter of the length of 
the tube should be left as an air-space. 
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VII. The Thermo-electric Properties of some Liquid Metals. 
By Wiuram Becxit Burnisz, lately 1851 Exhibition 
Science Research Scholar, Nottingham *. 


TuHE object of the experiments here to be described was to 
compare the thermo-electric properties of solid metals with 
those of the same metals when melted. The four metals 
employed, tin, lead, bismuth, and mercury, were each thermo- 
electrically compared with copper, the tested metal being 
contained in a hard glass tube, so that the observations could 
be pushed to temperatures considerably above those of the 
melting metals, and the changes in the thermo-electric pro- 
perties during the process of melting observed. Two sets of 
experiments were made, the first set with the greater part of 
the metal under test at ordinary temperatures, and the second 
set with all the metal under test at high temperatures. 

In the first set of experiments with tin, lead, and bismuth, 
the glass tube containing the metal was W-shaped, the metal 
filling the central part, but only rising about one-third of the 
height in the outside limbs. To fill this tube one end was 
dipped into a crucible full of the melted metal, which was 
then allowed to cool. The crucible and tube were immersed 
in a bath of linseed oil, which was raised to a temperature 
above that required to melt the metal. When the metal was 
quite liquid, air was withdrawn from the upper end of the 
tube till the metal bad risen to the right height. The tube 
was next slowly withdrawn from the still hot oil, to prevent 
cracking due to the freezing of the metal, and allowed to 
cool. The superfluous metal was then melted out of the open 
limbs. The two copper-metal junctions were to be in the 
two open limbs of the tube, and a number of thick copper 
wires were so arranged round the outside of the tube as to 
conduct away the heat from all parts not in the immediate 
neighbourhood of the hot junction. By this means all the 
metal except a small portion was kept solid, and the level of 
the melted metal was always higher in the open than in the 
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closed limb. This was necessary, as the solid metal was not 
a satisfactory cork for the tube, and a slight liquid pressure 
was needed to keep good contact between the liquid and 
solid metal. 

The temperature-differences between the hot and cold 
junctions were measured with a thermo-element of platinum 
and a platinum-rhodium alloy (Pt 90 per cent., Rd 10 per 
cent.). This thermo-element was calibrated between the 
temperatures of 0° C. and 263°°5 C. by comparison, in linseed 
oil, with a Reichsanstalt standardized thermometer. The 
calibration curve was then extrapolated as far as 430°C. by 
means of an equation. For reasons which will be explained 
later, it was useless to adopt any more accurate method than 
this for the first set of experiments. The thermo-element was 
insulated within and from without with asbestos paper, and 
each junction was bound to one of the standard copper wires. 
These copper wires were also insulated with asbestos, so that 
only their ends, which were in close proximity to the junc- 
tion of the temperature-measuring thermo-element, were 
uncovered. 

Some experiments were made to determine the electrical 
insulating properties of asbestos paper at high temperatures, 
and it was found that the errors introduced by the electrical 
conductivity of the supposed insulator were, up to 600° C., 
negligibly small. Other experiments were made to deter- 
mine whether or not the temperature of the junction in 
asbestos differed greatly from the temperature of the metal 
surrounding the asbestos. One junction of the temperature- 
determining thermo-element was immersed in melted lead, 
and the other in melting ice. The parts of the wires just 
outside the lead were alternately heated with a burner, 
whereby the temperature-difference between the junction and 
the metal would be decreased, and cooled with an air blast, 
whereby the temperature-difference would be increased. 
Readings of the temperature-difference between the two 
junctions were meanwhile taken ; and it was found that by 
varying the temperature of the leading-in wires the tempera- 
ture of the hot junction was not altered by more than +5 
of a degree. As the leading-in wires were hotter, when 
warmed by the flame, than the melted lead, 7/5 degree was 
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greater than the greatest error introduced during the experi- 
ments by the heat-insulating capability of the asbestos 


paper. 


Fig. 1.—Copper-Lead Thermo-element. 
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Each of the copper wires with its thermo-element junction 
was melted into the metal in its respective limb, and held in 


E.M.F. in Arbitrary Units. 
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the centre of the tube by asbestos paper. One limb ofthe 
W was heated in a sand bath, and the other was kept cold. in 
melting ice. * 
The two standard copper wires and the two free wires from 
the temperature-determining thermo-element were led to a 
paraffin switch-block, so that either pair could be ee 
through a reversing key and a resistance, to a reflecting gal- 
vanometer. This resistance was so great as to render no 


Fig. 2.—Copper-Tin Thermo-element. 
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correction necessary for the resistance variations, due to heat, 
in the circuit. For each reading the temperature of the hot 
junction was made nearly constant; then, using each thermo- 
electric combination alternately, galvanometer deflexions 
were noted with the current direct, and the current reversed. 
After the necessary correction, the mean of the readings of 


Fig. 3.—Copper-Bismuth Thermo-element. 
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the platinum-platinum-rhodium thermo-element gave the 
temperature, and the mean of the readings of the thermo- 
element under test gave the E.M.F. in arbitrary units, 
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After each complete experiment, the constant of the tempera- 
ture-measuring thermo-element was determined by removing 
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the crucible containing sand, putting in its place one contain- 
ing melted lead, and allowing the ‘lead to cool, meanwhile 
taking readings. 

The curves for copper-lead, copper-tin, and copper-bismuth, 
which were obtained by this method, are given in figs. 1, 2, 
and 3 respectively. The abscissee are temperatures and the 
ordinates E.M.F.’s in arbitrary units. These curves will 
be discussed when the mercury experiments have been de- 
scribed. 

Fig. 4.—Copper-Mercury Thermo-element. 
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The W-shaped tube was not suitable for the application of 
a freezing-mixture, and so in the mercury experiments the 
junctions were each in a small test-tube about half filled with 
the metal. An inverted U-tube also full of mercury, with 
one end dipping into the metal in each of the test-tubes, 
connected the two. One of the test-tubes was surrounded by 
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melting ice, and the other was cooled with a mixture of solid 
carbon dioxide and ether. A mass of copper wire was 
wrapped round the tube to be cooled, in order that it might 
warm up slowly after the evaporation of the carbon dioxide. 

As the temperatures to be measured approached the neutral 
point of the thermo-element used in the last experiments, an 
iron-constantan thermo-element was employed to measure 
the temperature-differences between the two junctions. This 
thermo-element was calibrated by the observation of the gal- 
vanometer deflexions when one junction was in melting ice 
and the other junction first in melting mercury and then in 
boiling carbon dioxide and ether. As these two deflexions 
were nearly proportional to their respective temperature-differ- 
ences, the calibration curve equation was assumed to be of the 
form, deflexion =at+bt?, where ¢ is the temperature, and a 
and } constants. These two constants were determined from 
the two observations, and the calibration curve for the thermo- 
element was plotted from the equation. The element and 
the standard copper wires were insulated as in the last 
experiment, and bound to the glass tubes dipping into the 
mercury. The freezing-mixture was contained in a double- 
walled test-tube, the inner and outer walls being separated by 
cork distance-pieces, and the whole being wrapped in flannel. 
The electrical connexions were the same as in the last 
experiment. 

In the experiments, the tube containing the cold junction 
was cooled as far as possible with the freezing-mixture, and 
allowed to warm slowly up. Readings of the galvanometer 
were meanwhile taken every thirty seconds, as follows :— 
First, a reading from the temperature-determining thermo- 
element with the current direct; then a reading from the 
same element with the current reversed ; then a reading from 
the copper-mercury element with the current direct; and 
lastly, a reading from this element with the current reversed. 
The cycle then began again. From the means of each pair 
of readings, reduced, two curves were plotted, one giving 
the relation between temperature and time, and the other 
giving the relation between H.M.F. in arbitrary units and 
time. 


The curves (fig. 4) give the relation between E.M.F. and 
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temperature deduced from these two curves, for two experi- 
ments. 

In figs. 2, 3, 4 two curves are in each cuse given. These 
two curves were obtained from the same metal. The effect 
is most marked with bismuth (fig. 3). At the conclusion of 
one experiment the apparatus was cooled very rapidly by 
removing the sand and blowing air on to the tube containing 
the melted metal. Another set of readings was then taken, 
with the temperature of the hot junction rising, and the lower 
of the two curves in fig. 3 was obtained. At the conclusion 
of this experiment the apparatus was cooled very slowly, 
about two hours being occupied, and the result of the next 
experiment was the upper curve. It was found possible, 
moreover, with intermediate rates of cooling to produce 
intermediate curves. This effect is probably due to the 
variations in the crystalline structure of the metal under test, 
dependent on the rapidity of its solidification ; and it may be 
that the various thermo-electric properties which have been 
observed for different pieces of bismuth are largely due to 
this same cause. With tin the effect was less marked, and 
with lead it was unnoticeable. In the mercury experi- 
ments it was not possible to regulate the rate of cooling ; 
but the two most widely differing curves obtained are given 
in fig. 4. ro 

As this effect of its previous treatment upon the metal 
rendered accuracy impossible, the experiments were repeated 
with three of the metals, viz. tin, lead, and bismuth, with a 
method so arranged that the whole mass of the metal to be 
tested was in a molten state, and thus homogeneous. 

The apparatus is shown in fig. 5. The metal was con- 
tained in a U-tube A A, A, A, and was heated by a current of 
electricity in german-silver wires HHH. The metal was 
introduced into the tube by means of a glass pipette, both 
tube and pipette being warmed in a bunsen flame. The part 
of the glass tube where the junctions were to be, A A, was 
covered with copper to render the heat distribution more 
uniform. The german-silver wire was insulated with 
asbestos paper, and wound spirally round the tube in two 
sections, M M,, M, M;. Over this were wrapped several 
layers of asbestos paper and asbestos string, DD. The 

| H 2 
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connexions of the heating circuit are shown in fig. 5. In 
the paraftin switch-block, P,, if TC and T, C, were connected, 
the same current from the heating battery passed through 


Fig. 5. 


JUNCTION* IN 
MELTING ICE 


both ammeters, G, G3, both resistances, W, W,, and both 
sections of the heating coil. This caused a saving in current 
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when it was merely required to melt the necessary con* 
nexions into the metal, or to burn out the asbestos insulation. 
If, however, TO was connected the current passed through 
the ammeter Gy, the resistance W,, and the long section of 
the heating coil ; and if T, O, was connected the current went 
through the other ammeter, resistance, and heating-coil 
section. By adjusting the resistances W, and W, the tempe- 
ratures at the junctions could be varied as required. The 
diameter of the german-silver wire was 0°5 mm., and the 
largest current required was 4 amperes. The U-tube is 
shown about one half actual size. 

For measuring the temperatures a platinumesilver thermo- 
element was employed, as this gave E.M.F.’s of the same 
order of magnitude as those to be measured. This element 
had three junctions, as shown in fig. 5, so that either the 
temperature of one of the junctions or the temiperature- 
difference between the two junctions of the thermo-couple 
under test could be measured. The thermo-element was 
calibrated with linseed oil up to 288° C.; and one point on 
the calibration curve, at 441°4 C., was determined with 
sulphur vapour. ach limb was calibrated separately, but 
they were found to be similar. The part of the calibration 
curve from 288° C. to 430° C. was plotted from the 
_ equation :— 


E.M.F. (in volts) x 10°=0'1407 ¢ +.0-001227 #. 


This equation was obtained from the point on the curve 
determined with sulphur, and the point where t=220°7 C. 
on the curve as drawn in between 0° C. and 288°C. By the 
application of the method of least squares to all the calibra- 
tion observations a somewhat different equation was obtained, 
viz. :— 


H.M.F. (in volts) x 10’=0°1463 ¢ + 0:001238 ? ; 


but as the calibration curve was not exactly a parabola the 
upper equation was judged the better. 

The junctions and standard copper wires were insulated as 
in previous experiments and melted into the metals. The 
two standard wires and the three free wires from the tem- 
perature-determining thermo-element were led to a paraffin 
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switch-block, P,, which was connected to an arrangement of 
a galvanometer, G, a standard cell, 8, a key, K, a bridge 
battery, B,, resistances, W, and Ws, switch-blocks, P, and P3, 
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and a metre bridge, as shown in fig. 5, for measuring the 
E.M.F.’s. . 

: : ' ; 

The current in the long heating section was adjusted before 
each reading till the temperature of the fixed temperature 
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junetion was at a certain point, slightly above the melting- 
point of the tested metal. Readings were taken with the 
temperature of the variable temperature junction both above 


Fig. 7.—Copper-Lead Thermo-element. 
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and below the melting temperature of the metal. With tin 
and lead this latter was easy, but with bismuth, owing to 
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the crystallization effect before mentioned, the readings were 
rather uncertain. . Above the melting-point, however, they 
were perfectly constant. 


. Fig. 8.—Copper-Bismuth Thermo-element, 


E.M.F., Volts x 105. 


Temperature O. 


The curves plotted from the results of the experiments by 
this method are given in figs. 6, 7, and 8 respectively. 
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In each of these curves we see that in a small variation of 
temperature, about the melting-point, there is a considerable 
change in the direction of the thermo-electric curve. The 
effect is smallest with lead, with tin it is larger, and with 
bismuth it is very remarkable ; that metal changing, during 
melting, from an exceedingly active thermo-electric metal to 
one very similar to lead in its thermo-electric properties. 
With mercury also (fig. 4) we see that a great change takes 
place at the melting-point, This indicates that there is a 
difference between the Peltier effect for the solid and for the 
melted metal. But the change in curvature is not sufficiently 
marked for us to be able to say whether the specific heat of 
electricity remains proportional to the absolute temperature. 
To decide this point a direct determination of the Thomson 
effect is needed. 

The worked-out observations from which the curves in 
figs. 6, 7, and 8 were plotted are given below. 


Co;-per-Tin Element. (Fig. 6.) 
Temperature of constant temperature junction 239° C. 


Temperature of 


variable temperature E.M.F. in 
junction. volts x 10°. 
255°8 2°86 
276 701 
286°1 9:0 
306°1 13°2 
323°2 16°92 
353°7 23°63 
251 2:0 
272°2 6°35 
315°1 15°45 
219°7 —5'1 
200°1 —11°15 


179°5 —16°86 
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Copper-Lead Element. (Fig. 7.) 


Temperature of constant temperature junction 336°°1L. C. 


Temperature of 


variable temperature E.M.F. in 
junction. volts x 10’. 

3461 5°215 
357 11°13 
370°6 17°92 
385°2 26:5 
400°5 35°86 
418°3 47-4 
440°3 63°2 
359°1 12°25 
352°8 8°5 
380°2 23°75 
310°3 —11°9 
307°3 —13°4 
280°5 —23°6 
251 —35 


Copper-Bismuth Element. (Fig. 8.) 


Temperature of constant temperature junction 278°5 C. 


Temperature of 


variable temperature E.M.F, in 
junction. volts x 10°, 
287 2°6 
291-4 B97 
308 9-01 
315°7 12-05 
356°7 24°5 
385°1 33°68 
405°9 40°15 
453°6 56°25 
388°3 34°18 
339°2 18:94 
3012 9°73 
259 —= 13:01 


254°6 —41-2 
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In each case a constant has been added to the E.M.F.’s 
before plotting. 

These experiments were conducted in che Physical Labora- - 
tory of the Hidgendssisches Polytechnikum, Ziirich, under 
the supervision et the director, Prof. Dr. H. F. Weber to 
whom my best thanks are due. 


VIII. On the Photography of Ripples. By J. H. Vincent, 
BSe., A.R.CSe., Assistant Demonstrator in Physics at the 
Royal College of Science, London, S.W.* 


[Plates I.—-IT.] 


Many of the phenomena described in this paper have 
been exhibited at public lectures by Mr. C. V. Boys, using 
the stroboscopic method, which was first applied to the study 
of ripples by Lord Rayleigh. I am indebted to Mr. Boys 
for having recommended to me the work of photographing 
these effects, and also for many valuable suggestions. 

Lord Kelvin defines a ripple as a wave whose length is 
less than that of the wave which is propagated with the 
minimum velocity. For ordinary mercury, waves less than 
1:3 centim. long are ripples. Capillary ripples are those 
whose length is so small as to render negligible, in the value 
of the velocity squared, the term due to gravity. These 
definitions are rendered clearer by reference to Mr. Bovs’s 
Logarithmic Wave Chart. The portion of the curve, repre- 
senting the relation of the velocity and wave-length, to the 
left of the point of minimum velocity, refers to ripples. The 
straight-line portion to the left of the chart represents capil- 
lary ripples. 

In order to obtain ripples it is necessary to use vibration- 
frequencies above a certain value. Thus in the case of ordi- 
nary clean-looking mercury, with its damp and probably 
greasy surface, the surface-tension of which may be between 
300 and 400 C.G.S. units, a frequency of about 15 per second 


* Read February 26, 1897. 
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Diagram of Apparatus. 1), nat. size. 


. Mercury trough. 
. Standard of retort-standard. 
. Wooden block through which passes the bent down portion of A. 


Upper bar of wooden stand. 


. India-rubber loop. 

. First spark-gap. 

. Lenses. 

. Camera. : 
. Tuning-fork and stand, 
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causes the biggest waves which the above definitions include 
as ripples ; while frequencies of about 200 and upwards give 
rise to waves whose propagation is practically controlled by 
surface-tension, and these waves are capillary ripples. 

Now the duration of the sensation produced by a luminous 
impression on the retina lasts for about one eighth of a second; 
thus we are unable to see ripples on the surface of mercury. 
The frequencies employed are generally many times the maxi- 
mum visible frequency. It is not the high velocity of propa- 
gation which renders ripples invisible; ripples produced by a 
disturbance of a frequency of about 200 do not travel very 
quickly, a foot a second being about the order of magnitude 
of the velocity on the surface of ordinary mercury. 


Description of the Apparatus. 


A rectangular wooden trough, about 1 centim. deep and 
12x 15 centim. area, contains the mercury upon the surface 
of which the ripples are produced. This trough rests upon 
the rectangular base of a retort-stand, the upper portion of 
whose standard is bent at right angles over the base so as to 
be parallel with the latter. This horizontal portion is passed 
through a rectangular block of wood, and the whole is then 
slung from a gallows-like wooden structure one metre high. 

The spark-gap from which the light proceeds to illuminate 
the mercury surface is placed near the top and to one side 
of the wooden stand. Light from this gap falls upona lens to 
the left of the stand, so that the emergent light is parallel ; 
after reflexion the light is collected by a second lens similar 
in all respects to the first, so that an image of the spark would 
be produced at the primary focus of the second lens; the 
focal length of these lenses was 44 centim. The camera is 
placed in such a position as to enable the first achromatic lens 
of the combination to collect the rays and converge them so 
as to come to a focus at the aperture in the lens stop. The 
stop used was the smallest of the set belonging to the camera 
(F 64). The camera is then focussed upon a fine thread laid 
on the surface of the mercury. 

In addition to the first spark-gap, which was about °5 
centim. across, a second gap was used in order to increase the 
brightness of the spark in the first gap. The second gap was 
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varied from time to time, but was generally 1°5 centim. across. 
The first gap was shunted by a piece of stout thread soaked 
in calcium-chloride solution. This prevented small sparks due 
to induction. The knobs of a Wimshurst machine were con- 
nected, one with a terminal of the second spark-gap and the 
inside coats of a battery of four half-gallon leyden-jars ; the 
other Wimshurst terminal was connected to the outer coats, 
one side of the first spark-gap, and to earth. A wire joining 
the other terminals of the two gaps completes the spark 
arrangements. 


Method of Causing the Ripples. 


The ripples are due to the agitation of the surface of the 
mercury by a style of glass attached to one prong of a vibra- 
ting tuning-fork. The fork was in most cases struck with a 
rubber-shod hammer ; but in the last two experiments, in 
which a strip of cover-glass attached to the fork acts asa line- 
source, it was found that the irregular large waves caused by 
the concussion entirely masked the phenomena which it was 
sought to photograph. In these cases the fork was main- 
tained in synchronous vibration with another similar fork 
which was electrically excited. The two forks, placed ap- 
proximately parallel, are tied together by a piece of thread 
about two feet long, so that the thread is at right angles to 
both forks. This thread is then adjusted to an appropriate 
tension by trial, when the maintained fork causes the other 
to vibrate for any length of time. This simple device, which 
has been used in the Royal College of Science laboratory for 
some time, is due to Mr. W. Watson. 


Description of Photographs. 


The plates used were of various kinds, and any of the well- 
known plates gave good results. Some of the negatives were 
intensified previous to printing. The figures are about 
$ natural size. My best thanks are due to Mr. R. Chapman, 
who has assisted me throughout with great zeal. 

Photographs showing a series of circular waves set up by 
a single style attached to a fork of known frequency were 
taken with a view to quantitative measurements of surface- 
tension, wave-length, and velocity. A bar of wood was so 
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placed that two needle-points which it carried nearly touched 
the surface of the mercury. These points are a known dis- 
tance apart, and by measuring the negatives we may find the 
scale of reduction of lengths along this line. The particulars 
of the motion are obtained from the equations 


ie phe gh, nT 
Zn kp 
from which we find, in a particular experiment, 


n= 180 per second, 

A= 165 centim., 

v=29°7 centim. a second, 
T=306 dynes per linear centim. 


This low value of the surface-tension was obtained from 
mercury which had stood in the apparatus for some days. 
The values obtained in a similar way previously were 420, 
421, 365. The tension falls as the mercury gets more con- 
taminated. The value of the surface-tension of pure dry 
mercury is usually quoted at 540. 

Fig. 1. Two styles are attached to the same prong of a fork, 
the frequency of which is 120. One centre is unfortunately 
hidden by the fork. The approximately straight dark lines 
which are seen to radiate from the region between the centres 
of oscillation are lines of minimum disturbance; they are 
hyperbolas of which the centres of disturbance are the foci. 
This photograph illustrates the interference phenomena in 
Optics produced by Young’s or Fresnel’s methods. 

Fig. 2. The frequency of the fork is 256. Both styles are 
attached to the same prong. ‘The photograph shows two series 
of interference-curves, one a family of hyperbolas analogous 
to those shown in fig. 1, and the other a family of ellipses. 

The hyperbolas are the radiating light lines seen on the 
side of the photograph remote from the fork. They are fixed 
in position, the little dark facets moving along between pairs 
of hyperbolas. 

The light oval curves in the region between the centres of 
disturbance are ellipses, since they are the loci of points of 
intersection of the two series of circles whose radii grow 
uniformly, and at the same rate with time. Their method 
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of production here is similar to a well-known geometrical 
construction for ellipses. Unlike the system of hyperbolas, 
these ellipses are not at rest. They travel outwards in such 
a way that any ellipse occupies a position which was filled 
previously by its predecessor a whole period before. That 
semiaxis of any ellipse which passes through a centre of dis- 
turbance grows with the same velocity as that with which 
the ripples are propagated. The other semiaxis grows with a 
velocity which is infinite at the commencement, but which 
gradually decreases to the same uniform velocity of growth 
as that of the first. The law of decrease of velocity is the 
same as the law of decrease of the lengths of whole-period: 
elements of a linear wave with respect to a point. 

In order to render these ellipses stationary it would be 
necessary to change one of the sources into a sink to which 
the circular waves converge. This could be experimentally 
realized with ripples by causing a circular are and a style to 
be agitated by the same prong of a fork, when the effects 
would be analogous to M. Meslin’s experiment in Optics. 

Fig. 3. Frequency 256. 

This photograph is very similar to fig. 1; but in addition 
to showing interference phenomena like those of Fresnel and 
Young, it also illustrates interference effects in which the 
direction of propagation of light is parallel to the line joining 
the point-sources. Thus in the photograph, if we consider 
the disturbance anywhere on a right line drawn perpendicular 
to a line joining the two point-sources produced, we see that 
the places of no disturbance are symmetrical about the line 
joining the sources. They are points on the system of 
hyperbolas already mentioned. 

In M. Meslin’s method of producing interference-fringes 
the screen is placed between the two point-centres, one a 
source and the other a sink. ‘The bands are circular, and are 
sections of ellipsoids of revolution, and not of hyperboloids, 
such as the fringes in the photograph would become if the 
whole picture were rotated about the line joining the point- 
sources. These fringes are not seen on the screen in 
M. Meslin’s experiment with the split lens, even when the 
screen is placed beyond the second focus, because the pencils 
do not there overlap. It seems that modifications of 
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M. Meslin’s experiment could be devised so as to enable 
complete circular fringes to be seen, and also to render the 
sections of hyperboloids visible, For example, it appears 
probable that if a circular portion of a convex lens were cut 
out and the central portion moved towards the original point- 
source, the sections of hyperboloids of revolution would be 
visible on a screen placed beyond the second focus. 

Fig. 4. The two sets of ripples are produced by a fork 
of frequency 128 and another of frequency about 112. 
These two forks then produce 16 beats a second. The curved 
light lines represent places of minimum disturbance at the 
instant when the spark occurred. These lines are not 
stationary as in No. 3, but rotate towards their convexities. 
The centre of disturbance from which they move is the one 
of higher frequency. If we consider a point anywhere on 
the surface of the mercury, beats occur at that point with the 
same frequency as the passage of these lines of minimum 
disturbance takes place over the point. Thus, 16 of these 
lines cross any point per second. 

Fig. 5. This shows ripples produced by two forks, the 
higher of which has a frequency four times as great as the 
lower, the frequency of which is 128. If we neglect the 
effect of gravity, 


from which it follows that the wave-length of the ripples 
from the higher fork should be half that due to the lower. 
This relation is approximately true for these ripples. 

Fig. 6. Frequency 180. 

This photograph shows a point-source and a reflecting-line, 
the latter is a side of a triangular piece of microscope cover- 
glass, which is kept in position by a small splinter of wood. 
The interference-lines which are shown are due to the mutual 
action of the primary and the reflected waves. The phenomena 
exhibited are analogous to Lloyd’s single-mirror fringes in 
Optics. 

Faint signs of diffraction invading the geometrical shadow 
of the obstacle can be seen. The region of shadow is covered 
by faint lines parallel to the nearest side of the triangle acting 
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as a line-source. The wave-length is the same as that of the 
primary waves, and the effect is due to forced vibrations. 

Fig. 7. This photograph illustrates reflexion and forced 
vibrations. The light curved lines in the region between the 
source and the nearest side of the triangle are similar to 
those between the two sources in fig. 2. They are due to 
the interference between the source and its virtual image. 

Fig. 8. Frequency 256. 

Here we have a shallow circular reflector with the source 
placed approximately at the principal focus. The reflected 
waves are circles of large radii; the very slight outward cur- 
vature at the ends shows that even when the reflector has 
an are of about 60° the effect of spherical aberration is small. 
Since the reflected waves come from a virtual point-source, 
we have, as interference-lines, a series of confocal ellipses and 
confocal hyperbolas ; the latter are fixed, but the former travel 
away from the line joining the source and its image. If the 
reflected waves had been rectilinear, both these sets of curves 
would have become parabolas. 

Fig. 9. Frequency 256. 

The centre of disturbance here coincides very closely with 
the principal focus of the central portion of the semicircular 
reflector. The reflected ripples are straight lines in the 
middle, but are bent outwards from the reflector towards the 
ends. This illustrates spherical aberration. 

Fig. 10. Frequency 256. 

The obstacle is a small round cover-slip floating on the 
mercury. The ripple-shadow is slightly encroached upon by 
the waves bending round the edge of the obstacle. One side 
of the disk acts as a convex circular mirror, and the inter- 
ference-fringes are due to the mutual action of the source 
and its virtual image situated within the circumference of the 
disk. 

Fig. 11. The frequency in this and fig. 12 is 120. 

Here straight-line waves are originated by the agitation of 
a slip of cover-glass, one side of which dips into the mercury, 
The waves are reflected from the shallow circular mirror, and 
converge to the principal focus. Two series of parabolic 
interference-fringes are shown. They are confocal, and have 
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their concavities directed towards the source and reflector 
respectively. 

Fig. 12. Similarly excited waves are reflected at an angle 
of about 45° from a straight edge. The long black mark 
running from one end of the dipping edge to the corner of 
the print is due to a depression in the surface caused by a 
floating needle, put there to screen off the circular waves 
coming from the end of the strip of glass. 

Diffraction is well shown in this photograph. 


Discussion. 


Mr. Boys congratulated the author upon the way in which 
the experimental difficulties had been overcome. The results 
would bear a good deal of close examination, and they would 
be found to present analogues of the greatest service in de- 
monstrating the phenomena of acoustics and optics. Such 
photographs were far better than geometrical pictures drawn 
by instruments. For example, in the photograph illustrating 
the regions of minimum disturbance by lines radiating from 
a two-point source, it was easy to make out the positions 
where the two series of waves were half a period behind one 
another. The crests and troughs appeared as a set of dark 
and light concentric alternating circles, broken up into short 
ares by radiating lines—the loci of minimum disturbance ; 
all the crests on one side of any particular radiating line 
were seen to correspond to troughs on the other side, so that 
the field of disturbance was mapped out as in acoustics. One 
set of phenomena yet awaited illustration by this photo- 
graphic method, and that was “diffraction” from a grating. 
It might be possible to use as an exciter a comb with chisel- 
shaped points. He did not think it would be possible to go 
quite so far as to reproduce analogues of spectral analysis. 
Since wave-length varies with surface tension, it was possible 
to vary the wave-length by dropping a little ox-gall or soap 
solution upon the mercury surface. 

Mr. BuaKestey asked why no reflections occurred from 
the sides of the mercury retainer. 
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Mr. Boys said the waves were lost at the edges of the 
meniscus. The mercury was kept in position by an annular 
ring of thin glass. 

Mr. ApPLEYARD suggested that the analogue of refraction 
might be obtained by an alteration of the surface-tension over 
a small area by amalgamation or other means. 

Mr. Vincent thought this could be done, but that it would 
be very difficult. 


IX. Alternating Currents in Concentric Cables. 
By W.A. Price, MA.” 


Fig. 1. 
B P A 
On a 
O 


AOB is part of an infinite electrical conductor possessing 
resistance and capacity, the inductance being negligible. The 
characteristic differential equation is 

du du 

da PY ap 


p being the resistance, and y the capacity per unit of length. 
At A, B are inserted equal alternating electromotive forces 
in the same phase, each represented by 2H sin wt, so that there 
is no current at O the middle pointof AB. The distance AB 
is2L. At any point P distant « from O the potential due to 
the electromotive force acting at A is 


BE e-*4- sin {at —a(L—2)} 
where J=a/ 2h 
and the current at P due to this force acting at A is 
E a 
Vape isin {ot —a(L—2x)}+cos {wt—a(L—z)}]. 


* Read April 9, 1897. 
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A The current at P due to the electromotive force acting at 
is 


E 
Tape sin {ot —a(L +.2)} + cos {wt—a(L+2)}] 


acting in an opposite direction to the first. 
The potential at P due to the electromotive force acting 


at B is 
He-*4+» sin {wt —a(L+2)}. 
Then the resultant potential at A is 
EB {sin wt + e-* sin (wt —2aL)} ; 
the potential at O is 
2Ke—*" sin (at —aL) ; 
the current at A is 
H a 


—x .= {1— 26-2 cos 2aL + e—*+} 8 cos wt. 
2p! 
Changing the time from which ¢ is reckoned, so that wt 
becomes wt +, where 
aos 1—e—**4(cos 2aL 4+ sin 2aL) 
a Deiat along Tali ain Daly 


and writing 


a 3 {1-262 cos 2aL.+e—4"!3 as A, and Ly as T, 
the current at A becomes A cos at; 


the potential at A becomes 


A L (sinh 2aL + sin 2aL)sin wt + (sinh 2aL —sin 2«L)cos ot 
al _ cosh 2aL—cos 2aL ; 


and the potential at O becomes 


2A | (cos aLsinh aL+sin aL coshaL)sin ot+(cosaL sinh aL—sinaL cosh aL) cos wt 
are Lalo =< ore 
ol cosh 4a COs 2a 


The form and notation of these expressions are those given 
in ‘ Alternating Currents of Electricity,’ T. H. Blakesley, 
London, 1889. 
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Consider the circular electrical conductor AB (fig. 2), having 

a total resistance 277 and a total 
capacity 2c: the character- 
istic equation being 

du du 

de? =Prec. aro 
At a time t=0, when the con- 
ductor is uncharged, a charge 
27S is introduced at A. The charge at any point P at a 
subsequent time ¢ is 


Fig. 2. 


s=8 > cos 1@e-¥**, where w= = 
sd@ being the charge at P, where AOP=8@, of a small arc 
subtending 9 at the centre. 

Ifa series of charges, 278 cosw7. dr, is introduced at A 
at intervals of time dt beginning when r=0, s, the charge 
at P ata time t, 


Se : 2 cos wt + sin wt pa? te 
=82 cos i e wo + wi he or + wit mitt C 


If this succession of charges equivalent to a permanent 
alternating current 27S cos wt be continued for a long time, 
the term involving e~“” becomes very small and we have 


= Mi COS wt + @ sin wt 
s= (faa 
s Sz Cosi of + oe 


The potential at A is 


24. —1 


cs © 1,42 2/4. —1 
spain ot (14 + cosa 3 (14 HE) ; 
wc —o @ @C ae @ 


the potential at B is 


oo 24) —1 cs ~) 274, —1 
‘SL Nee ve yi is =) a? serene (1+ oe) 
WC pas @ wc het @ 73) 
It may be seen that the electrical actions in the two cases 
discussed are identical so far as the portion AB of the con- 


ductor in the first case is concerned. 
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Beet Ly=mc, Lp=ar, mS=A, and / & as 8, so that 


Beis ee : : 
3(1 a) ce sinh 287 + sin 287 
a a 43° Sel cosh 28m —cos 287 
[this expression I shall refer to as f; (8) ]; 


See iNet inh 287 —sin 28a 
(1 a) ea 
aml = 4B ee 28m —cos 28a 


[this expression I shall refer to as f, (@)]; 


= F tay sinh Ba +sin Ba cosh Br 
Sent (1 ix) = cos ar sin 
=e ape 4B" oe cosh 287 —cos 287 


[this expression I shall refer to as 73 (@) |; 


ae eae i} \—'_. . cos Br sinh Br—sin Ba cosh Bar 
a) 28? (1 = cat) =r cosh 28a —cos 28a 


[this expression I shall refer to as /, (8) ]. 


In the particular case where £ is integral 


(a 3} 


12 


3( + is) = 239 (1 + ix) es = Br coth Br, 
= (-— ae + @) == (—1)* i @ + is) = Br cosech Br. 


These last expressions may also be obtained by expanding 
(cos BO + sin BO) ec in Fourier series of cosines. 


For 
Am(cos BO—sin BO) e* 
=3 (—1)'{(—1te— (—ayt {14 Ze } eos: 
r(cos BO-+sin 80) 
=3 (—1)4{(—1)%e"— (14 i { 14 cy Yr cos id. 


Putting 0 equal to 0 and m successively in these series, and 
adding and subtracting the series thus obtained in pairs, the 
four last expressions are obtained. The method is applicable 
only when @ is integral. 
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In a paper by Dr. Glaisher (‘ Proc. London Math. 


ho Ab : . 
Soc.,’ vol. vii.) the value of % Aue 8 determined by 


another method which gives the same result as the above. 

The physical significance of 8 being integral is that in that 
case the value of @ is such that the alternations at the sending 
and receiving ends of the cable are in the same phase. The 
charge at the sending end being 


cc : Br cosh Br (sin wt + cos wt) 
and at the receiving end 


8 ce 
= oem cosech 87(sin wt + cos wt), 


the ratio of the amplitudes 
being cosh Bz. Fig. 3. 
§ 2. A cable, shown in sec- 
tion in fig. 3, contains two 
conductors, an inner cen- 
tral conductor and an outer 
concentric conductor, insu- 
lated from one another and 
the water in which the 
whole is immersed. The 
whole cable is supposed to 
be arranged in the circular 
form of fig. 2. 


2m, 2r’ are the total resistances of the inner and outer 
conductors ; 

2mm the total capacity of the inner dielectric measured 
between the two conductors ; 

2mn the total capacity of the outer dielectric measured 
between the outer conductor and the water. 


Then 27——~ 

m-+-n 

outer one being insulated ; and 2zn the capacity of the outer 
conductor, the inner one being insulated. 

wu', CO’ are the potentials of and the currents in the two 


conductors at point P and time t, and ss the density of the 


is the capacity of the central conductor, the 
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charges on the conductors. All these quantities being referred 
to a unit of length subtending unit angle at the centre, then 


du . dul 

(5 pl ia Les 

) C= dé? 7 C = de ’ 
—G=m( a EA = dC’ Fs eo ae a ie; du | 
do "\ai at dO. Nd dial. ae 

st+s=nv', and s=m(u—vw’). 

2 
Also (<9: —mr 5) s +m! s'=0, 


a2 
and (P —(m-+n)rt Zs +mr& s=0. 


Hence s and s’ satisfy the equation 


Ss - £)( CAE eds) 
Mage — ai) Yaat ~ ai) 
where yu, v are roots of mnri!a2?—(mr+(m+n)r')a+1=0. 


§3. A uniform conductor Q, along which the propagation 
of charges due to any electrical disturbance is determined by 
the differential equation 


aed gael 
wage a) (a0 ai) = 
is arranged in a circle as in fig. 2. Its total resistance is 
Qrr, and its total capacity 2me. Any disturbance will be 
propagated along the conductor in two distinct systems, one 
determined by the differential equation 


2 2 
pa Gao the other by (v5 —Z)=05 
and the disturbance produced at any given point will be the 
sum of two disturbances conveyed by the two systems. 

Since each propagation is determined by a differential 
equation of the same form as that which applies to a single 
isolated conductor, such as is discussedin § 1, the action of Q _ 
is equivalent to that of a pair of single conductors, and the 
propagation along Q is the sum of the propagations along the 
equivalent pair. 
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Let the total resistances of the two equivalent cables be 277, 
and 2zvy, and their capacities 27c, 27e,. Then wr,c,=1 and 
WiC al 

Since the pair is electrically equivalent to Q, they must 
convey the same steady current as Q, when subject to a 
steady E.M.F., and must be charged to the same potential by 
a given charge. So 7,-!+7.-!=r-!, and ¢,+e.=c. From 
these four equations 7, 72 ¢, ¢, can be determined. 

Then if a charge 27S be introduced into this conductor at 
any point, the charge at any point after a time ¢ will be the 
sum of the charges at the corresponding points of the 
equivalent pair, if the same charge had been introduced into 


them in the proportions an, sed 


If an alternating current 27S cost be introduced into 
the conductor at A where 0=0, the charge at P will be 


Se ug? : 
Gr Seon 50 fe" COS Ot + @ SIN wt 


S$ 5 
ios wa w? + 224 


Se & Vi? COS wt +a sin wt 
+— > cos 10 — 
(I ee @o +V*2 


= 81+ Sq. 


§4, Applying this argument to the conductors of the cable 
described in § 2, let 7; 72 ¢, ¢, be the resistances and capacities 
of the pair equivalent to the central conductor, and 1/79/ Cy’ Ca’ 
of the pair equivalent to the concentric; so that 


=Riipietccieed Ue eee rer Path 
mors Sr, yA a haa a 
MyO=PeCV=Ty'Cy(w=T,clv=1 ; 


mn 


Cy + co = ——=c ey) +e, =c'=n. 
1 oS a, ; He Ge 7) 
' 
Cy (y 
Then ee (l—myr), 
¢ oC uy 
CeO Vv 
and 2 1 


Then the charge at any point P due to an alternating 
current 27S cos wt introduced at A, where 0=0, is S=s) +59, 
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where 


be Q .p 22 cos wt + @ sin wt 
aa ED pe 008 0 


. viz Cos Ot +@ sin wt 


= 8 (1—mr) = cos 70 oP 


§5. If an alternating current 27S coswt be introduced 
into the concentric conductor at A, the charge s' at any 
point P =s,'+s,', where ; 


a Sv(L—pmr) g cos 16 cos wt + w sin wt 


s ; 
1 oO v— ps ed wo? + 1204 ? 


Sp(l—vmr) 2 _ v2 cos ot + w sin wt 
s Bare Temes orig” sat 
@ [Uy Ss o*+Vv 


§6. Consider the charge s' induced in the concentric 
conductor by the charge s; +6, in the central conductor. 
From §2, 


a? d d 
( — mr \Ca + 82) +mr' = 8 =0, 


dé? 
a? 1d ad? Ug en, 
1 = uae’ POH 
ds’ 


1—mpr ds; n 1—mvr dsy Sohn 0. 


jon at vy dt dt 


hence 


Integrating, mr's' = — A (1—mpr)si— - (1—mwvr)s,+ some 
expression © independent of t. 
: ‘ ee gs Ee 
© is periodic in 6, satisfies bag a (“am - 5)0=0, 
and has a mean value zero. Hence 0 =0, and 
1 
na’ s! = — : (1—mur) 81 — 5 (1—1mvr) 82. 
im v 


e s induced in the central 


In the same way the charg 
‘4s! in the concentric con- 


conductor by the distribution s 
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ductor is given by the equations 


d 
fina (m+n) Sb (al +54!) +n 0=0, 


a? LR ae a? ld 
sp 5! =—— 8, : ya — io 89! 
dé? pdt de? 2 v dt 
1 / 1 / 
and mrs = — (L—mrv)s,' + i (L—mrp) 8, 


§7. Suppose an alternating current 27A coswt to be 
introduced into the central conductor at A where 6= 0, and 
a current 27B cos (wt + ) into the same conductor at B wher 
0=-. 

The charge at B on the central conductor due to the current 
introduced at A is, writing 


@ °, 
Ve 8, and J Bas 0) 
421 § sin wt fy(8) + cos wt f,(8)} 


— ; {sin ot f3(y) +cos wt fs(y)}. 


The charge at Bon the central conductor due to the 
current introduced at B is 


2 sin (wt +$)/x(8) +.005(ot +4) ,(8)} 


+ = {sin (wt + $)/1(7) + cos (wt + bf, (vy) }. 


The charge at B induced on the concentric conductor by 
the current introduced at A is 


(1— mp) *% tsin wt (8) +008 wt f,(8)} 


my” 


a pas (1—mvr) = {sin wt f3(y) +cos ot f,(y)}. 


mvr 


The charge at B induced on the concentric conductor by 
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the current introduced at B is 


= 25 (1—mur) 29 {sin (ot + $)fi(8) +005 (ot + Y/:(8)} 


—m™m 


— 2 (1—mr) 2 2fsin (wt + pf u(a) +005 (ot + $)F(0)}- 
The potential of the central conductor at the point B is 
(m+n)s+ms' 
mn 
conductors respectively, and is 


, where ss’ are the total charges on the two 


pr "1 sin at fa(B) +008 ot f((8)} 
ai au {sin wt f3(y) + cos wt f(y), 
ure + {sin (wt + ¢)f; (8) +008 (wt + ¢) fo(8)} 


+ ye 2 {sin (wt + $)f,(y) +c08 (wt + $)f2()}- 


If a known current 27Acoswt be introduced at A, and 
the point B be kept at zero potential, the equation of the last 
expression to zero for every value of ¢ gives two equations to 
determine B and @, the amplitude and phase of the current 
at the receiving end of the cable. These are 


Afuc,fe(B) + veo fs(y)} + Blucr{eos  fi(8) sin $ fo(8)} 
+ vee{cos $ fly) —sin 6 fo(y)} ]=05 


Af peyfs(B) + eof .(y)} + Bluatsin $f1(8) + cos $ f2(8)} 
+ veo{sin bf: (7) +008 p/2(y)}] =0. 


Similarly, if the currents had been introduced into the 
concentric conductor, the central one being insulated 
throughout, we should have for the potential of the concentric 


conductor at ue (s+s’), which is exactly the same expression 


as for the central conductor substituting 7’ for r+ for, and 
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Co! C9 Cy Col Co ce aris 
~ for Remembering that ~ a and =e it 1s seen 


that the equations for determining the phase and amplitude 
of the current received at B when that end of the concentric 
conductor is earthed are the same as in the case of the central 
conductor, only interchanging ¢, and ¢9. 

§ 8. So if an alternating current, 2crA cos (wt + a), be 
introduced into the central conductor at A, and a current 
27B cos (wt+b) pass out of the concentric conductor at B, 
the potentials of the conductors at A, B may be determined. 

The potential of the central conductor at A is 


1 
{(m+n)s+ms'} 


mn 


where s s’ are the charges on the two conductors. 


This = rae (1—myr) {sin (wt +a) /,(8) + cos (wt + a) f9(8)} 
ees (L—myr) {sin (wt + a)f,(y) +cos (ot + a)fy(y)} 


v—y 


eld 81H el> s|> 


aes {sin (wt + b)f3(8) + cos (wt +b) f,(8)} 


“Gaaya Sin(wt + b)/aly) +008 (wt + b)/a(y)}- 


The potential of the concentric conductor at B is Lene 
n 


This == ,—4 sin (wt + a)fy(8) +008 (wt -+a)/'(A)} 


@ * n(u—v) 
A v : ; 
ae CET {sin (wt + a)f3(y) + cos (wt + a) f(y) } 
B id 
tit ay mp) fsin (wt +6)/,(8) +cos (wt +b) f,(8)} 
Bevr’ : 
at a (1—myr) {sin (wt + b)f,(y) + cos (wt + 8)fy(y)}. 


§ 9. Consider a system of circular conductors, of which 
fifteen are shown in fig. 4, 
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Of these Nos. 1, 5, 6, 10, 11, 15 have each a resistance 
2ar ; they represent the central conductors of such concentric 
cables as we have been considering. Nos. 2, 4, 7, 9, 12, 14 
have each a resistance 27r’, They represent the outer or 
concentric conductors. Nos. 3, 8, 13, have no resistance, 
and are maintained always at zero potential throughout. 
They represent the water or sheathing of the cables. 


Fig. 4. 


@=0 G O- 77 


The capacity measured between each of the pairs 1, 2: 
4,5: 6,7: 9, 10: 11, 12: 14, 15 respectively is 2ac, where 
c=m; and between the pairs 2,3: 8,4: 7, 8:8, 9:12, 13: 
18, 14 is Qarc’, where c’=n. The capacity between the pairs 
5, 6: 10, 11 is zero. 

At B conductors 2, 4 are connected by a piece having no 
resistance or capacity. 

Similarly at ©, conductors 5, 6 are connected ; at D, 7, 9; 
at B, 10, 11; at F, 12, 14, and so on. The series may be 
indefinitely extended. 

The system is electrically equivalent to a length of con- 
centric cable of which the two conductors are cut alternately 
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at equidistant points in the way shown in fig. 5, repre- 
senting a longitudinal section of the cable. If an alternating 
current be introduced into the system of fig. 4 at any 
link, say E, and the point A be kept at zero potential, 
alternating currents of the same period, but of different 
phases and amplitudes, will be found at every point of both 
conductors. 


Fig. 5. 
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Suppose the currents at the points A, B, C, D,. . G to be 


A cos (wt+a), Boos (wt +l), . . G (cos wt +g), 


so that the values of Gg being known, and the point A being 
kept at zero potential, the values of Aa, Bd, Cc,. . Ff are to 
be determined, and especially the values of Aa. 

The potential at the point C on the conductor 5 has been 
expressed in terms of Cc, Bd; and the potential at the point 
C on the conductor 6 in terms of Cc, Dd. These two are 
equal for all values of ¢, and we have an equation which can 
be separated into two others between Bd, Ce, Dd. In the 
same way we obtain two equations at A, B, D, EH, and F, and 
between these all the quantities required can be obtained. 

In the particular case where w has such a value that @ and 
y are integral, and the currents at all the points are in the 
same phase, let us write in § 8, 


LE (Lammy ( "A (y) as P 


= — f,(8) + omen as Q, 


Te n(v— 


jeu —man f(A) +E (L—manyily) a8 R, 


remembering that when 8 y are integral, f,(8)=/,(8), and 
f3(8) =/.(8), and the same with y. 
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The condition at A gives AP=BQ, 
= ss Bo, AFQQ=28R: 
” ” C ” (B+ D)Q=2CP, 
D_,, (C+E)Q=2DR, and so on. 
If the known current is introduced at B, and A is kept to 


earth, the ratio of the amplitude of the ae current to 
the cae current is given by 


B : 
aoe Case I. 


A Q 
If the known current is introduced at 0, we have 
oe 4 1a" de oe g@aseclls 


If the known current is introduced at E, we have 


= =8(%5) - Ge. neni 


Q? Ce 
if the known current is introduced at G, we have 
G 
z= 32( or) ~ 48(% 2) + 181  Geeclans 


§ 10. Applying these results to a cable having the fol- 
lowing constants, represented by half the circle of fig. 4: 

Length 4000 kilometres = 4.10° units. 

Resistance of each conductor, 5 ohms per kilometre, #.e. 
2.10 units for the whole cable. 


ier 
Capacity measured between the conductors, = “ 105 


units per kilometre (about °425 mfds.), 7. e. aif £105" 


units for the whole cable. 
Capacity measured between the outer conductor and the 


Al 10-* units per kilometre (about ‘26 mfds.), 


eae! .4,10-” units for the whole cable. 


sheathing, p 


&. é. 
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r=r He B= Zo ¥="80> 
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Consider the cable in four cases :— 


Case I. when both conductors are continuous. 

Case II. when the inner conductor is cut in the middle so 
that the cable is in two sections. . 

Case III. when the inner conductor is cut in two places, 
and the outer in one, so that the cable is in four 
sections, 

Case IV. when the inner conductor is cut in three places, 
and the outer in two, so that the cable is in six 
sections. 


9.144 .9? 


Take a value of w Sear which makes 8 y integral in 


all cases. This corresponds to about 25 alternations per 
second. 


Then if the cable be divided into n equal sections the new 
values of r7’mny are inversely proportional to n, while the 
values of mu, v are proportional to the square of n. The 


RARE Ss : 
value of oO unchanged in every case. 


In Case I. B=80 y=12, and A=1:26 e—"B; 
Case Il. B=18 y= 6, and A=1:07 e—”=0; 
Case III]. @B= 9y= 3, and A= *57 eB; 
Case IV. B= 6y= 2, and A= 31 e-”*G, 
Thus the effect of each successive subdivision is to further 
reduce the amplitude of the received current. 


§11. Returning to the equation of § 2 for determining py, 
viz, °— 


marin’ x? —x2{m + nv’ + mv +1=0, 


CURRENTS IN CONCENTRIC CABLES. TH 
write in this 


i 1 il 
ei Ys Ami — =k, =k, and y+y/=T, 


so that y, y’ are the conductivities of the two conductors, &, k’ 
the rigidities to electrostatic stress of the two dielectrics, and 
Y the total conductivity of the two conductors. 

The equation becomes 


a? —afyk+Th} +yykk! =0, 


and the roots of this equation represent the signalling speeds 
of the two equivalent cables. 

If & be very small, =T%' or 0. Hence if the layer of 
dielectric between the conductors be very thin, though at 
the same time perfectly insulating, the speed through the 
central conductor, however small its section may be, is the 
same as if the whole of the two conductors were solid, and the 
whole used for the conducting circuit. 


Discussion. 


Mr. BriaKestey said he was sorry the result did not 
indicate a successful type of cable. He would have been 
inclined to predict that the amplitude would have decreased 
with the number of sections. If a number of condensers 
were joined in series, and one end was subjected to a periodic 
E.M.F., the amplitude would fall off inversely as the square 
of the number of the condensers, the total capacities re- 
maining the same. 


Mr. Price then exhibited a galvanometer support. The 
instrument is suspended from two indiarubber cords attached 
at the top and bottom to cross-bars of metal, thus forming 
a rectangle. The cross-bars are provided with knife-ed ges 
in such a way as to compensate for unequal stretching of 
the indiarubber. Weights can be added, if necessary, to the 
support, so as to increase its inertia. 


i 


se 
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X. A Nickel Stress Telephone. By T. A. Garrett, M.A., 
and Witi1AM Lucas, /.A.* 


Iv is well known that, if a magnetized nickel wire be 
subjected to longitudinal stress, variations of this stress 
produce variations in the magnetization of the wire. If the 
stress be a pressure, an increase in the pressure produces an 
increase in the magnetization, and a decrease in the pressure 
a decrease in the magnetization. 

Suppose then that a magnetized piece of nickel wire, 
round which a coil of insulated wire has been wound, is fixed 
in a vertical position by a clamp at its lower end, and that 
its upper end is fastened to the centre of a light horizontal 
plate, which serves as a diaphragm. On speaking against 


the top of the diaphragm variations of longitudinal pressure 


and consequently of magnetization will be produced in the 
nickel wire, and hence a varying current will be induced 
in the coil. If the coil be connected with any kind of 
receiving telephone the speech will be reproduced. 

We have made a large number of experiments with the 
object of determining the form of instrument which would 
give the best results; but owing to the difficulties of 
comparing the speaking powers of different instruments we 
found it impossible to say with certainty which form was the 
best. The details of one of the forms with which good 
results were obtained are as follows :—The nickel wire was 
10 cm. long and 1 mm. in diameter. The clamp was formed 
of a massive piece of gunmetal (an ordinary workshop vice 
will do quite as well) and the diaphragm was a circular disk 
of pine wood 3°5 mm. thick and 12°5 cm. in diameter. A 
hole was made through it in the centre into which the nickel 
wire was stuck with sealing-wax. This diaphragm was 


~ entirely supported by the nickel wire. The coil consisted of 


3°9 grms. of No, 40 B.W.G. silk-covered wire wound directly 
on the nickel wire. The length of the coil was about 7°5 cm. 
An ordinary watch telephone, the resistance of the coils of 
which was about 136 ohms, was used as a receiver. The 


* Read April 9, 1897. 
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resistance of the line was quite small, as all the experiments 
were made from one room to another in the same building. 
The nickel wire was sometimes magnetized by stroking it 
with a magnet, sometimes by sending a current from a few 
Leclanché cells through the coil. Whether the wire was 
annealed or not appeared to be immaterial. Wires of various 
dimensions were tried, but the results obtained were not very 
different. With a diaphragm made of pine wood, the results 
were decidedly better than with a metallic diaphragm 
articulation then being very clear. It was found to be better 
to use a clamp of considerable mass. 

When the nickel wire was replaced by an iron wire the 
results obtained were very feeble. 

The same instrument was also used as a receiver. With an 
iron wire it worked very badly, with a nickel wire it worked 
rather better but not at all well. Since beginning our expe- 
riments we have found that M. Ader* has used as a receiver 
an instrument somewhat similar to the above, except that the 
wire was of iron instead of nickel. 

In order to show that the current induced in the coil is at 
any rate chiefly due to variations in the magnetization of the 
nickel wire produced by the variations of stress, and not to 
the relative motion of the nickel wire and the coil, the follow- 
ing experiment was made :—A steel wire and a nickel wire 
of the same dimensions were attached to similar wooden 
diaphragms. These wires having been magnetized by stroking 
them with a permanent magnet were in turn inserted into the 
same solenoid and clamped as before at their lower ends. The 
same watch telephone was used as a receiver with each. 
The results obtained with the weakly magnetized nickel wire 
were enormously better than those obtained with the strongly 
magnetized steel wire. If the induced currents were chiefly 
due to the relative motion of he coil and magnetized wire 
the best results would have been obtained with the strongly 
magnetized steel wire, since it can hardly be supposed that 
the relative motions of the coil and magnetized wire differed 
so much in the two cases as to cause such an enormous 
difference in the results. 


* Comp. Rend. 1879, t. Ixxxvill. p. 575 
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Discussion. 


Dr. S. P. THompson said that some years ago he had 
worked with a somewhat similar apparatus, using it as a 
“receiver,” with wires of nickel, cobalt, and iron. Cobalt 
gave the best results ; the metallic strips in his experiments 
dipped into the solenoids without contact with them. This 
arrangement did not work well as a “ transmitter,” even 
when a battery was included in the circuit. In some cases 
the rods were cut into short lengths separated by brass. 

Mr. Boys asked how the nickel “ stress” instrument 
compared in clearness and loudness with an ordinary tele- 
phone. 

Mr. SHetrorpD Bipwetu had tried a nickel telephone with 
a mica diaphragm ; depending not upon mechanical stress, 
but magnetic strain. It did not work well. 

Dr. CureE thought the “stress” telephone might pos- 
sibly be improved by choosing the right strength of magnetic 
field. 

Mr. APPLEYARD said the arrangement was interesting 
historically, because it was, mechanically, almost identical 
with the original instrument used by Philip Reis as a 
“receiver.” The authors had succeeded in getting it to work 
asa “transmitter,” Their success was probably due to the 
rapidity with which the magnetization of nickel responded to 
very small changes of stress or current. The Post-Office 
electricians had tried to introduce nickel cores into relays, 
on account of its magnetic sensitiveness; the results, he 
believed, had not been very satisfactory. 

Mr. T. A. Garrerr, in replying, said the “ stress” tele- 
phone gave better articulation than an ordinary “watch ” 
telephone, but the sounds were feebler. There seemed to be 
a field-strength proper to the instrument; he had noticed 


that the articulation was clearer with three cells than with 
SIx. 


—_ 
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XI. The Formation of Mercury Films by an Electrical 
Process. By Routuo APPLEYARD*. 


Ir a sheet of gelatine, damp leather, or similar permeable 
substance is used as a separating diaphragm between two 
bodies of mercury, and a current is sent through it, a film of 
mercury is deposited upon the surface connected to the 
positive pole of the battery. And the film remains on the 
diaphragm after removal from the apparatus. 

If the diaphragm is replaced in the apparatus and subjected 
to a current in the reverse direction, the film vanishes from 
that surface, and a second film appears on the other side. 
That is to say, the film is always on the side of the diaphragm 
connected to the positive pole of the battery, and there is no 
film on the negative surface. 

In this way I have deposited mercury-films upon such 
different substances as filter-paper, plaster-of-paris, Wood- 
bury-type-gelatine, porous earthenware, asbestos-paper, and 
sheep’s skin. As a rule, the only preparation of the sub- 
stances is damping with distilled water. Asbestos mill-board 
is one of the best materials to operate upon. 

The coating of mercury formed by this electrical process is 
far more perfect than any I have been able to obtain by the 
methods of “ pickling” or contact-pressure. I have no defi- 
nite views as to the cause of the phenomenon, but I am 
inclined to regard it as a secondary action, the result of elec- 
trolysis, aided to some degree by electric osmosis. The 
experiments of Mr. C. K. Falkenstein{ upon the electric 
tanning of leather are evidence in favour of the osmosis 
theory. I understand also that electric osmosis has lately 
been used for administering cocaine, replacing the ordinary 
hypodermic injections. 

It will be remembered that in some experiments } I recently 
described to the Physical Society a globule of mercury, elec- 
trified in a partially conducting liquid, sent forth a tentacle 
in a direction towards the positive electrode. It is perhaps 


* Read May 14, 1897. 
+ Journ. Inst. Elec. Engineers, vol. xxii. p. 225 (1893). 
t “Liquid Coherers and Mobile Conductors,” ante, p. 72, 
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significant that in the present experiments the film is always 
on the positive surface. In the ease of liquid ‘‘ coherers” it 
is possible to conceive that, under the influence of steady or 
transitory currents, mobile conductors attempt to creep in 
this fashion through the dielectric films. And, again, though 
the effect is probably very slight and entirely masked by 
electrolytic disturbances, sea-water may thus penetrate the 
dielectric at a “fault” in a cable. The film-forming process 
may be of practical utility where large surfaces are required 
to be coated with mercury, as in gold extraction ; and pos- 
sibly in the preparation of plates for primary or secondary 
batteries. 

The following experiments are given im illustration of the 
action :— 

(1) A sheet of filter-paper, damped with distilled water, is 
folded upon itself four or five times. It is then laid flat upon 
a conducting surface. An indiarubber ring is pressed down 
on the folded paper, and mercury is poured in to fill the ring. 
A battery of 200 volts is then connected for about three 
minutes between the mercury and the lower conducting plate, 
the mercury being positive. After stopping the current the 
ring is removed from the filter-paper and superfluous mer- 
cury is poured off, leaving a circular film upon the upper 
surface of the paper. On unfolding the sheet, a blackish 
substance is found distributed through it, graduated from the 
positive towards the negative pole. 

(2) If a sheet of tinfoil is included within the folds of 
filter-paper, while the battery is applied, the tinfoil becomes 
perforated with pin-holes. This, however, must not be taken 
per se as a proof of any direct transition of metallic mercury 
through the diaphragm ; for if, instead of the mercury con- 
tained in the ring, a sheet of metal is used as the upper elec- 
trode, pinholes still appear in a sheet of tinfoil included in 
the folds of damp filter-paper. Moreover, if a sheet of tinfoil 
is used as the upper electrode, this also becomes perforated. 

(3) Again, if the sheets of tinfoil are removed, and a gold 
coin is used for the upper (positive) electrode, upon the top 
of the damp filter-paper, the current produces a gold discolo- 
ration which penetrates the folds. I have not yet had time 
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to examine this result, but it seems to throw some light upon 
the formation of metallic lodes and veins. And although the 
discoloration is the effect of a steady current, and not sparks 
it may help to explain the “ inductoscripts”* of Mr. F. J. 
Smith. 


Discussion. 


Dr. 8. P. Tompson said he did not know of any other 
examples of an anode being more active—mechanically—than 
the kathode, except the electric arc. He was surprised that 
the film should appear on the positive surface. 

Mr. SHeLrorD BipwsxtL thought selenium presented in 
some of its actions an example of the anode being thus 
active. 

Prof. AYRTON said that if a vessel containing a substratum 
of mercury amalgam was filled up with water in which gold 
crushings were washed, the gold descended into the amalgam. 
This, however, might be partly due to gravity, and partly to 
simple electrolysis. 

Mr. AppLeyarD said he had no definite views as to the 
formation of the films. He believed it to be a secondary 
effect of electrolysis, aided by electric osmosis. The experi- 
ments of Mr. C. K. Falkenstein upon the electric tanning of 
leather, and the early results of M. Perret, helped the idea 
of electric osmosis; they were not sufficient, however, to 
justify that theory without further research. A careful 
chemical analysis of the deposits left in the folds of filter- 
paper would be the best guide. 


* “TInductoscripts,” by F. J. Smith, Proc, Phys. Soc, vol. xi. p, 853 
(1892). 
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XII. An Instrument for the Comparison of Thermometers. 
By W. Watson, B.Sc., A.R.C.Sc., Assistant Professor of 
Physics at the Royal College of Science, London*. 


Ix most investigations where it is necessary to measure 
temperature it is convenient to use a small thermometer, 
often of short range, particularly suited for the purpose. 
The only practicable method of determining the errors of such 
a thermometer is by comparing its readings with those of a 
standard thermometer. This comparison is in general ren- 
dered very difficult on account of the two thermometers 
differing both as to the length of the scale and the capacity 
of the bulb. Hence if, as is essential, the bulbs are placed 
close together in a water-bath, a considerable length of one 
of the mercury columns must be out of the bath, involving an 
uncertain correction for cool column. Again, the difference 
in size of the bulbs renders the lag of the thermometers 
different, so that unless the temperature of the bath is kept 
absolutely constant for some time we cannot be sure that 
both thermometers have reached a_ steady temperature. 
These objections make the use of a water-bath at tempera- 
tures over about 20°C. both troublesome and unsatisfactory, 
and this paper is written in order to describe an instrument 
which the author has designed for comparing some thermo- 
meters required for some other work, and which has worked 
so satisfactorily that it may be of some use to others. 

The principle employed is that of using a vapour-jacket 
in order to obtain different constant temperatures, as recom- 
mended by Ramsay and Young (Journ. Chem. Soc. xlvii. 
p- 640, 1885). A general view of the instrument is shown 
in fig. 1. A glass tube AB, closed at the top and open 
below, about 76 cm. long and 2°5 cm. in diameter, passes up 
inside a second glass tube of about the same length and 
4°7 cm. in diameter. The space between these two tubes is 
at the bottom closed by an indiarubber cork C (figs. 1 and 2), 
while at the top the inner tube is kept in place by three 
small pieces of glass rod fused on and forming a triradiate 


* Read May 14, 1897. 
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star. The upper end of the outside tube is fused on to a 
Liebig condenser D, the upper end of the condenser being 
connected by a rubber joint fitted with a glycerine seal to a 
manometer H, a stoppered funnel F, and a large glass bottle 
which acts as a reservoir. This bottle is packed round 
with cotton-wool and is enclosed in a wooden box G. The 
air can be exhausted from or admitted to this bottle by means 
of a three-way tap H. Some mercury is placed on the top 


Fig. 1. 


of the cork C (fig. 2) to prevent the liquid used to form the 
vapour touching the cork. The liquid is heated by means of 
a spiral of fine uncovered platinum wire, the terminals being 
fused into glass tubes which pass down through the mercury 
and the cork. 
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Attempts to boil the liquid in an auxiliary bulb were 
rendered futile on account of the excessive bumping which 
took place after the liquid had been boiling for a day or two. 
The heating by a platinum wire, however, entirely obviates 
all bumping, and might be of use in determining the boiling- 
point or in distilling liquids which are inclined to bump, so 
long as they are not electrolytes. 


Fig. 2. Fig. 3. 
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The vapour of the boiling liquid rises between the inside 
and outside tube, is condensed in the condenser D, and runs 
down to the bottom again. 

The thermometers are fastened together, their bulbs resting 
ina small glass vessel K (fig. 2) which is filled with mercury. 
This vessel is supported by a glass rod which rests on the 
table on which the instrument stands. To remove the 
thermometers the instrument is drawn to the edge of the 
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table till this rod can be lowered and with it the thermo- 
meters. The scales are read by means of two telescopes, it 
being quite easy to see through the vapour if suitable liquids 
are used. The three liquids recommended by Ramsay and 
Young, viz. carbon bisulphide (20° to 46°), ethyl alcohol (46° 
to 79°), and chlorobenzene (79° to 120°) do very well. 
Water cannot be used as it forms drops on the inside of the 
glass so that the thermometers cannot be read. For tempera- 
tures higher than 120° the indiarubber cork closing the tube 
will not do, but the arrangement shown in fig. 3 may be used. 
The disadvantage of this form is that it can hardly be made 
by any but a professional glass-blower ; the first form, on 
the other hand, can easily be put together by anyone who 
can do the most rudimentary glass-blowing. 

In order that the indiarubber cork may form a thoroughly 
air-tight joint, it must be well cleaned with benzene, coated 
with indiarubber solution, and put in place while the solution 
is wet. When the solution has got thoroughly dry, which 
takes four or five days, the joint will be quite air-tight. 

With such an arrangement the thermometers can easily be 
maintained at a temperature constant to within 0°01 for three or 
four hours together. The manometer is only used to adjust the 
temperature to the desired point, a table of vapour-pressures 
being employed. In about half an hour after altering the 
pressure, and hence the temperature, the thermometer 
readings become quite constant. The instrument once started 
can be left entirely to itself; the only thing the observer has 
to do is to read the thermometers, then let a little more air 
in to get the next higher temperature. He may then go 
away for half an hour, and when he returns will find the 
temperature constant and can take the new readings. 


DISCUSSION. 


Prof. Ayrton thought the apparatus would come into 
extensive use; it did away with errors arising from differ- 
ences of length of thermometer stems, it left no question as 
to the equality of temperature of the two bulbs, and there 
was no probability of error due to a difference of thermal 
“lao” in any two thermometers. 
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Mr. Watson, in replying to a question of Prof. Perry’s, 
said the fact of using indiarubber joints limited the available 
range of temperature. Working with blown joints, Ramsay 
and Young had found no difficulty in their vapour-density 
experiments at higher temperatures. 


XIII. On the Isothermals of Isopentane. 
By J. Rosz-Innzs, WA., B.Sc.* 


[Plate IV.] 


Tue recent publication by Prof. Sydney Young of a long 
series of researches on isopentane (Proc. Phys. Soc. Session 
1894-95, pp. 602-657) offers a great opportunity to those 
interested in the theory of gases. Since isopentane is a 
saturated hydrocarbon, there seems to be a reasonable hope 
that we are here dealing with a substance which will not 
tend to form complex molecules at low volumes, and whose 
behaviour may therefore be treated as normal; and this fact, 
together with the wide range of volume over which the expe- 
riments have been conducted, renders Prof. Young’s results 
well fitted to test the various formule that have been from 
time to time proposed. Among these formule there is none 
more important than that formerly suggested by Prof. Young 
himself, in conjunction with Prof. Ramsay, that the pressure 
of a gas kept at constant volume is a linear function of the 
temperature; and the bearing of the experimental results 
with isopentane upon this formula is fully considered by 
Prof. Young in his paper. Accepting the formula, and 
writing it as 
p=bT—-a, 


where b and a are functions of the volume only, the values of 
b and a for a large number of volumes are given in the paper 
(loc. czt. pp. 650-655), and they are sufficiently numerous to 
enable us to fully test any algebraic expression that endeavours 
to represent them. I spent a considerable amount of time 
examining the values of a and 6, testing the formule that 


* Read May 28, 1897, 
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have been proposed by various physicists, as well as others of 
my own devising, without arriving at any that gave complete 
satisfaction ; and it occurred to me afterwards that possibly 
‘more definite results could be secured by examining some 
physical quantity which depended upon both a and 6 than by 
examining } and a separately by themselves. Thus if we accept 
Ramsay and Young’s linear law, there will be one and only 
one temperature for each volume at which the gas has its 
pressure equal to that given by the laws of a perfect gas. 
In effect, if we put 
p=bT—a 


as giving the actual pressure, we may also write 
v v 


; Lea hee a 
and this shows that p=— if we take Te Call 


the temperature so found +; the values of + have been caleu- 
lated and are given in the following table (p. 128) ; the results 
above vol. 400 are not included, as they vary within such wide 
limits owing to experimental errors. 


: : if 
In calculating this table, the value of R was taken = 01158" 


An examination of the table shows that the temperature in 
question is very much the same for all large volumes down to 
about vol. 8. Of course the actual numbers obtained vary a 
good deal, but these variations are without method, sometimes 
in one direction and sometimes in another, and when the 


1 


numbers are plotted against v~* it appears to me impossible 
to tell from an inspection of the diagram whether the value 
above vol. 8 is on the whole increasing or decreasing. These 
variations may therefore be attributed to experimental error ; 
and they may be to a large extent got rid of by employing 
“smoothed” values of 6 and a, as was done in Ramsay and 
Young’s paper on ether (Phil. Mag. xxiii. p. 441). Prof. 
Young has not given any smoothed values of 6 for isopentane, 
however, and I have thought it better not to use my own 
smoothed values, so as to employ numbers that are above the 
suspicion of bias towards any particular theory. 
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Volume. T. Volume. T. Volume. T. 
SO eee 8519 2 eee 835'8 A owe 804°6 
800...... 835°4 20 steed 845°9 40... 799-1 
260s een 820°8 19 8547 eh ap 7923 
DOr 825'6 LSet 848°7 Oo Ones 7773 
200.06. 969°6 Wires 850°9 SA, 7640 
ikeXO Fares 935°6 LG 845°3 aie 737°2 
NGOS ears 846°7 TB arene 8541 30 .. 7155 
TAO Se 787°0 are 8489 Ones 696°5 
20s eas 8089 Nayengae 847-8 Oe ae 6759 
TOOsa sce: 804:1 een 844-1 Qe es 656°4 
GO ens: 793°8 Tee 840'1 26 ee 637°7 
80a. T73°4 lO 843°5 D5) cs 6152 
WOmeace 854:7 9:5 846°7 tie Be 593°7 
GOR: 876:2 Oeste 838°3 Zi) on 565°9 
OOzee 8716 8:5... 834°5 22 541-1 
45. cas 8531 Seria. 833'7 Dil i. 511-2 
AD ES, 816-2 Ue dieee 833°2 One 478-7 
SOusress 832'8 Uren 8322 LOS 446°3 
Soar 820:0 G:O.6 828:1 13.3 408°6 
DO anae 833°7 le Gene 827°2 1S (Pee 367°2 
DSi. 835'1 emer 8198 icGres 3184 
PASM erie 846°7 iy seeees 813°7 
Se 848:0 46... 809°5 


The mean value of + for all volumes above 8 is 842°4; 
and this number could be taken as the true value for all such 
volumes without introducing any serious error. Below vol. 8, 
however, the value of 7 distinctly diminishes with the volume ; 
and by the time the critical point is reached, t is not more 
than about 804. It is not easy to find a formula for rt which 
will give the experimental results throughout the whole range 
of volume; but whatever may turn out to be its proper 
algebraic expression, there appears to be little doubt that its 
initial decrease from the maximum value varies as a higher 
power of the density than the first. 

The result appears to me to be of importance, since it is by 
itself sufficient to reveal the inadequacy for isopentane of 
many of the gas-formule that have been proposed. We have 
seen that 


Suppose that we can put 
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R 
b= — as B; + = + higher powers of = 


aN : 
pe + As, higher powers of : 3 
Then 
Bo+ By +.. 5 


_ Aa , AsBy—AyBy 
an B,? 


T= 


v-!+higher powers of * 


If } and a in any gas-formula can be expanded in powers 
of v-! as assumed, and if A;B,— A,B; is different from zero, 
which will in general happen, the decrease of 7 from the 
maximum value will be as »—! ; so that the proposed formula 
is inadmissible. 

Let us now return to the quantities a and 6. The values 


of = were plotted against v-? by Prof. Young, and the 
resulting diagram is given in his paper (loc. cit. p. 653). The 
curve determined by the points plotted would seem to be 
of a somewhat complicated character, and I do not think it 
possible to obtain any simple formula that will reproduce it 
entirely. On the other hand, there seems to be considerable 
evidence of discontinuity in the neighbourhood of vol. 3:4 ; 
and even if there is not discontinuity in the true mathematical 
sense of the word, there appears to be such a rapid alteration 
of behaviour as to amount in practice to the same thing. The 
easiest plan is to treat the curve as consisting of two parts, 
the formula passing abruptly from one expression to another 
somewhere in the neighbourhood of vol. 3:4. Whether this 
accurately represents what takes place in nature is uncertain, 
but there is no doubt that it immensely simplifies the problem. 
We may therefore confine our attention to volumes above 
3°4; and of the formule already proposed I found the best 
to be that suggested by Mr. W. Sutherland, who has given a 
gas-formula equivalent to putting 
deel 
~ vo(vu+k)? 


‘by 


Jj 


where J and k are two constants characteristic of the gas _ 


VOU. XV. L 


i 
f 
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(Phil. Mag. xxxv. p. 215). I have taken the following values 
of the constants 


1=5,420,800,  k=3:636. 


The next step was to find a formula for b. Now 


and the conditions already discovered with respect to the 
algebraic expression for t considerably restrict the field of 
research; this is an advantage, as it lessens the amount of 
arithmetical work to be performed. I found that fairly good 
results could be obtained by putting 


a vth—% 


d 


where R and k have the values already given and 
: e=7473, g=6:2318. 


By combining the formule given above for a and for b, we 
obtain as the formula for the isothermals 


RT 


e l 
Nhe dh ot 
a oth uth 


where R, e, k, g, and J are constants, and have the values 
already given. 


In order to test this formula it is desirable to draw a system 
of isothermals, but if this be done in the ordinary Andrews’ 
diagram the result is not satisfactory, as the range of p is so 
large. It was found possible to obtain a good diagram, how- 
ever, by calculating pv and plotting it against v-3; the calcu- 
lated isothermals are shown as continuous lines, while the 
experimental values are put in as dots. It will be seen that 
there is a fair agreement between calculation and experiment 
down to about vol. 3°4. Below this volume there is no longer 
any agreement; we should naturally expect such a result, 
since the formula for a admittedly holds up to the neighbour- 
hood of vol. 3:4 only. Therefore, even if the calculated 
isothermal were to agree with the found isothermal below 
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vol. 3:4 for some one temperature, this would only happen by 
a compensation of errors, and could not occur for any second 
temperature. 

It will be noticed that in the neighbourhood of vol. 16 
there is a sensible divergence between the calculated and 
found isothermals amounting to slightly over 1 per cent. 
This divergence is certainly unsatisfactory as far as it goes ; 
but differences just as great have occurred in the past in 
inquiries of this kind between the results of independent 
observers experimenting on the same substance. For the 
present, then, and pending the confirmation of Prof. Young’s 
results by some other observer, we may take the simple formula 
given above as representing all that we certainly know con-~ 
cerning the behaviour of isopentane under the conditions of 
volume specified. 

The formula proposed may be employed to calculate the 
critical constants ; this may be done by a method depending 
solely on Ramsay and Young’s linear law. Let us take the 
equation 

p=bT—a, 


and differentiate it with respect to v, keeping T constant, 


Differentiate again 


a 
ab Ga 
dv’ dv 
Eliminating T this gives 
dba Phda_, 


dvdv' dv'dv 


When v has been calculated from this equation we may 
L2 
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obtain T by putting 
da , db 
a anes 
and when vand T are known the original isothermal eq uation 
will give p. 
In this way we may obtain the following results :— 


critical temperature=191°7 C., 


{rie volume =4°5, 
critical pressure = 26250, 


which agree fairly well with the numbers found experimentally 
by Prof. Young. 

There is one of the isothermals in the set determined by 
our formula which is of peculiar interest. The biggest value 


of r occurs when »v is indefinitely large, its value being then 


= Let us call this quantity 7, for shortness, and let us see 


what form the isothermal for this particular temperature takes. 
We shall easily obtain 


_ Rr, + lg 


P BS Ee hoe 

7 (otk) (v+h) 
so that the pressure for a long range of volume is practically 
given by Boyle’s law ; and when an increase does occur, it 
varies as the ji/th power of the density. In the case of 
isopentane this is merely a deduction from theory, since the 
temperature required is 567° C. ; much too high to allow of 
any experiments being carried out for verification. Indeed, 
for most other substances, the temperature of minimum 
deviation from Boyle’s law, being much higher than the 
critical temperature, is much too high to allow of any 
experiments being performed there. An exception may be 
made, however, in the case of nitrogen, which has a very low 
critical temperature. The following are the values of pv at 
16° C. for nitrogen under different pressures determined by 
M. Amagat (“ Mémoires sur l’élasticité et la dilatabilité des 
Fluides jusq’aux trés-hautes Pressions,” Ann. Chim. Phys. 
6th series, vol. xxix. p. 107). 


—— 
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Pressure in Pressure in 

metres of pv. metres of pv. 

mercury. mercury. 

“76 1-0000 45 9895 

20 9930 50 ‘9897 
25 "9919 55 9902 
30 “9908 60 9908 
35 9899 65 9913 
40 "9896 


From this table it is evident that at 16° C. for nitrogen 
we are only a short way off the temperature of minimum 
deviation from Boyle’s law. At temperatures higher than 
the temperature of minimum deviation the gas would have 
pv increasing with pressure irom the first, and this is what 
happens with hydrogen at ordinary temperatures. 


DISscUSssION. 


Prof. Youne said the diagrams representing the observed 
and calculated isothermals were probably the best ever 
obtained. Divergence among the values of 7 was explained 
in part by the smallness of the angle between the theoretical 
isochor for a perfect gas, and the real isochor. The point 
of coincidence was difficult to define. Moreover, the values 
of t were obtained from “unsmoothed” values of v. The 
evidence against the linear law consisted in a certain simi- 
larity in the shape of the different curves. It was not easy 
to see where experimental errors could come in. The peak 
was a very striking feature of the curves, and the agreement 
between the results with ether and those of isopentane was 
very remarkable. These two substances had their boiling- 
points close together, their critical temperatures close together, 
and their molecular weights nearly alike. The two sub- 
stances not only agreed in each giving a peaked curve, but 
the peak corresponded to almost identical volumes, Prof 
Young hoped at some future time to examine normal pentane, 
and to determine whether 7 was a constant for this substance 
also. 
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XIV. On the Magnetic Properties and Electrical Resistance 
of Iron as dependent upon Temperature. By Davin 
K. Morris, PA.D., formerly 1851 Exhibition Scholar, 
University College, London*. 


[Plates V. & VI. |: 


THE changes brought about by heating in the various 
physical properties of iron have been, since the first investi- 
gations into the nature of the phenomenon of recalescence 
by Gore and by Barrett, the subject of much experimental 
work, which, during the last ten years, has been largely upon 
the relation of the magnetic properties of iron to temperature. 

As long ago as 1879, however, Baur of Ziirich ¢ described 
experiments on an iron bar inserted while hot into a long 
magnetizing helix, which served to determine its permeability 
at any instant, the temperature being estimated from a 
knowledge of the law of cooling. This method, although 
rough, enabled him to show that in weak magnetic fields the 
permeability of iron rises, and that in strong ones it falls, with 
rise of temperature; and that as the critical point is reached 
the magnetic qualities of iron in fields of all strengths very 
rapidly disappear. 

These results have been confirmed and extended by the 
researches of Ledeboer in 1888 }, and by those of Dr. Hop- 
kinson, communicated to the Royal Society in 1889§. In 
the latter, a ring-magnet was used, furnished with primary 
and secondary coils insulated with asbestos, and capable of 
withstanding a red heat, which temperature was obtained by 
means of a gas-furnace. Measurements could thus be made 
of the permeability of the iron core by the ballistic method, 


* Read May 14,1897. Inaugural Dissertation for the Degree of Ph.D, 
at the University of Ziirich. 


+ C. Baur, “Neue Untersuchungen iiber den Magnetismus,” Wied. 
Ann, 1880, p. 394, 


{ Ledeboer, Journal de Physique (2) vol. vii. p. 199. 
§ Hopkinson, “Magnetic and other Physical Properties of Iron at a 
High Temperature,” Phil. Trans. Roy. Soe. 1889, A. p. 448, 


a ———— 
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and the temperature was deduced from the resistance of the 
copper secondary winding. 

M. Curie, in a more recent investigation *, used a method 
by which the permeability could be obtained in intense 
magnetic fields. He experimented on a sample of iron in 
the interior of an electrically-heated porcelain furnace, and 
deduced its magnetization from the forces acting on it when 
placed in a non-uniform magnetic field. A thermo-electric 
couple served to measure the temperature. 

The variations of magnetic hysteresis with temperature 
have been studied by W. Kunz of Darmstadt f. 

The relation of the electrical resistance of iron to tempera- 
ture has also received the attention of several experimenters ; 
curves expressing this relation, and extending to beyond the 
critical temperature, having been given by Kohlrausch in 
1887 {, by Hopkinson in 1889§, and by Le Chatelier in 
1891 |. 


General Description of the Method of Experiments. 


By the method used in the present work, measurements of 
the electrical resistance and of the magnetization of the iron 
could be made simultaneously. 

It consisted in the employment, as in Dr. Hopkinson’s 
experiments, of a ring-magnet, whose insulation was calculated 
to withstand a white heat. The core of this ring-magnet was 
formed of a length of insulated iron wire or strip, whose ends 
projected out of the ring, so that the resistance of the iron in 
the core could be measured; and zn this core was imbedded 
an insulated platinum wire, from the resistance of which the 
temperature of the iron could be deduced. 

The heating was carried out electrically. For this purpose 
the ring (which was made quite small, about an inch in 
diameter) was covered with a non-inductively wound layer 
ot insulated platinum wire. By passing a suitable current 
through this wire the temperature could be raised to any 


%* P, Curie, “Propriétés magnétiques des corps 4 diverses tempéra- 
tures,” Ann. de Chim. et de Phys. July 1895, p. 289. 

+ W. Kunz, Elektrotechnische Zeitschrift, 1894, p. 194. 

¢ W. Kohlrausch, Wied. Ann, vol. xxxiii. p. 42. 

§ Hopkinson, Proc. Roy. Soc. vol. xlv. p, 457. 

|| Le Chatelier, Comptes Rendus, vol. cx. p. 283. 
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required extent. The heat was thus generated exactly where 
wanted; and by wrapping the ring thickly with asbestos 
the loss of heat by radiation was made small, and the tem- 
perature in the interior fairly uniform. 

In the experiments of M. Curie, 1500 watts were absorbed 
in obtaining a temperature of 1350°: by the above method, 
73 watts (a current of 4:6 amperes with 16 volts across the 
terminals) was found sufficient to maintain the ring at 1150°; 
and 45 watts sufficient at 800°, 2. e. above the critical 
temperature of the iron. Dealing thus with comparatively 
small currents, the accurate regulation of the temperature 
was rendered simple; whilst absolute constancy for long 
periods of the heating current, and therefore of the tempera- 
ture, was, with a set of accumulators in good order, not 
difficult to attain. 

To avoid oxidation of the iron, the ring-magnet was placed 
in a glass vessel, and the electrical connexions brought 
through a well-fitting cork rendered air-tight by a thick 
layer of sealing-wax poured over it while hot. The oxygen 
contained in this closed space could, previous to the experi- 
ments, be absorbed by an auxiliary coil of bare iron wire, 
heated to bright redness by an electric current. In the later 
experiments the jar was, as a preliminary, exhausted by a 
small air-pump to about a third of an atmosphere; during 
the heating, the pressure might rise above that of the atmo- 
sphere, in which case the excess of heated air was allowed to 
escape from a glass tube dipping into mercury; and this at 
other times served as a gauge to show whether the glass 
vessel was really air-tight. 


Details of the various Ring-Magnets. 


During the course of the experiments, four ring-magnets 
were made. 

The first came quickly to grief through accidental over- 
heating and partial oxidation of the iron. The oxide seems 
to have combined with the silicates of the insulating materials, 
forming a kind of slag, for the ring, on taking to pieces was 
simply a collection of platinum wires buried in a brown 
glassy substance with a little iron left in the core. 

The experiments with the second ring (whose core was 
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formed of a length of ordinary soft iron wire) were more 
successful ; but the results, though interesting, have not been 
thought worth including in this paper. The experience gained 
in the construction and use of the first two ring-magnets was 
turned to account in the two later ones. 

Platinum wires were exclusively employed for the windings 
of the ring-magnets, as no substance either magnetic or fusible 
below 1200° was admissible. These wires, after use in one 
ring, were used again, with fresh insulation, in the next. 

Lron cores —The cores of the third and fourth ring-magnets 
(referred to in this paper as specimens A and B respectively), 
were formed from strips, one chosen from each of two groups 
of iron samples kindly procured for the author by Mr. R. 
Jenkins from Messrs. Jos. Sankey and Sons, of Bilston. The 
sample strips were 1 cm. in width ; they were described as 
follows :— 


Specimen A.—“ Charcoal Iron, No. 4 Quality ; thick- 
ness ‘02 in.” 


A, B.—‘ Best Transformer Quality >< ; thick- 
ness ‘014 in.” * 


These specimens proved, after careful annealing, to be 
exceptionally good both as regards high permeability and low 
hysteresis. - 

Platinum Thermometer Wire. Method of deducing Tem- 
peratures.—The specimen of pure annealed platinum wire 
used in the measurement of temperature was from the firm 
of W. C. Heraus, of Hanau, near Frankfurt-a-M. The 
same piece of wire was used in both the later ring-magnets. 
Its diameter was ‘0453 cm., its specific resistance at 0° was 
10,110 C.G.S. units, and its temperature-coefficient, which 
was remarkably high, was ao_1999= "00386. 

The resistance-temperature curve was taken by mounting 
the platinum wire (carefully re-annealed by heating to bright 
redness in a mass of asbestos) on a small cylindrical mica 
frame, and measuring its resistance at intervals of about 30° 


* This iron, according to the above firm, gives on analysis 99:925 
per cent. of iron by difference, the impurities (‘075 per cent.) being 
distributed between carbon, phosphorus, and silicon, with a trace of 
manganese. It is as pure Swedish iron as can be produced commercially 
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up to 200° C. in a bath of linseed oil. The temperature was 
measured by a standard thermometer which was carefully 
checked at 0° and 100°.. The oil was vigorously stirred, and 
observations of resistance were only made when the tem- 
perature was very nearly constant. 

The experiments of Callendar and Griffiths have established 
the fact that, for pure annealed platinum wire, if ;45th part of 
the increase of resistance which it experiences in passing 
from 0° to 100° be called the increment for one “ platinum 
degree,” so that the resistance of a platinum wire is a linear 
function of its “platinum temperature,” pt®°; then, if ¢° is 
the actual temperature on the air-thermometer scale, the 
difference ¢°—pt° can be expressed over wide ranges of 
temperature by the form a+6¢+ct?, which in this case must 
be reducible to the form #°— pt°= 64 (¢/100)?—t/100}. 

It was thought that, in the present investigation, an error 
in the determination of the absolute values of the higher 
temperatures of even several degrees was of comparatively 
small moment where the recalescence point for different 
specimens of iron is known to differ by 50° or more. The 
resistance-temperature curve for the platinum thermometer 
wire was not determined directly above 200°, but was extra- 
polated by the help of Callendar’s formula. The value of 8 
for this wire was 2°10. 

The absolute values of the temperatures given must there- 
fore be accepted with caution. They may be wrong by as much 
as 5° in the neighbourhood of 800°, the error rising with the 
square of the temperature. For the present purpose, how- 
ever, it is the relative accuracy which is of importance, and 
this is of a much higher order. 

To obtain reliable measurements of temperature, it was 
necessary that the thermometer-wire should satisfy the fol- 
lowing conditions :—(1) Its temperature must not differ 
sensibly from that of the iron which it is intended to measure - 
(2) its constants must not alter in any way during the heating 
of the ring; (3) its resistance must be measured with suf. 
ficient precision. 

(1) The first condition was the most difficult to satisfy : 
and it was only by actually burying the thermometric wire in 
the core itself, and by having the temperature very nearly 
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constant before taking any observations, that the temperature 
of the thermometer-wire and that of the iron core were brought 
to a satisfactory coincidence. 

(2) With regard to the second condition: the resistance- 
temperature curve of the thermometer-wire, besides being 
taken previous to experiments, was also taken after those with 
each of the specimens A and B; in neither case could any 
alteration either in the resistance-coeflicient or in the value 
ot 6 be detected. (Alterations of these constants which had 
taken place with former thermometer-wires were thought to 
be due to the fact that the insulation in contact with them 
had not been previously decarbonized (see p. 142).) 

One alteration, however, did take place, particularly during 
the last annealing of specimen B, when a temperature of 
1150° was reached and maintained for some time: the 
resistance of the thermometer-wire rose (on this occasion as 
much as 1 per cent.) ; though, as stated above, the form of its 
resistance curve remained throughout unchanged. 

Messrs. Heycock & Neville * have repeatedly noticed such 
changes, though slight in amount, in their resistance pyro- 
meters; and conclude that they were due to strains set up 
by the permanent expansion of the mica frames on which 
their wires were supported. It is possible that such increase 
of resistance may also be due, as Prof. Weber has suggested, 
to evaporation of the platinum at these high temperatures ; 
none of the author’s platinum wires retained, after prolonged 
heating, their bright metallic surface {. 


* Heycock and Neville, “ On the Determination of High Temperatures 

by means of Platinum Resistance Pyrometers,” Trans. Chem. Soc. 1895, 
. 160. 

+ Since the above was written, Mr. KE. H. Griffiths, F.R.S., has kindly 
drawn my attention to the fact that his own platinum thermometer wires 
on mica frames, when heated for considerable periods at temperatures of 
1200°-1400°, do not thus lose their former bright surface. It is there- 
fore rather improbable that in my case the dull surface should point to 
any serious evaporation of the platinum. I have in this connexion one 
or two observations which I had not given as I was in doubt as to their 
reliability :—The mean sectional area of the platinum thermometer wire, 
as measured by the specific gravity method, diminished from ‘001182 
em.? to 001162 cm.” during use in Rings A and B; the length increased 
from 31:33 to 31:56 cm. during the heating in Ring B, and during this 
same heating the weiyht of the wire did not alter.—D, K. M. 
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In reducing the results, it has been assumed that this 
alteration of resistance, which was generally very small, took 
place entirely during the time that the ring was at its highest — 
temperature. 

(3) In order to satisfy the third condition, it was not only 
necessary that precise measurements of resistance should be 
possible (,5 per cent. represents more than 4° at 1000°), but 
also that the resistance of the thermometer-wire and that of its 
compensating leads should be measured very nearly simul- 
taneously. 

To obtain the nett resistance from a single observation, the 
following arrangement (fig. 1) was employed, which is 
similar to, though not identical with, that used in Callendar’s 
platinum thermometers. 

The platinum thermometer-wire and leads formed one arm 
of the Wheatstone’s bridge, and the compensating leads 
(made exactly equal to those of the thermometer), plus a 


Fig. 1.—Form of Bridge for Temperature Measurem ents. 


11 
Platinum 


Fhermon? 


Compensating is) 
Leads =~ 


portion AC of the slide-wire, formed a second arm equal to 
the first. The other two arms contained equal resistances ; 
the 200-ohm coil of a resistance-box in the one; and in the 
other the smaller coils of the box (together making 200 ohms) 
with just so many tenths of an ohm short-circuited as were 
in the remainder CB of the slide-wire. It is clear then 
that, if C is the position of balance, the resistance AC is 
equal to the nett resistance of the thermometer-wire. 

The resistance of the slide-wire, whose calibration curve 
was very uniform, was about 1:4 ohms. This was approxi- 
mately that of the thermometer-wire at 1200°, so that the 
balancing point for all lower temperatures was within the 
range of the metre-long slide-wire. The resistance per unit 


: 2° 
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length of the latter was conveniently obtained by inserting a 
standard ohm in the place of the thermometer-wire. 

The above method was also applied to the measurement of 
the resistance of the iron in the core. 

Insulation.—The chief difficulty of the method of these 
experiments lies in so insulating the wires themselves and 
the various layers of the ring-magnet from one another, that 
the insulation shall still remain good at the highest 
temperatures reached. 

The only material which is practically applicable to the 
insulation of the wires is asbestos paper ; this paper, which 
though fairly thin is by no means uniform, was used in the 
form of long narrow strips wound spirally over the wires to 
be insulated. After considerable practice, it was found 
possible to cover wires even as small as ‘3 mm. in diameter 
in this way with a reliable, and fairly thin and uniform 
. covering ; for such wires, a strip about 4 mm. wide was 
found to be most suitable. 

Asbestos paper must of necessity contain starch or some- 
thing similar to hold it together ; and experiments proved 
that, when heated in a non-oxidizing atmosphere, the resulting 
carbon deposit reduced the insulating power of the asbestos 
to a very low value. This difficulty was overcome by 
carefully burning out all the hydrocarbons in one layer of 
insulation, leaving, so to speak, nothing but the asbestos 
‘ash,’ a white and very brittle covering ; and then cautiously 
over-covering this with a layer of ordinary asbestos paper. 

In the first experiments, the leakage between the heating- 
coil (with 10 volts across its terminals) and the secondary 
winding was sufficient, when the ring was at 1000°, to drive 
the astatic needle of the sensitive galyanometer included in the 
secondary circuit almost round to its stops; and though 
the needle could be easily brought back artificially to its 
zero position again, the leakage was uncertain enough in 
amount to render ballistic observations at this temperature 
quite out of the question. The introduction of the above- 
described improvement in the asbestos insulation reduced this 
leakage to about zJoth part of its former amount; but it 
still represented a not very constant zero error of several 
centimetres, 
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With the object of still further reducing the leakage, mica 
was tried as insulation between the layers. This plan 
ultimately succeeded very well ; but the difficulty of applying 
a reliable layer of mica insulation to a surface of “ double 
curvature,” such as that of a small ring, without the assistance 
of any adherent whatever, appeared at first insurmountable. 
Latterly, however, it was found that if the mica insulation 
for the “ doubly-curved”’ parts was applied in the form of 
small suitably-shaped pieces, previously heated in a Bunsen 
flame * and then bent or continuously broken by pressing 
over a rounded edge, then, by putting each piece of mica 
into place as the coil of insulated wire above it was wound, a 
reliable layer of mica insulation could be obtained without 
much trouble. ‘ 

Mica was also used in the later ring-magnets both for the 
insulation of the iron strip and for that of the thermometer- 
wire, in a way about to be described; it was not only put 
between the turns of the iron strip, but was also placed next 
to it, beneath the asbestos covering ; since any carbon deposited 
from the latter would, if in contact with the glowing iron, 
combine with it and alter its character. 


It is easily shown that no appreciable error in the measured 
resistance of the iron or thermometer-wire would arise froma 


conductivity of the insulation sufficient to give rise to even a 
large deflexion of the ballistic galvanometer needle. 

Construction of Ring-Magnets.—The rings containing 
specimens A and B were almost identical in construction, 
differing mainly in the superiority of the insulation of the 
later ring. They were made in the following way (see 
figs. 2-4) :— 

A sample iron strip was chosen, and a narrow band 2 mm. 
wide was cut by a cold chisel out of the middle, leaving a 
specimen consisting of two parallel strips each 4 mm. in width 
Joined at one end. The mean section of this double strip was 
determined by the specific gravity method. It was then 
insulated with mica and covered with asbestos as shown in 
fig. 2. 

The insulated thermometer-wire was next laid in the space 


* This diminishes the tendency of the mica to split, and seems to do 
so by burning off the raw cut edges, 


Se 
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between the two iron strips, separated from them by slips of 
mica laid crosswise, and covered over by a plain mica strip 
(fig. 3). The whole was then rolled up on a temporary 
wooden form into a ring of four or five turns (fig. 4). 

Thus, though asbestos was used in the core as insulation, 
it was the mica alone that was relied upon. 

The ends of the iron specimen were then bent so as to leave 
the ring at right angles, and form a “stem ” about 10 cms. in 
length. A portion of the same iron specimen resembling 


Fig, 2.—Preliminary Stages. Half full size. 
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Fig. 3.—Section. Full size. 
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Fig. 4.—Section of completed Ring. Scale 3 full size. 
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this stem both in form and insulation, but only leading just 
up to the ring and back (see fig. 6), was bound on beside the 
stem that compensation for its resistance might afterwards be 
made. The ends of the platinum thermometer-wire, together 
with a similar compensating resistance formed of a piece of 
the same platinum wire, were also led up the stem, which was 
in all parts most carefully insulated with mica. 

The next step was to overwind the ring with three layers of 
platinum wire to serve respectively as magnetizing coil or 
primary, as heating coil, and as secondary. These wires, 
each of which, like the thermometer-wire, was doubly-insu- 
lated with asbestos in the way previously described, were 
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respectively 110, 150, and 100 em. in length, and °6, *45, and 
*3 mm. in diameter. Mica insulation separated the several 
windings from each other and from the core. 


Fig. 5.—Showing Ring in Glass Vessel. 
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The heating wire, wound back on itself to avoid magnetizing 
effect, was passed once or twice round the lower part of the 
stem to prevent that local abstraction of heat to which the 
~ stem would otherwise have given rise. 

The secondary winding was wound last of all; it being 
possible in this way to secure better insulation, particularly 
from the primary, from which even a small leakage into the 
secondary was much more serious than any leakage from the 
heating coil; for in the former case every ballistic throw due 
to a change in the primary current would be associated with 
a change of zero, while in the latter case no such change 
would occur. 

The ring was afterwards successively covered with a layer 
of mica, a layer of asbestos, a covering of iron-wire gauze, 
and, finally, with a jacket consisting of three coverings of soft 
asbestos millboard. The iron gauze, which became red hot 
when the ring was being used at high temperatures, was 

placed there to intercept oxygen on its way in. 

The oaygen-absorbing coil was, however, quite distinct from 
this. It consisted of two bare iron wires, connected in 
parallel, wound side by side on a cylindrical asbestos frame, 
and surrounded by a loosely-fitting asbestos mantle, Before 
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the experiments they were heated by an electric current to a 
temperature at which they would readily absorb oxygen. 

The coverings of the ring-magnet formed a mass of asbestos 
about 6 cm. in diameter ; a small hole through them enabled 
one to see what sort of temperature had been reached in 
the middle of the ring. 

The coil for absorbing oxygen was then made fast to the 
ring-magnet, and the leading wires brought through a cork 
(previously boiled in linseed oil), which was then inserted into 
the glass jar and covered with melted sealing-wax (fig. 5). 
Finally, the terminal wires were soldered to those leading 
away to the rest of the apparatus. 

The following particulars relate to the last two ring-magnets 
constructed :— 


Care Of NE, cass + specimen A, B. 

Description of iON... .t ese ne ew Charcoal Swedish 
Tron. Transformer Iron. 

Number of turns of core ...5..5..0.060 4 5 turns 
Density of iron (after experiments) .... 7°775 7461 
Total sectional area of iron...........- ‘131 143 cm? 
Mean diameter of ring.........+-..00+ 2°35 2:23 cm. 
Number of turns of primary .......... 28 29 turns. 

»  perem. of magnetic circuit.... 3°792 4:143 turns per cm. 
Field due to 1 amp. in primary ........ 4765 5:206 C.G.S. units. 
Mean sectional area enclosed by primary. °72 83 cm.? 

Number of turns of secondary.......... 15 17 turns. 
Resistance of iron at 18°... .+eeeeees 0486 0477 ohm. 


Electrical Arrangements.—Reduction of Results to Absolute 
Measure.—The various electrical circuits communicating with 
the ring-magnet are indicated in fig. 6, which needs little 
explanation, except perhaps with regard to the arrangement 
for standardizing the ballistic galvanometer. 

For this purpose an auxiliary ring-magnet of known dimen- 
sions and having a non-magnetic core was used. Its secondary, 
in series with that of the iron ring-magnet, formed, in circuit 
with the galvanometer and a coil of 100 ohms, the secondary 
circuit, as it remained throughout the experiments. On re- 
versing a known current in the primary of the auxiliary coil, 
the resulting throw of the ballistic galvanometer was a measure 
of its sensitiveness to induction alterations in that particular 
secondary circuit, whether taking place in the core of the 
auxiliary coil, or in that of the iron ring-magnet. Such 
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standardizing throws were observed before the readings at 
each temperature, and in this way direct compensation was 
made for alterations in the resistance of the secondary circuit. 
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The standardizing throw and the numerical data of the 
iron ring-magnet being known, it was possible to obtain from 
each ballistic observation the change of magnetic induction 
in the iron core to which it was due; correction being of 
course made for the induction which did not pass through the 
core, 
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The magnetizing current was measured with a tangent 
galvanometer, whose indications were compared with those of 
a standard Weston ammeter. The magnetizing force was 
assumed to be uniform in intensity throughout that part of 
the section of the ring occupied by the iron; which assump- 
tion is, in the present case, but approximately true, though 
the oblong cross-section favours the uniformity. 


Description of the Experiments. 


The iron cores in their initial condition may be regarded 
as unannealed; for the original annealing was destroyed 
during their preparation. 

To study the effects of annealing, measurements were taken 
during the first heating of specimen A. With this exception, 
however, all the experiments recorded in this paper were 
made during the cooling from some definite temperature at 
which the iron had been thoroughly annealed, that all effects 
other than those due directly to change of temperatures might 
be eliminated. The duration of each of the long sets of 
experiments was about 20 hours. 

The ring containing specimen A was first heated slowly 
up to 1050°, stopping at various stages on the way up for 
observations, and then allowed to cool, when another series of 
observations was made. It was afterwards heated to 920° 
to find whether the annealing was complete. 

The ring was then taken to pieces, that the cross-section of 
its iron and the constants of the thermometer-wire might be 
re-determined. 

The arrangements for absorbing the oxygen were with this 
ring not very perfect. The coil for this purpose had but one 
iron wire instead of two in parallel; and, becoming locally 
oxidized, the wire fused before it had absorbed all the oxygen. 
The cross-section of the iron core on removal from the ring 
and on detaching the oxide was found to have diminished 
by as much as 8 per cent. Since, however, no change of 
section occurred (as deduced from the constancy of the 
resistance and permeability) during the concluding heating 
to 920°, it may safely be assumed that the oxidation took 
place previous to the cooling from 1050° ; and that the section 
during subsequent experiments was the same as that measured 


at their close. 
M2 
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The ring-magnet, of which specimen B was the core, was, 
after preliminary magnetic measurements, heated at once to 
840°, a little above the critical point; at this temperature it 
was kept for about two hours and then allowed to cool. The 
following day the ring was again heated to this temperature, 
it being intended to take a series of observations during 
cooling. The series had, however, to be postponed, owing to 
an unfortunate occurrence—the sealing-wax over the cork 
had slightly softened during the prolonged heating, and the 
excess of outside pressure began to drive the cork slowly into 
the jar, rendering it no longer air-tight. The heating current 
was immediately shut off; but, when cold, the iron core was 
found to have been partially oxidized by the inrush of air, 
reducing its section about 4 percent. To prevent a repetition 
of this occurrence, an indiarubber tube containing flowing 
water was arranged to keep the neck of the jar cool. 

During the second absorption of the oxygen, the iron-wire 
coil, which had already been used once for this purpose, burnt 
out. But it was thought that the absorption might be com- 
plete, and the experiments were proceeded with. After heating 
the ring, therefore, a third time to 840°, a series of measure- 
ments was made while the temperature was falling. 

The ring was then still further annealed by heating to 1150°; 
and, during cooling, a set of observations like the previous 
was taken. On their completion, this ring was also taken to 
pieces that the cross-section of the core might be re-determined 
and the constants of the thermometer-wire checked. The 
last absorption of the oxygen does not seem to have been at 
all complete, for during the last heating the section diminished 
by 6 per cent. 

Thus, in these experiments, though the method of absorbing 
the oxygen was shown to be efficient, yet troubles due to 
oxidation were by no means absent. Irrespective of the 
diminution of the sectional area of the iron, the presence of 
oxide in the core might affect the results in a variety of 
ways :—(1) by the shunting effect due to its conductivity, or 
(2) by impairing the quality of the insulation, both tending 
to diminish the apparent resistance of the iron; and (3) by 
having an appreciable permeability, affecting the magnetic 
measurements, 
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(1) The shunting effect is quite negligible. (2) Though 
the inner surface of the mica was altered by contact with the 
oxide, the insulation was not seriously injured. (3) With 
regard to the third possibility :—In small fields, such as those 
used in the present experiments, the magnetic qualities of 
soft iron are at ordinary temperatures so very much more 
intense than even those of the magnetic oxide of iron, that 
no perceptible alteration of the ballistic galvanometer throws | 
could arise from any oxide present. At temperatures above 
the critical point, the experiments of M. Curie, already cited, 
have shown that though the susceptibility of that oxide rapidly 
decreases with rise of temperature, yet it may be comparable 
with that of iron, which is also very feebly magnetic in the 
neighbourhood of 1000°C. The author’s methods were, 
however, not adapted to the determination of the magnetic 
qualities of feebly magnetic bodies, and any determinations 
by them of the permeability of the iron core when w~<10 
have in any case little or no worth; so that errors of such 
values need hardly be considered. 

The only serious effect of the oxidation was to alter the 
sectional area of the iron. By directly measuring this section 
both before and after the experiments with each ring-magnet, 
uncertainties in the absolute values, both of the permeability 
and resistance measurements, were practically eliminated in 
all the series of observations, except that taken after annealing 
specimen B at 840°; and even in this case the alteration of 
resistance which took place gave the means of determining 
with but little uncertainty that sectional area which was not 
directly measured. Whilst cooling from 1150° a pause of 
half-an-hour was made at 1071°. During this time the 
resistance of the iron did not increase, and it is therefore con- 
cluded that from this time onwards no further change of 
section due to oxidation took place. 

Method of taking Observations at each Temperature.—The 
experiments with specimen B were as follows (with specimen 
A they were similar but not so full) :— 

When the temperature had become quite stationary, and 
the “standardizing throw ” had been observed, the iron core 
was de-magnetized by repeatedly reversing the magnetizing 
current whilst diminishing its strength. 
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Observations were then taken, by the method of reversals, 
of the magnetic induction in the core for each of eight values 
of the field; beginning with H=-078 and ‘153 to get the 
permeability under very small forces, and ending with H=9-20. 
Next, the iron core was carried through a cyclic process of 
magnetization between definite limits of magnetic field 
(H= + 6°83), observations being taken by the “step-by-step” 
method—sixteen steps round the cycle. This process had, 
however, been previously gone through several times till the 
iron had reached a cyclic state. Finally, the iron was 
carried through a further cyclical magnetization, this time 
between definite limits of induction (e. g. B= +4550 lines/cm’). 

The last experiment was by far the most difficult ; for the 
magnetizing currents had to be so adjusted that the swm of 
the ballistic throws during one half of the cycle might add up 
to a certain previously calculated amount depending on the 
magnitude of the standardizing throw. The difficulty was 
much reduced by diminishing the number of observations, 
though the number taken (just eight all round the cycle) 
barely suffices to determine the hysteresis loop. 

The group of experiments at one temperature was con- 
cluded by a measurement of the resistance of the iron. 

Throughout the whole of such sets of experiments, and 
particularly when working immediately below the critical 
point, where the magnetic properties vary so rapidly, the 
most scrupulous attention was paid to the temperature that it 
should not, if possible, be allowed to alter more than a fraction 
of a degree ; and this attention was the more necessary when 
working with the larger magnetizing currents, for their 
heating effect in the primary circuit was quite perceptible. 

The time-period of the ballistic galvanometer needle being 
about eleven seconds, magnetic “creeping” effects lasting 
much more than a second would not be recorded. 

In reducing the observations for each curve of cyclic mag- 
netization, the mean of the corresponding throws taken during 
the ascending and descending halves of the process has in 
every case been taken ; though this eliminates any systematic 
unsymmetry which the curve might have possessed. 
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Discussion of Results. 


The results of the experiments are given in the accompany- 
ing Tables and Curves (Plates V. & VI. and Woodcuts, 
pp- 170-177) ; the series being in each case arranged in the 
order in which they were taken. 

I. Curves of Magnetization by the Method of Reversals.— 
The effect of annealing (at 1050°) on specimen A is strikingly 
shown in the curves marked 1, and in the corresponding per- 
meability curves 9 and 10. Its effect on the maazmum 
permeability and corresponding field is shown in Table IX. 
The ultimate result of the annealing was to increase the 
maximum permeability at ordinary temperatures three-fold 
(4=1355 to 4050) whilst reducing the corresponding field to 
little more than half its former value (3°72 to 2°02). 

The first annealing of specimen B affected the permeability 
in a similar manner (compare curves No. 3). The experiments 
on this specimen, however, were carried out with a view to 
showing especially the difference between annealing at a red heat 
and at a low white heat. The curves of magnetization at 
different temperatures obtained after annealing respectively 
at 840° and 1150° are numbered 7 and 8; whilst the 
corresponding permeability-temperature curves for different 
strengths of magnetic field are shown in the curves 11, 12, 
and 13. 

A reference to these will show that the difference between 
annealing at these two temperatures is very marked ; the 
iron having by the last annealing been rendered much more 
susceptible to weak magnetic fields. Annealed at 840°, the 
maximum permeability at ordinary temperatures was about 
4000 in a field of 1°84 C.G.S. units; annealed at 1150° this 
rose to the remarkably high value of 4680 in the much 
smaller field of 1°48. The effect of this difference in anneal- 
ing is, at temperatures immediately below the critical point, 
even more striking, as is shown by a comparison of the p-t 
curves (Nos. 11 & 12) for values of 1 below unity. 

An interesting point with regard to specimen B is the 
diminution of permeability which it experiences in the negh- 
bourhood of 550°C. This diminution can be traced on the 
p-t curves for all but the highest values of H, though it is 
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especially noticeable when the magnetizing force is about 
1 C.G.S. unit. The effect is more pronounced after the 
annealing at 1150° than after that at 840°. This peculiarity 
is hardly, if at all, possessed by specimen A, though it must 
be borne in mind that the temperature-interval between ob- 
servations is here much greater, and the effect may thus be 
disguised. In some earlier experiments made on a ring- 
magnet having soft commercial iron wire for its core, the 
minimum of permeability, which occurred at about 500°, was 
still more marked than in specimen B; the depression being 
noticeable in the w-t curves for fields as large as 5 C.G.S. 
units. It may be mentioned that, in a list of those tempe- 
ratures at which the physical properties of iron undergo 
marked alteration, Tomlinson* gives 550° as that at which 
the internal friction of soft iron begins to rapidly increase, 
and at which the “ specific heat of electricity” for that material 
changes sign. 

The permeability under small magnetizing forces (Hi <°5 
C.G.S. unit) rises at first slowly (-2 to ‘3 per cent. per degree) 
when the temperature is raised; then, in the neighbourhood 
of 300°, quite rapidly. It remains nearly constant between 
400° and 550°, after which it rises with increasing rapidity 
to an enormously high value (4=12660 for H=-078 is the 
highest observed) only to sink still more rapidly at the critical 
temperature to a value quite insignificant. 

As the magnetic field gets smaller (curves 11 and 12) the 
maximum of permeability increases, and the temperature at 
which it occurs approaches the critical temperature, so that 
in very small fields the fall of the permeability is exceedingly 
sudden. 

An examination of the B-H{ curves at various temperatures 
(Nos. 6, 7, and 8) shows that as the temperature rises, the 
initial slope of the curve increases and approaches more and 
more nearly to the maximum slope. And the critical tempes 
rature occurs just when they would coincide, ¢.e. when the 
B-H curve would start from the origin with its maximum 
slope, and the maximum permeability would occur in an 
infinitely small magnetic field. 


* H. Tomlinson, Phil. Mag. vol. xxvi. July 1888, peal; 
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The critical temperature is as near as can be given 795° for 
specimen A, and 780° for specimen B. For the soft iroa 
wire specimen it was about 770°. 

Above this temperature the induction is proportional to 
the magnetizing force (curves 4 and 5) indicating the same 
permeability for all forces, a result in accordance with the 
experiments of M. Curie. The curve of variation of the 
permeability with temperature (No. 13, 11.) is given with some 
diffidence as the observations were liable to considerable error 
(see first part of Tables IV. and V.), and as the results are 
too remarkable to pass without further corroboration. It 
indicates a maximum of about ~=100 at 820°, and another 
of w=17 at about 1050°; whilst between 920° and 980° the 
permeability is but 2°3. . ; 

II. Curves of Cyclic Magnetization.—The variations in the 
form of these curves due to changes of temperature can be 
studied in the series of curves Nos. 2, 4, and 5, in which the 
results recorded in Tables II., VI.-VIII. are plotted. 

The process of annealing of specimen A is graphically 
depicted in the first of these series. 

In series No. 5 it will be noticed how, as the temperature 
rises and approaches 550°, the inclination of the curves to 
the vertical axis increases, and how with further rise of 
temperature the curves become more erect and angular. 
Those taken at 764° in this series are interesting as showing 
the magnetic condition of the iron almost immediately below 
the critical temperature. The coercive force required to re- 
move the remanent magnetism was little more than 75 of a 
C.G.S. unit. For the steep-sloping part of the curve the 


value of = is about 15000; when #1 is much above 1 unit, 
a 


its value is about 150. The transition from the steep part of 
the curve to the gently-sloping part is very sudden. 


These values of = are of the same order of magnitude 


in all the sets of curves of both series taken within 50° of the 
critical temperature, and they seem to represent an approxi- 
mately constant property of the iron in this region. 

The area enclosed by each hysteresis loop has been summed 


ret | 
up and divided by 47, giving the quantity 7— j HB, the 
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work done in ergs per c.cm. of the iron by the magnetic 
forces during the performance of one cycle. The results are 
given beside the corresponding temperatures in the Tables 
numbered X. (a and 6), and are plotted in curves 14-16, 
which show the way in which the hysteresis diminishes to zero 
as the iron is heated up to the critical temperature. 

No evidence of hysteresis above this temperature could be 
experimentally obtained, a result which one might be led to 
expect from the fact that the permeability at these tempera- 
tures is the same in all magnetic fields. 

A-comparison of the two curves No. 15 shows the marked 
diminution of hysteresis at all temperatures which resulted 
from annealing at 1150° instead of at 840°. The curves ex- 
pressing the hysteresis for cycles within definite limits of 
induction (Curves 16 1. & 11.) are not comparable, as the 
limits during the later series were, owing to oxidation, greater 
than during the former. In order to render them comparable 
a third curve has been dotted in, for which the ordinates of 1. 
were multiplied by a constant 1:11 (the assumed ratio of the 
hysteresis when B= +4260 to that when B= +4550, which, 
according to results of many observers, cannot at ordinary 
temperatures be far wrong). Comparing then curve I- 
with curve Ill. an idea is obtained of the extent to which 
the hysteresis can be diminished by annealing at the high 
temperature 1150°, instead of at the lower one 840°. The 
comparison is given on Table X.c. 

Table X. d. shows concisely the various stages of annealing 
of specimen B, The hysteresis at ordinary temperatures for 
B= +4550 was originally 1480 ergs per cub. centim. per 
cycle. Prolonged annealing at 840° reduced this to about 
800 ergs; whilst annealing at 1150° brought the hysteresis 
down to 612 ergs. 

In a paper read before the Institution of Civil Engineers 
about a year ago*, Prof. Ewing described some tests which 
he made on a sample of transformer plate of similar thickness 
and obtained from the same firm as the author’s were. The 
maximum permeability was about 4500, while the hysteresis 


* Ewing, “Magnetic Testing of Iron and Steel,” Journ. Inst. CO. E. 
May 1896. 
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varied from 740 down to 580 ergs for B=+4000; and 
attention is drawn to these values as representing the best 
iron both as regards high permeability and low hysteresis 
which he had tested. It is therefore of interest to note that 
specimen B had after annealing at 1150° a maximum per- 
meability of over 4600 at ordinary temperatures, and a hys- 
teresis as calculated for B= +4000 of just under 500 ergs, 
corresponding to a hysteresis loss of but *295 watts per lb. at 
a frequency of 100~. The following values are taken from 
the magnetization curve at 24° C.:— 


B. H, pn 
2000 ‘74 270 
4000 1-01 3960 
6000 1:33 4520 
8000 1:82 4400 

10000 2°84 3520 
12000 5°63 2130 


Between 0° and 200° the diminution of hysteresis with rise 
of temperature is ‘08 per cent. per degree, when the limits of 
induction are kept constant. 

W. Kunz * concludes from his experiments that for soft 
iron the hysteresis is expressible as a linear function of the 
temperature. This is not in accordance with the author’s 
results. The curves expressing this relation (Nos. 16) for 
specimen B are far from straight, and show a decided dip at 
about 500° corresponding to the minima which occur near 
that temperature on the permeability-curves. 

Ill. Resistance-Temperature Curves.—The variations of 
specific resistance with temperature are shown graphically on 
curves 17 and 18. 

By taking a sufficient number of observations (see ‘Tables 
XI. and XII.) the author has been able to show that the 
resistance-temperature curve undergoes no abrupt change of 
direction at or near the critical temperature. (Previous ob- 
servers have given curves all of which were broken at this 
temperature ; an examination of the figures given by Hop- 


*® W. Kunz, Elektrotechnische Zeitschrift, 1894, p. 196. 
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kinson and Le Chatelier in the papers already cited shows that 
in each case they would be more strictly satisfied by a con- 
tinuous curve like those here given.) 

The annealing of specimen A has reduced its specific 
resistance considerably. 

With specimen B, the further annealing at 1150° has but 
slightly altered it from the condition as regards specific re- 
sistance in which it was after the annealing at 840°. 

The temperature-coefficients and specific resistance at 0° 
and 1000° are given at the foot of Tables XI. and XII. 

As regards the resistance-changes both of specimens A 
and B, and of the soft commercial iron previously tested :— 
The resistance rises with rising temperature at a rate which 
increases fairly uniformly till a specific resistance of about 
100,000 C.G.S. units is reached. Here the maximum slope of 
the curve occurs at a point but few degrees below the critical 
temperature. The rate of increase of resistance then falls off 
rapidly, so that at 1000° the temperature-coefficient is about 
0024 and the specific resistance 118,000. 

With specimen B, which, judging from the low value of its 
specific resistance at 0° (10,050 C.G.S. units) and from the 
high value (0057 at 0°) of its temperature-coefficient, should 
be a sample of very pure iron, the maximum coefficient after 
annealing at 1150° was -0204 at about 765°. The number of 
observations on this resistance-temperature curve (18 11.) 
make it perhaps permissible to note its irregularities a little 
more closely. A flat part of the curve will be noticed be- 
tween 830° and 900°, and the temperature-coefficient, which 
remains tolerably constant over this range, has at 865° the 
value ‘0068. (Dr. Hopkinson gave -0067 as the coefficient 
of iron above the critical temperature.) The points of maxi- 
mum curvature 800° and 920° seem to be in agreement with 
the minima of the permeability curve (No. 13) obtained at 
the same time. 

The above experiments were carried out in the laboratories 
of the Physical Institute of the Polytechnicum, Ziirich ; and 
the author takes this opportunity of expressing his gratitude 
to the director, Prof. H. F, Weber, for encouragement received 
throughout the progress of the work. 


Ziirich, March 1897. 


Induction 


AND ELECTRICAL RESISTANCE OF IRON, 


TABLE I.—Sprecimen A. 


taken at different temperatures. 
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and Permeabilety in various Magnetic Fields 


(a) Before annealing. (Curves 1 and 9.) 
20°, 220°. 365°. 532°. 660°, 
H 
in O.G.8. units. || B py B pb B pe B p B pe 
‘917 401 | 438} 463) 505} 506} 552} 983 | 1017 | 1864 | 2033 
2°24 2495 | 1114 | 2868 | 1281 | 2990 | 1335 | 4180 | 1867 | 5285 | 2360 
3°94 5325 | 13852 | 5345 | 1857 | 5145 | 1306 | 6389 | 1620 | 7215 | 1830 
6:10 7465 | 1225 | 7270 | 1192 | 6850 | 1107 | 8000 | 1312 | 8685 | 1440 
8:26 8805 | 1066 
(6) After annealing at 1050" C. (Curves 1, 6, and 10.) 
774°, W220; 636°. 506°. 
H 
in C.G.S8. units. || B a B p B ye B p 
070 292 | 4170 | 109 | 1560 64) 915 
140 583 | 4170 | 272 | 1950 | 166 | 1190 
"343 2475 | 7220 | 1188 | 3465 | 617 | 1800 
O17 5980 | 6520 | 6008 | 6550 | 5395 | 5880 | 4790 | 5220 
2:24 7795 | 3480 | 8360 | 3730 | 8630 | 38850 | 8820 | 3940 
394 8290 | 2105 | 9475 | 2405 | 9870 | 2480 |10320 | 2620 
6:10 | 8330 | 1866 |10180 | 1670 |10705 | 1750 {11310 | 1855 
| 
324°. 188°, 21°°5 
H 
in C.G.S. units. B p B pb B pb 
‘070 48 685 29 414 21? 300? 
140 104 743, 68 485 50 357 
343 366 1067 248 723 181 527 
“O17 3355 3660 1890 2060 1208 1318 
2:24 9105 4060 9175 4095 8845 3950 
3°94 10925 2775 | 11420 2900 | 11435 2904 
6:10 11960 1960 | 12550 2060 | 12770 2093 


(c) After re-heating to 920°. (Curves not given.) 


UO Node 680°. 630°. 22°, 
H 
in C.G.S. units./ B} » | B | pz B p B pe B p 
‘070 158) 2260} 112 | 1600 69} 985 24| 348 
140 8391/2800) 261 | 1870 | 164) 1170 53} 379 
343 1908] 5560| 1298 | 8785 | 810/ 2860; 168) 490 
‘917 581016340) 5850/6380] 5745 | 6260 | 5020) 5470) 1430] 1560 
2°24 804513590! 8120/3625 | 8560?) 3820?) 8390) 3745 | 8485) 3790 
3°94 8940|2270) 9465] 2405 | 9945 | 2525 | 9825] 2495 11380) 2890 
6:10 9110)1494/10180) 1670 |10840 | 1778 |10790| 17'70|12790) 2095 


| a a SES "SG Ea 
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TABLE IJ.—Sprcimen A. 
Data for Cyclic BeH. Curves at various Temperatures. 


Limits of Cycle: H= +6°10. 
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(a) Before annealing. (Curves 2.) 
H 202. 224°. 367°. 534°. 665° 
B B B B B 
6°10 7370 7145 6830 7980 8610 
3°94 6985 6645 6300 7365 7715 
2°24 6380 5945 5530 6500 6570 
‘917 5620 5090 4660 5410 5240 
0 4800 4932 3805 4265 3750 
= 917 3513 2793 2285 1750 — 526 
— 2:24 —1642 —2365 — 2600 —3935 —5148 
—3-94 —5410 — 5345 —5170 — 6380 —7140 
—610 —7370 —7145 — 6830 —7980 —8610 
Ska Seeds 8900 3210 2800 2670 1850 
ergs per cm. 


(>) After annealing at 1050° C. 


(Curves 2 and 14.) 


Hysteresis in 
ergs per cm.® 


AG52a1 ) T0825) M6252 506951). S221 i bee a alOrbs 
B By B B B B B 
9100} 10220) 10640) 11185) 11850) 12320) 12480 
8790} 9680] 10085) 10615) 11400) 12000} 12190 
8075] 8720} 9220) 9880] 10815) 11520| 11760 
6720; 7205) 7730) 8565} 9925) 10835} 11180 
2985} 3930} 4780) 6190) 8170) 9565! 10210 
—5880)— 5845/— 5290/— 4290)-— 2005) 1389] 4170 
—7880)— 8275/— 8400/— 8620/— 9090/— 9145/— 8990 
—8780|— 9440/— 9750] 10190) —10810!—11210/—11340 
— 9100) — 10220] — 10640) - 11185] —11840| 12320] — 12480 
500 | 920 1345 | 2060] 38090] 4110] 4570 


(c) After re-heating to 920°. 


H 738°, 679°, 630°. 
B B B 

6:10 10370 10840 10660 

3-94 9565 10115 10020 

2-24 8515 9120 9085 

‘917 6880 7510 7505 

0 3535 4397 4500 

— 917 — 5610 | — 5240 | — 4435 

2-24 — 8100 | — 8365 | — gogo 

—3-94 — 9450 | — 9820 | — 9670 

—6-10 —10370 | —10840 | —10660 
Hysteresis in 

an } 780 1280 1510 


(Curves not given.) 


Fa eg 
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TABLE II].—Srecmen B. 


Preliminary Measurements at 24° C. 


(Curves No. 3.) 


Induction and Permeability in various Magnetic Fields. 


H Initial condition. | After 2 hours at 840°. 


After 5 hours at 840°. 


B 

078 14 
153 37 
378 102 
1-017 560 
2-49 4352 
4:40 7265 
6°83 9220 
9°20 10420 


178 
242 
270 
550 
1746 
1652 
1349 


1133 14005 


ps 
410 
516 
741 
2608 
4135 
2816 
1963 
1523 


B pt 
35 450 
84 549 
307 813 
2995 2942 
10525 4230 
12405 2820 
13340 1953 
13920 1515 


Cyclic B-H. Curves between Limits H= + 6°83. 


Initial con- 
H dition. 
B 

6°83 9120 
4-40 8670 

2-49 8005 
TOT. 7135 

a) 6165 
—1:017 4265 
—2°49 — 3882 
—4-40 —7270 
—6'83 —9120 

Hysteresis in \ 4740 
ergs per c.cm. 


After 2 hours at 
840°. 


After 5 hours at 
1) 


ieee a Ol eee 


Cyclic B-H Curves at 20° C. 
Limits of Cycle: B= +4020. 


Initial condition. 
H B 
2-47 4025 2115 
1-007 3520 646 
0 2763 Us 
—1007 870 — 646 
— 2-47 — 4025 —1:15 
Hysteresis } _ 191g °°88 
per cycle J om.? 


After 2 hours at 840°. 


—4015 


Hysteresis= 664 eS 


c 


Limits B= +4140. 


After 5 hours at 840°. 


H B 
1-170 4140 
660 3810 
0 2900 
— 660 — 242 
—1:170 —4140 


ergs 
cm.° 


Hysteresis =669 
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TABLE IV.—Specimen B. 


Induction and Permeability in various Magnetic Fields 
taken successively during cooling from 840° C. 


Above critical Temperature. 


(Curves 4, 7, and 13.) 


| 
H 820°. 816°. (EE 
B pe B be B p 
1-017 19 19 40 39 
2-49 29 12 35 14 97 39 
4:40 78 18 163 37 
6:83 84 12 101 15 262 38 
9:20 124 13 363 39 
Mean ‘ 
Permeability ie wt = 
H iis 788°. 784°°5, 782°:5, 
B pb B pb B Be B 
1-017 124 | 122 . 
2:49 273 | 110 
4:40 O18. L134} 
6°83 349 51 409 60 787 | 115 | 825?) 121? 
9:20 1035 | 113 
Mean Ciel Sa 
Permeability \ 116 


Below critical Temperature. 


(Curves 4, 7, and 11.) 


H 770°. 764°. 746°, 
B B pb B 

‘078 zi 298 3820 198 2540 

153 663 43380 490 3200 

378 2780 7360 2248 5950 
L017 5675 | 5575 | 5830 | 5730 
2°49 6720 2700 8020 3220 
4:40 5960 1355 7070 1606 8565 1950 
6:83 6500 952 7410 1084 8905 1304 
9-20 7870 856 9165 996 
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Table IV. (continued). 


251° 


D. 136°, 24°, 


H 360°5. 
B le 
078 50| 640 
153 126| 820 
378 571| 1510 
1-017 5125} 5040 
2-49 9800 | 3935 
4-40 11580] 2630 
6:83 12705 | 1862 
9:20 13320] 1449 
TABLE 


V.—Sprcimen B. 
Induction and Permeability in various Magnetic Fields 
taken successively during cooling from 1150°C. 


Above critical Temperature. 


(Curves 5, 8, 12, and 18.) 


H 1145°. | 1047°. | 980°. 975°. 960°. 
Bp Be |) Bi pf | Bl eB os 
1-017 
2°49 42 \ 17 | 1b | 6 
4:40 
6°83 522| 8 V7) 2D 7, |F2:5 
9°20 
P Aioan Permeability ... 8 17 6 2:5 2°5 
H 922°. 16895°°5, 851° 829°°5 | 816° 187° 5 
B B B Bix |Bi yu|Biz 
1017 : : f 108} 106] 51] 50 
2°49 129] 52 |173) 69 | 260} 104 | 260 | 104/120} 48 
4:40 434 | 99 | 434) 99) 215] 49 
6°83 16 |2°3 | 388] 57 |475| 70 | 650} 96 | 781 | 114] 336) 49 
9°20 518?) 56? 
Mean : K : 1 
ee ills } 23 BAAN eNO 251000! seoh406'! -cokleo 


Below critical Temperature. 


(Curves 5, 8, and 12.) 


H 776° °5. iDoe 764°°5. 748°. 
B mn B » | B xe | B be 

‘078 631 | 8090 | 485 | 6210 

153 1935 |12660 | 1585 |10360 

378 4210 {11140 | 4465 |11820 
1017 925 | 908 | 1853 | 13380 | 5020 | 4930 | 6720 | 6600 
2°49 1788 | 718 | 1964} 789 | 5780 | 2820 | 7980 | 3200 
4:40 2442 | 556 | 6305 | 1434 | 8290 | 1885 
6°83 2798 | 410 | 6440 }. 943 | 8555 | 1252 
9:20 8006 | 3827 | 6550 | 712 | 8645 | 940 


VOL. XV. 
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Table V. (continued). 
H 730°. 695°. 634°. 554° 
B fe B He B pe B a 
078 372 | 4770 | 243 | 3120 | 126.) 1620 73 | 935 
153 1161 | 7600 | 713 | 4660) 832’) 2170} 172 | 1120 
378 4165 |11020 | 3565 | 9480 | 2128 | 5680 | 996 | 2640 
1-017 6850 | 6730 | 6845 | 6720 | 5780 | 5680 | 4275 | 4200 
2°49 8415 | 3380 | 8985 | 8610 | 8800 | 35380 | 7565 | 3040 
4:40 9160 | 2085 | 9985 | 2270 10160 | 2280 | 9630 | 2190 
6°83 9495 | 1390 |10670 | 1562 |11050 | 1620 |10940 | 1603 
9°20 9730 | 1024 }11110 | 1209 |11670 | 1269 {11690 | 1271 
H 457°. 352° 249°. 137°'5 24°, 
Sot ew ae a a Be ee 
‘078 78 | 1000 77 | 980 48 | 615 43 | 550 85 | 450 
153 172. | 1125 | 167 || 1090 | 413. || 740 99 | 650 85 | 555 
378 989 | 2620 | 879 | 2325 | 457?/ 12107} 471 | 1246) 356 | 942 
1-017 5200 | 5110 | 5115 | 5020 | 4730 | 4650 | 4410 | 4830 | 4010 | 3940 
2-49 || 8710 | 8495 | 9230 | 8705 | 9885 | 3770 | 9740 | 3910 | 9480 | 8810 
4-40 10460 | 2380 |10930 | 2485 /11145 | 2585 |11560 | 2625 |11400 | 2590 
6 83 11475 | 1680 |11980 | 1748 |12170 | 1783 |12495 | 1880 |12440 | 1823 
9-20 12150 | 1821 |12460 | 1355 |12760 | 1888 |13090 | 1423 |18040 | 1418 


TABLE VI.—Sprrcimmen B. 


Data for Cyclic B-H. Curves taken successively at diminishing 
temperatures after annealing at 840° C. 


Limits of Cycle : H= +6°83. (Curves 4 and 15.) 


H 764°. | 746°. 710°. | 648°5. | 567°. 
B B B B B 

683 7370 gs7o | 10350 | 11130 | 11495 

4-40 7060 8545 9730 | 10500 | 10935 

/ 2:49 8870 9665 | 10090 

1-017 6005 6425 7380 8295 8620 

0 3246 4330 5515 5770 

—1-017 —5560 | —5820 | — 6000 | — 5555 | — 4535 

~ 2:49 — 8555 | — 8900 | — 8860 

~4-40 7060 | —8480 | — 9700 | —10250 | —10480 

— 6:83 —7370 | —se7o | —10350 | —11180 | —11495 
Hysteresis in . : pe 

| aaa } 426 573 1010 1650 2180 
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Table VI. (continued). 


H 


— 


6°83 
4-40 
2:49 
1-017 
0 
—1:017 
—2°49 
—~4°40 
— 6°83 


Hysteresis in 
| ergs per c. cm. 


Limits of Cycle: H= + 6°83. 


467° 360°'5. 
B B 
11910 12540 
11400 12110 
10695 11495 
9520 10355 
7240 8245 
— 4940 | — 4010 
— 9340 | -- 9715 
—10880 | —11495 
—11910 | —12540 
2550 3195 


251° 5, 


TABLE VII.—Srercimen B. 


Data for Cyclic B-H. Curves taken successively at diminishing 
temperatures after annealing at 1150° C. 


136° 24° 
B B 

13040 12685 
12720 12360 
12230 11895 
11380 11110 
9770 ' 9680 
429 1395 
— 9910 | — 9395 
—11980 | —11610 
—13040 | —12685 

4360 4700 


(Curves 5 and 15.) 


H 764°'5. 748°, 730°. 695°. 634°. 
B B B B B 
6°83 6145 8240 9420 10615 10760 
4-40 5815 8030 9100 10035 10060 
2:49 5490 7670 8495 9205 9080 
1-017 5075 6800 7185 7820 7180 
0 1389 2455 2856 3480 3215 
—1017 — 5060 — 6540 —6835 | — 6920 | — 5490 
— 2°49 — 5485 —7575 —8320 | — 8870 | — 8430 
—4:40 —5795 —7975 —9040 | — 9850 | — 9860 
—6'83 —6145 — 8240 ~—9420 | —10615 | —10760 
Hysteresis in } 
Bae perc. cu. j 120 328 426 797 1010 
per cycle 
H 554°. | 457°. | 352°. | 249°. | 187° °5 24°, 
B B B B B B 
6°83 10825 | 11260] 11735 | 12110 | 12280] 12150 
4-40 10025 | 10810} 11280 | 11780} 11950} 11810 
2:49 8650 9950 | 10435 | 11125 | 11420] 11300 
1:017 6377 8340 8875 9980 | 10510 | 10400 
0 8322 5395 6050 7520 8525 8560 
—1017 — 4140 |— 4930 |— 3960 |— 3881 |— 3196 |— 2327 
—2-49 — 7600 |— 8710 |— 8650 |— 9295 |— 9570 |— 9290 
—440) — 9575 |—10365 |—10620 _—11100 |—11330 |—11150 
—6'83 —10825 |—11360 |—11735 |—12110 |—12280 |—12150 
Hysteresis in te 
ergs per c, cm. 1345 2025 2565 3130 3500 3660 


per cycle 


N 2 
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TABLE VIII.—Sprecimen B. 


Data for Cyclic B-H. Curves between constant limits of Induction taken 


successively at diminishing temperatures. 


(a) After annealing at 840°C. 
Limits of Cycle: B= +4260. 


(Curves 4 and 16.) 


764°, 746°. 710°. 648°°5. 567°. 
H B H B H B H B H B 
60 4250 “60 | 4255 “13 | 4265 “81 4260 93 | 4250 | 
31 3520 82 | 3547 34 | 3668 36 | 3725 56. | 3970 | 
0 2092 0 2261 0 2611 0 2860 0 2870 
— 31 —1762 —"32 |—1359 |/—-34 |— 440 ||--36 |— 189 ||—°56 |—2263 
—°60 —4250 —"60 |—4255 ||—-73 |—4265 ||—-81 |—4260 ee "93 |—4250 
Hysteresis] __j, ergs ergs ergs ergs ergs 
poreps fT ees] | Pcs 18 om! 97 om 58 om? 
Cyt _ 3860°°5, 251°:5. 136°. 
H B H B H B H B H 
‘88 4265 93 | 4265 1:05] 4265 1:20) 426A 1:318 
“38 3760 40 | 3743 42) 3732 43) 3700 “426 
0 3010 0 2930 0 | 3000 0 | 3033 0 
— 38 — 733 —-40 924 ||\— -42| 13878 |i|— 43] 1630 ||— -426 
—°88 — 4265 —'93 |—4265 ||—1:05|/—4265 ||—1:20|—4265 ||-1:318 |—4265} 
ane | —396 2°88 495 rss 590 ergs 656 2Tss 744 °88 
per cycle em.? em.8 cm. em em. 


()) After annealing at 1150° C. 
Limits of Cycle: B= +4550. 


764°°5. 

H B 
640 4543 
‘210 3690 
0 1660 

—210 | —2665 
— "640 "— 4543 


| Hysteresis —g] ones 
percycle f ~~ om2 


(Curves 
748°, 730°, 

H B H B 
403 4540 443 4547 
“174 3662 "184 3722 

0 2002 0 2272 

— 174 |—1921 —'184 |—1468 
— "4038 |—4540 —443 |—4547 
109 £88 128 2t8S 
cm.® em.3 


5 and 16.) 
695°, 

H B 
516 4540 
197 3712 
0 2564 
-'197 |— 897 
—'516 |—4540 

178 &T8s 

em.? 
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Table VIII. (continued). 


634°. 554°. 457°. 352°. 

HA B H B H B 
“730 4540 898 4553 “881 4542 
336 3928 “371 3840 361 4002 
0 2720 0 2827 0 38060 

= 336 — 1886 — ‘871 |— 488 |) —361 239 
—'730 —4540 — 898 |—4553 || —-881 |—4542 
Hysteresis | _ ergs ergs ergs ergs 
perersle [4 Gea SS 379 on A 
249°. 137°°5. 18°, 
H B H B H B 
1-001 4550 10382 | 4545 1114 | 4545 
*382 3952 388 | 3980 398 | 3972 
0 3043 0 3188 0 3184 
— 382 712 — 888 | 1163 ||— 398 | 1386 
—1:001 —4550 —1-082 |—4545 |/—1114 |—4545 
Hysteresis | __ ergs ~ ergs ergs per c. cm. 
per cycle } SS as 565 em.? 613} per cycle. 


TABLE IX. 
Relation of Maximum Permeability and of the Field in which 


it oceurs to Temperature. - 
(The values are estimated from the curves, 
and are only approaimate.) 
Specimen A. 
(Curves 9 and 10.) 


Before annealing. After annealing at 1050°. 
Maximum | Correspond- Maximum | Correspond- 
Tempera- |“ Permea- | ing Mapnetio te pera- | Permea- | ing Magnetic 
pare. bility. Field. zr: bility. Field. 
°C, Pi H 00, y H 
20 1355 3°70 722 8350 © “44 
220 1370 3°25 636 5950 92 
365 1360 2:80 506 5450 1:05 
532 1880 2:20 324 4860 1-46 
660 2650 1:50 188 4370 170 
21:5 | 4050 2:02 
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After annealing at 840°. 


Table IX. (continued). 


SPECIMEN B. 
(Curves 11 and 12.), 


Tempera- Maximum Correspond- Tempera- Maximum 

ture. Permea- ing Field ture Permea- 

: bility. 8 bility. 
°C. pe H Pe: p 
764 7800 50 7645 14600 
746 7090 58 748 13400 
710 6070 72 730 11700 
648°5 5610 93 695 9430 
567 4900 1:09 634 6040 
467 5190 1:18 55+ 4240 
360°5 5280 ts 457 5120 
251°5 4940 1:38 302 5050 
136 4250 1:69 249 4820 
24 3980 1:84 137°5 5020 
24 4680 
TABLE X. 
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After annealing at 1150°. 


Correspond- 
ing Field. 


Variation of Magnetic Hysteresis with Temperature. 
(See Curves 14, 15, and 16.) 


(a) Cycle between constant Limits of Magnetizing Force. 


Specimen A, 


Limits: H=+6-10. . 
After annealing at 1050°. 


SpPEcIMEN B. 
Limits: H= +683. 


Hysteresis in 


rules ® | ergs per c.cm. 
; per cycle. 

oh 

765 500 

708 920 

625 1345 

506 2060 

325 3090 

175 4110 
21°5 4570 


Annealed at 840°. Annealed at 1150°. 
Tempera- re reg oe Tempera- Hysteresis in 
ture. Seipene-em. tase: ergs per c.cm. 
per cycle, per cycle. 
pers 20. ia 
146 68 etic) | aoe 
328 
710 1010 730 426 
648°5 1650 695 797 
| ea ea ae 
: 5 1345 
360 5 3195 457 2025 
251°5 3700 362 2565 
136 4360 249 3130 
24 700 137-5 3500 
24. 3660 


Te eee ae 


p 
: 
2 
4 
: 
] 
| 
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Table X. (continued). 


(b) Cycle between constant Limits of Magnetic Induction. 


SpecrmeEnN B. 


6 Limits: Limits: 
Annealed at 840 . B= +4260. Annealed at 1150°. Bic +4550. 
_ | Hysteresis in Hysteresis in 
eer ce ergs per c.cm, Tee ergs per c.cm. 
: per cycle. ; per cycle. 
0, 20, | 
764 187 764:5 81 
746 216 748 109 
710 318 730 128 
6485 357 695 178 
567 398 634 264 
467 396 554 339 
360°5 495 457 379 
251-5 590 352 475 
136 656 249 508 
18 744 1375 555 
18 613 
(c) Specimen B. (d) Hysteresis of SpecimEN B 


Comparison of Hysteresis at 20° and Induction Limits +4550, 
after annealing at 840° and 


TT50°. 


(Reduced to a uniform Induction 
Limit of B= +4550.) 


showing various stages of annealing. 


Hysteresis in 
Tempera- | Annealed Annealed ergs per c.cm. 
ture. at. 840°. | at 1150°. per cycle. 
°C, Initial condition ............ 1480 
20 822 612 After 2 hrs. at 840°......... 810 
200 686 530 oa Lovee ep) | nesehotice 780 
400 504 437 we lOrlrs,  ,,, ) ald 
600 430 302 very gradual cooling. 822 
700 358 176 After heating to 1150° and 
750 236 106 very gradual cooling. 612 
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TABLE XI. 
Iron Specimen A. 


Electrical Resistance at Different Temperatures. 


(2) Before and during annealing. 


(Curve 17, 1.) 


Temperature. | Specific Resistance 
ACh in O.G.S8, units. 
° 
18 14610 
127 22150 
189 26300 
210°5 27680 
213 27880 
3545 41300 
373 43450 


Temperature. | Specific Resistance 
AC; in O.G.S. units. 
° 
530°5 61550 
535°5 61550 
643 77400 
674 83400 
752 96700 
763 99700 


(6) After annealing at 1050°. 


(Curve 17, 11.) 


[Critical Temp.: 795°] 


Temperature. Specific Resistance Temperature. Specific Resistance 
C. in C.G.S. units. O. in C.G.S. units, 
——_}- 
1050 115800 ? 830°5 37000 
1026-5 115800? 201°5 25130 
950°5 114200 171°5 23480 
936 113100 18 13820 
870 109400 16 13580 
881 110000 
808°5 101100 After reheating to 920°. 
‘oe sii (Also plotted for Curve II.) 
Ee 885:5 110600 
194-5 86600 916 112800 
706 84400 736 89000 
653 75600 686°5 81300 
506 55700 630 72900 
327 36760 ae 13940 
321 36280 6 13510 
ee | 
After 
Before annealing. 
annealing. at 1050°. 
at O° sm ee eae 0044 0045 -- 
: maximum value at 
Tom perstire-Cooftcient 4a armanen a1 0125 0144 
at: 10000 Se ee 00236 
; 3 Bb OOo ee eeasesceeaee 13600 12500 { 0.G.S8. 
Specific Resistance...... ‘be 1000? ee 115600 { Units. 
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TABLE XII. 


Tron SPEcIMEN B. 
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Electrical Resistance at Different Temperatures. 


(a) After annealing at 840°. 


[Critical Temp. = 782°.] 


(Curve 18, 1.) 


Sp. Resist. 
in O.G.S. 
Units. 


108300 
105100 
103000 
100000 
$8600 
96200 
94200 
89300 


Sp. Resist. 
in C.G.8. 
Units. 


83750 
78900 
71950 
64400 
65400 
59256 
52700 
45900 


(b) After annealing at 1150°. (Curve 18, 1.) 
[Critical Temp. = 778°.] 


Sp. Resist. 
in C.G.S. 
Units. 


120600 ? 
121000? 
120850 
120600 
120350 
120050 
119650 
119100 
118550 
118350 
118200 
118100 
117200 
116600 
116200 
114900 


Sp. Resist. 
in C.G.8. 
Units. 


113400 
112500 
111400 
109600 
108400 
105600 
104600 
103400 
100900 
100000 
99850 
96150 
95650 
92050 
87200 
80850 


Temp. 
{OF 


Sp. Resist. 
in C.G.S8. 
Units. 


76400 
77400 
70850 
64850 
64900 
57850 
51770 
45720 
43400 
40580 
34020 
29080 
24020 
19410 
15390 
11140 


Lines of Magnetic Induction. 
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After After 
annealing annealing 
at 840°. = at 1150°. 


at 0° Sy eee 0037 0057 
: iaeaae 
Temperature-Coefficient 4 Voit 7650... -0189 0204 
ak 10002 ee eee 00244 
af OO eae 10050 10050 ) C.G.8. 
Specific Resistance’...... he 1000? rest faeettha): 118800 | Units: 


B-H Curves at various Temperatures. 


Specimen A after annealing at 1050° C. 


14000 


12000 


Magnetic Field in 0.G.8. Units. 
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B-H Curves at various Temperatures. 
Specimen B after annealing at 840° C. 


12000 


10000 


Induction in I 


Magnetic Field in C.GS. Units. 


B-H Curves at various Temperatures. 
Specimen B after annealing at 1150° C. 


14000 = — 2 — = 


12000 (= 


10000 } 


8000 # 


6000 |e 


Induction in Lines per em.” 


4000 = 


2000 ff 


ey j 
Magnetic Field in C.G.S. Units. 
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ao 


Magnetic Permeability. 


Permeability-Temperature Curves. 
Specimen A before annealing. 


0° C. 200° 400° 600° 800 
Temperature. 


1000° C, 


10. 


Specimen A after annealing at 1050° C. 


Magnetic Permeability. 


L 


0° 0. 200° 400° 600° “800° 
Temperature, 


1000° C. 
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Permeability~ Temperature Curves. 


Specimen B after annealing at 840° C. 


10000 


8000 
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Specimen B after annealing at 1150° C. 
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Resistance- Temperature Curves. 
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Resistance-Temperature Curves. 
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Curve I. After annealing at 840° C. Curve II. After annealing at 1150° C. 
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XV. A new Definition of Focal Length, and an Instrument for 
determining it. By T. H. Buaxustey, .A.* 


I nave been frequently struck with the very imperfect 
way in which the facts of focussing with lenses and lens- 
combinations are treated in works which purport to deal with 
such matters in a practical way. In many cases such works 
are by authors who in other respects give information and 
rules which are unimpeachable and the result of painstaking 
study, so that the defect in the particular to which I have 
alluded must be due either to the inherent inconvenience in 
the usual formule, so invariably and unnecessarily involving 
the inverse of distances of Object and Image from theoretically 
fixed but practically undetermined points, and the Focal* 
Length ; or to the imperfect way of quoting the rules in the 
theoretical text-books. If the latter be even partially the cause, 
and can be remedied, it will be quite unnecessary to inquire if 
the former is also operative. In addition to the troublesome 
formula of inverse distances, a difficulty is unnecessarily 
introduced by defining the focal length as the distance between 
two points, generally the principal focus and a focal point, or 
the lens itself if thin, instead of being an abstract length of 
straight line characteristic of the lens or lens-combination. 

To illustrate my meaning, I may point out that the Coeffi- 
cient of Self-Induction of a coiled conductor is expressed as a 
length which is fixed so long as the coil remains unaltered in 
geometrical conditions; but no one would ask between which 
points is this length to be measured. So the focal length of 
a lens-combination is simply an abstract length, and not 
necessarily the distance between two particular points. 

But the Royal Society method of finding the focal length, 
of a lens-system, as carried out at the Kew establishment, is 
based on the definition that the focal length is the distance 
between a focal centre and the principal focus ; and these points 
having been separately found by processes not free from 
objection, the distance between them is indirectly measured 


* Read June 11, 1897. 
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(vude Major Darwin’s paper, ‘Proceedings of the Royal 
Society,’ 1892). 

Various methods have been described in an admirably 
arranged bibliographical review of the subject by Prof. 8. P. 
Thompson. In this paper the author also describes a method 
of his own with an apparatus for carrying it out, but that 
method depends on the same idea that the focal length is a 
distance between two points. The apparatus fixes those points 
and measures the distance between them, And the same may 
be said of all but one of the methods proposed by others, 
described in that paper. 

I have to propose and explain a far more general definition 
of the focal length of any system of Coaxial Lenses, which 
leads naturally to more general methods of determining that 
length than any of those alluded to. 

Now any function of the two distances of object and image 
from their appropriate focal centres and the focal length may 
be employed in conjunction with the usual formula to eliminate 
either of those distances ; and if that function is at the same 
time an easy one to determine experimentally, and if the 
elimination leads to a simple formula for working purposes, a 
considerable gain in convenience and exactitude may be the 
result. Such a function is found in the magnification, which 
I define as the linear relation of Image to Object and which I 
symbolize under the letter m, and take as positive if the image 
is erect and is not inverted with regard to the object. Thus 
in the case of the object and image being at equal distances 
from, and on opposite sides of a thin double-convex lens of 
equal radii of curvature, I should describe the magnification 
as —1. In this notation the negative sign will indicate 
reversal, the numeral the arithmetic magnification. 


x 


A 


Let A be the position of one of a pair of conjugate foci on 
the axis of some coaxial lens-system, and let v be its distance 
from any fixed point on the axis measured positively in the 
direction the light is passing. Let m be the magnification, or 
the linear ratio of an image formed at this point to the object 


producing it. 
02 
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Then it is easily proved that Bs = f aconstant; and this 


d 
constant is in fact the focal length. 
Hence v— y= f.m, 


where vp is the value of » when the magnification is zero, 2. é. 
at the principal focus. 


It follows from the constancy of = that dv and dm need 


not be infinitesimals ; so that if any two positions of A be 
found for a clear image of an object moved in any way along 
the axis, the distance between these positions bears to the 
focal length a ratio which is simply the change in the 
magnification. 
Similarly, if w is the position of the other focus but m 

retains its first signification, 
du 


7 is constant =’, 
Le, 
m 


and 1 
U—UW = f'.—, 
m 


where wy is the value of w when m is infinite. 
Incidentally, 


U—UV—%H =f. f' 


U==UG Re yi a 


wtp ft 
If the end media are alike, f=/', which is the important case 
reeeraaear ia) 
v—v 
o = m*, 
U—Up 


The former of these equations is a common one, but the 
latter is not so well recognized. 

m? may be called the areal magnification. It clearly has 
an importance in the question of photographic exposure. 


Inthe sketch let the straight line represent the axis of a 
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lens-system, and let the points marked off at equal distances 
(/) above the line be numbered in sucha way that the number 
represents the relative size of the Object to the Image, when 
the Object is placed in any one of the points, i. e. for the focus 
of light before incidence, and let the points numbered below 
the line,and also at equal distances (/;), bear a corresponding 
series of numbers representing the relative size of Image and 
Object when the Image is at any one of the points. 

Then any point represented by p on one of these scales is 


conjugate to the point represented by on the other. The 


two principal foci must be marked 0 and the two focal centres 
must be marked 1. 

If the media at the ends are the same, the common distance 
of the integral points will be the same in the two scales. 
This condition, as being the common one, I shall assume to 
exist unless the reverse is especially stated. 

The common distance between any two consecutive integral 
points is the focal length ; and this is one important charac- 

eristic of the system. Another characteristic is the aberration 

of the integral points of one scale from those of the other. A 
third is the order in which the numbers of the scales run 
with reference to the direction of the light. 

It appears to me that two systems to deserve being called 
equivalent one to the other should have coincidence in all 
these three respects. If the top series has reference to light 
before encounter with the system, and light is supposed to 
come from right to left, then for a convex arrangement the 
upper series of numbers increases in the same direction, ?. e. 
from right to left, and the lower series in the reverse direction ; 
but for a concave arrangement these rules are reversed. 

It will be found that one of these diagrams will not be mis- 
interpreted by turning it upside down. 

Hence in any combination it is necessary to find :— 

(1) The focal length. 
(2) Some point of known numerical denomination on 


one scale. 
(3) Ditto for the other scale, 


With these three determinations all the facts connected 
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with image-formation as regards position and size may be 
determined for any position of the object, and vice versa. 

The optical bank with which the focal length is determined 
contains various sliding-pieces in a mahogany groove. Two of 
them carry pieces for the support of the cells containing the 
lens-combination, and two carry frames in which can be placed 
photographs on lantern-plate glasses of evenly-divided scales, 

These photographs, being printed off the same negative, 
are exactly alike, and in use are turned with the film-side 
inwards towards the lenses. 

If these photographs are made to occupy the positions of 
object and image, a comparison of the divisions actually on 
the plate examined with those of the image of the other scale 
received upon it will readily give the magnification. 

Groups of exactly ten divisions, at ten divisions’ interval, 
are also indicated by dark bars for the convenience of reading. 
An anatomical magnifier standing behind the scale serves to 
adjust to coincidence the planes of the actual and the image- 
scale with great accuracy ; and it is also obvious that for any 
one position of the sliding-pieces the magnifier may be applied 
at both ends successively, each observation being thus checked 
by another. 

To measure the movement of any sliding-piece a brass ruler 
is screwed to it at right angles to the motion; a slip of tele- 
graph exchange-paper is fixed by drawing-pins to cork pieces 
at either end of the bank and the rulers pass immediately over 
this slip, so that lines can be drawn on the paper by a drawing- 
pen or pencil at any position, and the range of motion accu- 
rately measured. 

To employ the instrument for convex lens-combinations, 
such as photographic lenses and projectors, several methods can 
be adopted. The one scale and the combination being fixed, 
search may be made for the image, which is adjusted accurately 
to the other scale, and a mark made on the paper at the edge 
at the corresponding ruler, and the magnification determined 
and checked, if necessary, at the other end. 

The first scale may be then moved any distance, and the new 
position of the image found and adjusted as before by moving 
the second scale. A new mark is made, and the new magnifi- 
cation found and checked. 
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If mand n are the two magnifications and / the distance 
between the marks, 


l 


m—nN 


== fi, 


Or the two scales may remain fixed and the combination may 
be moved until accurate adjustment is obtained in the two 
possible positions ; the distance between those two positions 
being obtained by marks made on the paper along the edge 
of the ruler attached to the combination. 

In this case the magnification which is the inverse in one 
of the positions to what it is in the other may be ascertained 


: : l 
by four readings. Then obviously n =< UNC = mas 
= Hs a very convenient fo mm 
= - ; : . ont 

m+1-m—1 y 


The slips of paper employed may be rolled up and stored, so 
that reference can be made to them should occasion require it. 

The operation of finding the focal length of a concave lens 
or combination is less important perhaps, but the following 
general proposition may be of interest, and within limits may 
be made applicable to any case. 

Suppose it possible to change the position of a portion of a 
combination, so as to recover as in the last operation the same 
pair of conjugate foci of that part of the combination. Tuen 
clearly the focussing of the whole combination will be restored 
to the same conjugate foci as before, though the magnification 
will be changed. 

Let m be the factor of the total magnification due to the * 
moving portion, and let M be the total magnification : in the 
first position M may be read off. i 

In the second position m changes to >; and M changes to 


N, say, which may also be determined. 
If K be the magnification-factor due to the stationary 
portion of the combination, 


Km = M, LN 


ne 


from which m and K can both be determined, viz. 


mn? =, K? = MN. 
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Hence the focal length of the moving part is 


lm l1/MN 
or 


m?—1 M—N- 


7yPE OF A Convex SrsTem 


<_$_«« Dizection Sf Light. 


Note.—In all these diagrams light is supposed to come in from the right 
hand; the upper scale applies to the focus for the light before it 
encounters the system, the under scale to the focus for the light 
which has emerged from the system. The diagrams hold good if the 
sheet is turned upside down, Any erecting system of lenses applied 
to a given combination changes the character of the latter from 


concave to convex and wice versa, 


I have dealt with the finding of focal lengths before showing 
how any particular focus may be found, with a view of accen- 
tuating how completely independent the two matters are; but 
it is clear that if any position of a pair of conjugate foci is 
taken and the magnification is measured, one has only to 
measure the distance of the scales from some fixed planes of 
the lens-system (say the edges of the brass cells) in order to 
allocate not merely the points for the particular magnification, 
but for all magnifications both above and below the line, 
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Sach measurements could easily be made by a sliding rule, 
accurately to the tenth part of a millimetre; but as the end 
of the rule would of necessity abut against the photographic 
film, repeated measurements would be prejudicial to the latter. 
However, if the negative from which the scales are made is 
preserved, such scales can be easily and cheaply reproduced. 
A very accurate way of fixing the principal foci is to place 
the combination at rest vertically on a plane mirror. Imme- 
diately above it hold a sharply-cut point of stiff white paper 
in a universal holder and adjust its position in the vertical 
line until its image formed by light passed twice through 
the lens-system coincides with itself. This adjustment may 
be most accurately made by a short focal-length hand-lens. 


Discussion. 


Dr. S. P. THompson said the paper was the most im- 
portant contribution to geometrical optics that had appeared 
for many years. The introduction of the magnification 
function was a most useful device, leading to exceedingly 
simple results. The important thing to measure was not so 
much the focal length as the reciprocal of that quantity. 

Dr. CurexE pointed out that in employing the Kew method 
it was not of great importance that the axis round which the 
lens-system is moved should pass through the nodal point. 
A small error in this adjustment imported none into the 
final result. He wished to refer to Hondaille’s book on 
Lens Testing. A magnification method is given in that 
work. 

Mr. BLaKESsLey, in replying, called attention to the use 
of his strip diagrams of magnification, for enlarging purposes 
in photography. When the magnification diagram was 
known, the focussing-cloth might be dispensed with. 
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XVI. Note on Mr. Blakesley’s paper, “A new Definition of 
Focal Length, §c”’ By Prof. A. Gray*. 


I wave read Mr. Blakesley’s paper on “A new Definition 
of Focal Length, &c.,” with much interest. It is true, 
as Mr. Blakesley states, that the treatment of lenses and 
combinations of lenses in ordinary text-books is frequently 
faulty, and that much advantage would be gained by a con- 
sideration of the question from other points of view than that 
generally adopted in treatises on geometrical optics. Some- 
thing of this kind has been achieved by the admirable series 
of papers on points in physical optics which have appeared 
from time to time, during the last fifteen years, from the pen 
of Lord Rayleigh, and the lucid and elementary discussion of 
the propagation of waves through lenses, and their reflexion 
from mirrors, published by Dr. 8. P. Thompson, in Oct. 1889. 

I think further clearness in the presentment of the action 
of lens systems in important cases would be obtained if more 
use were made of the notion of the apparent distance of an 
object seen through a system of lenses. This idea, which 


is at least as old as Smith’s ‘Compleat System of Opticks ’ 


(Camb. 1738), seems to have been strangely neglected until 
attention was called to it again by Lord Rayleigh in the 
Phil. Mag. for June 1886. Yet the formula for the apparent 
distance of an object situated on or near the common axis of 
a system of lenses, and viewed along that line, yields at once 
from its mere form many most valuable theorems : for example, 
that the interchange of position of the image and object, 
without change of position of the lens-system, does not affect 
the magnification ; that the magnification of an object, seen 
through such a lens-system, is equal to the ratio of the real 
distance of the object from the object-glass to the apparent 
distance of the object from the eye, or the ratio of the breadth 
of the pencil at the object-glass to the breadth of the pencil 
at the eye. 

In this mode of discussion attention is,as in Mr. Blakesley’s 


* Read June 11, 1897, 
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paper, focussed on the magnification produced by the lens- 
system. Hence the method of determining the focal length of 
a combination by comparisons of the magnifications for (1) 
two positions of the object at a measured distance apart, or for 
(2) two positions of the image at a measured distance apart. 
lf J denote the distance in either case, m,n the magnifica- 


Sin (1), and in the 
m—n m—n 


tions, the focal length is / 


other; or if, as Mr. Blakesley suggests, the two possible 
positions of the combination for fixed positions of the object 
and image be taken, and / be the distance through which the 
combination is moved, the focal length is PS : 

But this method of determining focal lengths has already 
been used for several years by Abbe for his optical com- 
binations, and apparatus for the purpose is to be found 
described by 8. Czapski (Zeitschrift fir Instrumentenkunde, 
vol. xii. 1892). A discussion of the method and some account 
of the apparatus will be found in the very valuable treatise on. 
“ Optik,” by Czapski, lately published as part of the Handbuch 
der Physik, just completed under the editorship of Dr. A. 
Winkelmann (see vol. ii. pp. 289, 290, e¢ seq.). 

Though the experimental method of Mr. Blakesley’s paper 
has thus been in the main auticipated, his paper is valuable as 
a fresh and instructive view of the subject, and as directing 
attention to methods of focometry as yet apparently not very 
generally known. 

Bangor, June 17, 1897 
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XVII. The Effect of a Spherical Conducting Shell on the 
Induction at a Point in the Dielectric outside due to an 
Alternating Current in a Circular Circuit in the Dielectric 
inside, the Axis of the Conductor passing through the Centre 
of the Shell. By C. S. Wurrennap, M.A.* 


(1) Iv is weil known that if there be an alternating current 
in a primary circuit sounds will be heard in a telephone in 
a secondary circuit, even if the latter be at a considerable 
distance from the former. If the sounds are preconcerted, 
signals may be, and in fact have been, transmitted in this 
manner on land through distances of four or five miles. 

It has been suggested that the same plan could be employed 
to communicate with lightships. The primary is laid on the 
sea-bottom round the area over which the lightship swings, 
the ends of the cable being brought to land; the secondary 
is coiled round the lightship. I have been informed by 
Mr. 8. Evershed that successful experiments were carried out 
by these means last summer in Dover harbour, the depth of 
the sea being about 1000 centims. To be able to judge 
whether a similar experiment will succeed in a greater depth of 
water, we must calculate the induction through the secondary 
circuit; sea-water being a conductor the investigation is 
somewhat complex, the final result, however, comes out in a 
simple form. 

(2) The two following cases are considered :— 


Case I. 

A circular circuit carrying an alternating current is placed 
in the dielectric inside a spherical conducting shell, the axis 
of the circuit passing through the centre of the shell: to find 
the normal magnetic induction at any point in the dielectric 
outside the shell. 

Case II. 

The circular circuit is placed on one side of an infinite 

conducting plate, the plane of the circuit being parallel to 


* Read June 11, 1897. 
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the plate: to find the normal magnetic induction at any point 
on the other side of the plate. 
In both cases the following result is arrived at :— 


where vp is the maximum value of the normal magnetic 
induction at any point outside, wu the maximum value of the 
normal magnetic induction due to the current in the primary, 
supposing the conducting shell or plate absent, at the same 
point, 7 is the thickness of the shell or plate, 


Qar pup \* 
Seek 
w is the permeability of the conducting shell or plate, o its 
specific resistance, y= 27 times the frequency. 
Let the frequency be 300, which makes p=1885; o for 
sea-water =2.10*° C.G.S. units, »=1. 
If 7=2000 centims., which is about the depth of the sea 
by the North Sand Head Lightship off the Goodwin Sands, then 


<2 ='21, and 79 per cent. is lost. 
0 
Ee 7=1000, p=1885, 
= ='46, and 54 per cent. is lost. 
0 


The above value of o is from experiments on a sample of 
sea-water from the North Sea made by Mr. S. Evershed. 


(3) Case I. 


Take © the centre of the shell for origin, and axis of the 
circuit for axis of z. 

Let D be the centre of the circuit, © any point in it. 

OA=external radius of the shell=a. 

OB=internal radius of the shell=0. 

OC=c; Z DOC=z«. 

a—b=n. 

Let P, Q, R be the components of the electromotive in- 
tensity parallel to the axes of 2, y, 2 respectively, o the 
specific resistance of the shell, the permeability of the shell, 
p’ that of the dielectric, K' the specific inductive capacity of 
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the dielectric, 7, 0, & the polar coordinates of any point, 
@ being the colatitude, ¢ the longitude. 


Let the current in the circuit be represented by the real 
part of ye", p=2m x frequency, o=(—1)4. 

By symmetry the induced currents in the shell will flow 
in circles parallel to the plane of the circuit. 

Let ® be the electromotive intensity tangential to one of 


these circles; 

“ P=—sing.®, Q=cosd.%, R=0.. ..., (1) 
® is by symmetry independent of ¢. 

Now P satisfies the equation 


4 : 
y P= = in the conductor, 
and 
Ud ; : 
Web w qe iB the dielectric. 
Assume 


P varies as e'?*, 
and let 


; Arup 
w= — ae 
N= plKlp?, 
VPP SO ae eee ee Lagi 


in the dielectric we must write X! for 2. 
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Q and R satisfy equations of the same form. 
Assume 


Q=¥,0)(2 £0 7 om &. Sj cates) 


; d 
— es upt 
R=y,(Ar) f +e eR 


ae dR 
dy ae 


! 
J 


=(), as should be the 


These equations make < a Bee 
case. 
%» is an arbitrary solid spherical harmonic of degree n. 
Substituting in (2) we find 


TG Leia hone PR ame 


dr? r dr 
Since R=0, the last equation of (3) gives 
dyXn 
db ==((}, 


*. from the first of (8). 
P=-sin gd. ¥,(A7) ae eee 


‘ B= y,(7) Moot, as «ee 


Let w=magnetic induction tangential to a meridian, 

v=magnetic induction aloae a radius. 

Then from the theorem that the line integral of the electro- 
motive intensity round a circuit is equal to the rate of decrease 
of the magnetic induction through the circuit, we obtain 

dw 1 d(®r) 
dtr dr’ 

dv _1_ d(@sin@) 
dt ~ rsin@ dg ae 


But ® varies as e?, 


i 1 d(Pr) 
. o=— — — ; 
“pr dr 
1 1 d(@sin8@) ~ 
v= —— a. 


pr sin @ dé 
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AXn 
dd 


d 2 AxXn 1 d (si dX n 
ra i) + and Geet ae a3) = 2 


. from (5) 


Since =0, y,, satisfies 


= 1 P f . x upt 
o= ie a ae Gee 


But ae 


and = ‘ rbn(Ar) Xn } 


ee ee ine +n, (rAr ) bs 
Bo 


where fe ae. +nn(rr), . (6) 


1 AXn e t ) 
pr ete dd © ; 


ee on 
— Ne ale) yet | 


Again, yu! K’ is very small (it is of the order 10-*), hence, 


unless p is very large, we may neglect 2X’. Hence in the 
dielectric 


v'P=0, 


we may therefore assume 
d 
P=(y5 25  )Xtert 
ds & 4 
where X» is an arbitrary solid spherical harmonic, so that in 


the dielectric we must put y,,(d/ r)=1, and, consequently, 
a(Nr) =n +1. 
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Therefore in the dielectric 
n(n+1 
(nt x, | 


tpr > 
i ee 


aa eet | 


ur dO 


The inducing system is in the dielectric inside the shell. 
Hence in the dielectric inside the shell 


ee (X,+ Xai) oe" | 
E os (9) 
Se rat 4 1) i : bx \ vt f ; : 
—— (n ——7e dO J 


In the dielectric outside the shell 


_ n(n+) (ieee eve | 
tpr 
ee Pi ee 
eile C ==) apt ; 
upr = dO J 


where Z_n-1 is an arbitrary solid spherical harmonic of 
degree —n—1. 
In the conducting shell 


= nie 1) Prl(Ar)x,, eet | 
ee = eed eye (11) 

Ss EES A pt | 

Pad do” J 


The boundary conditions are (1) that the normal magnetic 
induction, (2) that the tangential magnetic force is to be 


@ 
continuous. The tangential magnetic force ai in the con- 
ductor, and =o in the dielectric. 


“2 rn IN Oo. ). aren 
nlrb) x a (12) 
yn (Aa) Xn= Zn 
f AY n aXn dee a) 
Pn(db) — a = (nt+1) do —n Te 1 
> (13) 
iL d n OLi ns 
OO "a J 
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From these equations we obtain 


Xn+X na _ Wr ypal(rb) 


y faa ¥ Gh n(Aa) 
(m4 I)Xa—nX na _ UipalQb) 
—nL_n_1 GO Na)? 


w. be{(n +1) ba(Aa) rn (AD) + 2Gn (Ab) Wr, (Aa)$ Ze n-1 
= a"(2n+1)ba(da)ya(ha) Xn - 


Let Xa-and Ab be so large that = = may be neglected 


nb 
vr, (Ar) satisfies 


bn Es 2(n+1) dy 


n 2. = 
dr? , dr TR Nn =O 
Assume 
Ce 
Vu= prt U, 
and let + m’?=0, 
wae du n(nt+i1) _ 
o. ape a eo ©) Poe 
Let 


Substituting, we find in the usual manner, 


< n(n+-1) (n—1)n(n+1) (n+2) 
ae Zmr ai 1.2. (2mr)? i 
where 
M= -- tA. 


Hence, when = is small, 


Wn (Ar) = pet or peti * 


(14) 
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Substituting in (14) 
(2n +1) be 
Le NE 
(n+l)at nb ~ 
=e Xe ey (15) 


if both a and 6 be large compared with their difference 


Let © denote the solid angle subtended by the circuit at 
any point ; 


V the potential due to the circuit ; 
U the normal magnetic force. 


OQ = 27 sin’ rae (ey Pa) rae), 
ifr>c. P,, is the nth zonal harmonic. 
V=yer'Q, 
dV 
Wiss a ae ? 
Laie Sk BONER : 
= 2mry sin? ae" = ( *) PGP a Oo desea sae 
1 


Now in the dielectric inside the shell, 


ia isla) (X,+ xe we, 


up) 
SEL og 1=27y sin’ af ee, (a)Pn(8), 
'Y} 
iene Qary sin’a ip 


Beate NOT Pi(a)P,(6), . » (EB) 
*, from (15) 


Qay sin? wipe \"* 1, 
YW ees tN : n 7 an te 18 
Beers ata pay ce) ea eal: alle 


But in the dielectric outside the shell 


nintly evpt 
upr 
at n4+1 
v=e-"Qary sin? ae'P! ‘ (:) Pi (a) P,,(@). 
N , Atrpmy 
4 Ma = (1-070, 


pP2 
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where 
aes aT Ep ‘ 
oO 


q 
*, real part of e~4"¢"t= real part of e-a e@'—™ 


=e cos (pt—gn), 
1B CRN hat 
*, v=e-M ary sin? a-(<) P/(a)Px(0) cos (pt—qn). . (19) 


Let vp be the maximum value of v, U, that of U ; 
.. from (16) and (19) 
v, ot oh ele ee ey 
The method employed in this investigation is taken from a 
paper by Professor H. Lamb, Phil. Trans. Part ii. 1883. 


(4) Casu IL. 


The result for this case may be deduced from the preceding 
by using a particular case of a transformation due to Professor 
C. Niven (Phil. Trans. Part ii. 1883). 

He shows that if P, denote a zonal harmonic of the nth 


degree, s=sin 6, n=ha, sal; then when n and a become 


infinite, & and p remaining finite, 


Pu=Jo(kp); 
Oe 
=o 


J,» and J, being Bessel functions. 

To find the value of 0 in terms of Bessel’s functions. Let 
P be any point, draw PM perpendicular to the axis of z. 

Let CD, the radius of the circuit, =f, 
PM=p, ZPOM=0, ZCOD=a, OC=c, DM=z, OP=r. 


: ro) 1 Cc n-|-1 
Q=27 sinta 35 (;,) PJ(@) .Ps(@), r>e 


Let n=kr=hye, 


y 


sin 0=? > Sass 
7" eS 
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Let n, 7, ¢ become infinite, k, p, f remaining finite ; 
*. ultimately =k, 


P, (8) =Jo(kp), Pia)= LW), 


c=OD=OM—DM 


=r—z ultimately ; 


es . y = (1- = ie =e-*in the limit. 


12) 


The successive values of n are 1, 2,3...; let k+dk be the 
successive values of k ; 


* ntl=(k+dk)r ; 
oe, rake ; 


pape “= De dhe 
n+1\r n+1 


5. Gaui { pt kp) Ja(hf dk. 


This result can also be deduced from the equation 


CO. dao. 


ae) 
dy y dr dz A 
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remembering that 
when z=0, 0. =2¢ from r=0 to r=a. 


O=0 from r=a to r=0 
We thus find 


v=2rye—"f cos (pt — mf ke” Jo (kp) J, (kf )dk, 
0 


U=2rryf cos rf ke“ Jy (kp) Ji (kf) dk ; 


as before. 
APPENDIX. 


It may be useful to add the proof of the transformation 
used in Case IT. 


If ~=cos 6, 
Px satisfies 
or dPn 
(1—p?) —— We iF a(t 1) Par Os ie meena 
Let S==sin' OG; 


(1) transforms into 


TP a T—2% = n 


so ee s 


(1—s?) +n(n+1)Pr=0. 


Assuming 
Pr=ay +048 + ays? +... 


we find in the usual manner 


22-442 
Rut P,=1 when s=0; 


Pena, {1 MAD ay (PIANO Bg 


Let n=ka 


and let n and a become infinite, k and p remaining finite. 


nig 3) . Ce ER 
2 2? 
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ultimately 

(n—2)n(n +1) (n +3) we kp 

OB Ae came BAe 
&e. = &e. 

*. ultimately 

= kp kot }896 

Sa etn. 2 Ba SON ik 

=J (kp) 

Again 
e+ w=; 


*, sds= —pdp, 


ital eter ae 
a a 
ga? =— pap. 

a a’ 
pear # a AJ (kp) 
oe el, emp ep 

hae 
= ar (kp) 
DISCUSSION. 


Mr. Eversuep referred to some experiments of his own, 
from which he concluded that the author’s formula gave too 
low an estimate of the attenuation; the discrepancy indicated 
that some term had been neglected. 

Mr. Yuur doubted whether the equations given by the 
author were quite applicable to sea-water. There was need, 
apparently, of a term involving the polarisation of the 
medium. 

Mr. HeavistpE communicated a criticism of the paper. 
It was not necessiry to investigate the problem for any 
particular form of circuit from which the waves proceed. 
The attenuating factor for plane waves, due to Maxwell. 
was sufficient. Taking the best-known value for the con- 
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ductivity of sea-water, there was no reason why the 
conductivity should interfere with signalling. A con- 
siderably greater conductivity must be proved for sea-water 
before it could be accepted that the failure of experiments 
on telegraphic communication with light-ships from the 
sea-bottom was due to that factor. It was unlikely theo- 
retically, and Mr. Stevenson had contradicted it from a 
practical standpoint. For some reason, the account of the 
light-ship experiments had not been published, so that there 
was no means of finding the real cause of failure. 


XVIII. On the Decomposition of Silver Salts by Pressure. 


(__-By J. Hi. Myurs, M.S8e., Ph.D., late 1851 Exhibition Science 


Scholar, and F. Braun, Ph.D., Professor of Physics in the 
University of Strassburg i.E* 


As was demonstrated by Carey Leat some years ago, silver 
salts and others may be decomposed by the application 
of pressure. By pounding a portion of the salt in a mortar 
one may readily effect decomposition. 

A convincing proof is obtained by compressing a halogen 
salt of silver in the absence of sunlight and then subjecting 
the compressed mass to the developing and fixing processes of 
photography. A black residue of finely divided silver is the 
result. Exposure of the salt to sunlight, before compression, 
makes of course this test useless: the difficulty may be over- 
come by employing a mixture of AgNO; and KR (R=Cl, 
Br, or I) in the first instance. 

The decomposition is most marked in the case of bromide 
of silver. 

Two different metals immersed in liquid bromine constitute 
a galvanic element{. The couple Ag, Br, Pt has an E.M.F. 
of about 0°95 volt. It appeared therefore of interest to 


* Read June 11, 1897, 

+ Phil. Mag. xxxi. p. 323 (1891) ; Xxxiy. p. 46 (1892) ; xxxvi. p. 351. 
(1893); xxxvii. pp. 31 and 470 (1894), 

{ F, Braun, Wied. Ann. xvii. p. 610 (1862). 
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determine the E.M.F. developed when AgBr is compressed 
between electrodes of platinum and silver. 

The salt was contained in a so-called diamond mortar, 
which was placed under a press and subjected to a pressure 
of 3000-5000 atmospheres. The apparatus did not admit of 
a direct measurement of pressure, but for purposes of com- 
parison, by using the same quantity of salt and turning the 
lever to the same position the same pressure (approximately) 
could be applied. The pestle was insulated from the mortar 
by means of a thin sheet of mica bent into a cylindrical 
form. A piece of platinum foil beneath the salt, and a short 
cylinder of silver immediately beneath the pestle, formed the 
electrodes, which were connected to the quadrants of an 
electrometer. 

The following serves to give a general idea of the run of an 
experiment :— : 

(One Daniell element gave a deflexion of 182°1 scale- 
divisions.) 


Ag Br. Scale-divisions. 
On applying pressure, immediate deflexion. . . 12 
BItOre 2 MANULCS o. 0 sme 220 
Nestor ee ie enc 
aml) as RE ghlis ey 
ee bee ere 0 


ho ds oats By nse AL 
=i sl Pao Sr 


OR A eens 32 
gee) a ae Hay! 
Deeewrowenovedss fo. os = se. Or” 


after which the deflexion rapidly sank to zero. 

Thus the maximum H.M.F generated was about 0:07 
Daniell. The direction of current was from Ag to Pt through 
the compressed substance. 

A higher applied pressure produced an E.M.F. of 0:09 
Daniell. 

The silver bromide was prepared from pure AgNO; by 
precipitation with pure KBr. Before each experiment the 
salt was carefully dried by heating for two hours or more at 
a temperature of 150°C., and then allowed to cool in a 


202 PROF. FLEMING ON A METHOD OF DETERMINING 


desiccator. Pure AgNO; showed no appreciable £.M.F. on 

compression, neither did KBr: a mixture of the two in 

equivalent quantities compressed between electrodes of Pt 

and Ag had an H.M.F. of 0°08 Daniell. 
With AgCl and AgI the E.M.F.’s were smaller. 


Ag, AgCl, Pt = 0:03 Daniell. 
Ag, Agl, Pt = 004 


> 


In both cases a marked darkening in colour was noticeable. 
Somewhat remarkable is the fact that under high pressure 
AgBr becomes gradually transparent even when 3-4 millim. 
thick. At the same time the electrical resistance increases 
considerably. For instance, in one case the resistance 
increased gradually from 3°65 .108 ohms to 14:62. 103 ohms 
(measured with alternating current and telephone’ in the 
course of 48 hours, pressure being continuously applied. 


Strassburg, Physik. Institut, 


XIX. A Method of determining Magnetic Hysteresis loss in 
/ Straight Iron Strips. By J. A. Fiemrya, MAS Discs 
f FRS., Professor of Electrical Engineering in University 


be College, London*. 
2 ee [Plate VIL] 


‘Tue exact determination of the magnetic hysteresis loss 
in sheet iron as used for alternating current transformer 
construction has become of commercial importance of late 
years. Owing to the obvious necessity for reducing the core 
loss in transformers to the lowest attainable limit, it is now the 
custom to carefully test the iron to be used and to express 
the determined hysteresis loss in the iron sheet, in watts per 
pound per 100 frequency, at a maximum induction during 
the cycle of 2500 C.G.S. units. Two processes are in 
ordinary use for effecting this measurement, The most 


* Read June 11, 1897. 
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accurate but most tedious is by the employment of a ballistic 
galvanometer and the graphical delineation of a number of 
(B, H,) cycles. This method has the advantage that it can 
be conducted with either small or large samples of iron, 
but the reduction of the observations to give the required 
hysteresis loss is very tedious ; and including the construction 
of the necessary ring-coil, the actual observations, and the 
reductions, a single determination of the hysteresis value of 
an iron can hardly be carried out, even by a couple of 
industrious workers, in less than a day. 

The method employed by Professor Ewing and Mr, F. 
Holden of rotating a laminated specimen of the iron in a 
magnetic field, or rotating a field round the specimen and 
comparing the torque produced on the field-magnet or on 
the specimen with that produced by a similar sample of iron 
of known hysteretic value or else measuring it by a calibrated 
torsion spring, is very much more rapid. This last method 
is, however, open to the great objection that if used merely 
to compare a sample of iron with a standard sample, the user 
of the instrument is at the mercy of his instrument-maker. 
He receives with itone or more samples of iron which he is told 
have certain hysteretic values, but he cannot check the truth 
of the statement. Moreover, if he happens mechanically to 
injure the standard samples he may seriously change their 
hysteresis constant. The writer therefore sought for a 
method which should combine the advantages of both the 
above processes whilst eliminating their disadvantages, and 
which should be an absolute method, like the ballistic method, 
but at the same time a rapid method like the rotating-field 
method. 

The following paper contains a description of a process 
which is based upon the use of the bifilar reflecting wattmeter 
and operates upon samples of iron, large or small, in the 
form of straight strips which are simply slipped into a long 
magnetizing coil. All the actual practical work and the 
numerous calculations involved in putting this process to test 
have been conducted under the author’s direction by Mr, A. 
R. Peart and Mr. W. M. Park working in the Electrical 
Laboratory of University College, London ; and to these 
gentlemen belongs the full credit for all this portion of the 
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research as well as for the labour required in much tedious 
numerical and graphical work, 

The method is based upon an interesting discovery with 
regard to the distribution of the induction in a bundle of 
straight iron strips or iron or steel wires, when placed in a 
uniform magnetic field. 

If a long, straight, magnetizing coil is prepared by winding 
insulated wire upon a paper or vulcanized fibre tube, and if 
the length of the solenoid is, say, ten times its mean diameter, 
then for a distance equal to at least three-quarters of the total 
length of the coil we have a practically uniform magnetic 
field in the interior of the bobbin, when a constant current is 
sent through the wire. If into this uniform magnetic field a 
bar of iron or straight bundle of iron strips or iron wire is 
introduced, the length of the iron being not greater than the 
uniform portion of the interior field of the coil when the iron 
is not there, this iron has magnetic induction created in it 
which varies in density from point to point in the bar, but is 
symmetrical in value about the central point of the bar. 

The induction density (B) is greatest in the centre of the 
bar but falls off towards each end. If the magnetizing coil is 
traversed by an alternating current, and if the iron is 
laminated, the maximum value of the induction density in 
the bar can be easily determined at any point in its length by 
placing upon the bar a flat bobbin of fine insulated wire which 
is connected with an electrostatic voltmeter capable of reading 
from 1 to 20 volts (see diagram). The first portion of this 
investigation was concerned with the study of the mode in 
which this induction density varies from point to point in the 
length of a bundle of iron strips or iron wire or steel rods of 
various lengths and diameters, thus placed in the centre of a 
long magnetizing solenoid. 

A magnetizing coil was prepared, wound on a paper tube, 
5‘7 centimetres in internal diameter and 99 centimetres long. 
On this tube was wound, in three layers, a coil of 1235 turns 
of cotton-covered copper wire, ‘064 inch diameter or of 
No. 16 size S.W.G. The resistance of this coil was 
1-069 ohms at 15° C. 

The number of turns per centimetre length of this coil was 
12:47, Hence since the interior central field is 47/10 times 
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the ampere turns per unit of length of the coil, we have thus 
the value of the field H in the central regions of the interior 
of this bobbin given by the equation 


H=15-66 A, 


where A is the ampere current through the coil. 
The secondary or exploring coil consisted of a flat bobbin 
wound up of silk-covered copper wire ‘0024 inch in diameter 
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C. Magnetizing coil. I, Tron strips. vy. Exploring coil. 
V. Electrostatic voltmeter. W. Wattmeter. D. Dynamometer. 

Rh, Rheostat. A. Alternator, 


and having 2000 turns ; the thickness or length of the bobbin 
being 0:7 centimetre and the external diameter about 
4:5 centimetres. 

The exploring coil was wound on a circular ebonite former 
having a rectangular hole in it so as to closely fit the bundle 
of iron strips to be used, but at the same time it could be slid 
along the bundle. 

The voltmeter used with it was one of Professor Ayrton’s 
low-reading electrostatic instruments of the idiostatic type 
and read from 1 to 25 volts, the reading being taken by a 
mirror and scale. The voltmeter was calibrated when 
required by means of standard cells or a potentiometer. 
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The first experiments were conducted with strips of trans- 
former iron, kindly furnished to us by Messrs. Sankey. 
This sheet iron was ‘0121 of an inch or ‘0307 of a centimetre 
in thickness and the strips were each one inch or 2°54 centi- 
metres wide. The strips used were of various lengths : 
60 centimetres, 30 centimetres, 15 centimetres, down to 
5 centimetres. A bundle I (see diagram) of a certain number 
of strips was made and the secondary coil v slipped on to it. 
The magnetizing coil C was then traversed by an alternating 
current having a frequency of 80 ~, and the R.M.S. (root 
mean square) value of the current was read by a dynamometer 
D or Kelvin balance. 

The electrostatic voltmeter V being connected to the ends of 
the secondary coil gave the R.M.S. value of the induced 
electromotive force set up in the exploring coil. The form 
of the curve of the primary current was very nearly a true 
sine curve, and the variation of induction density in the iron 
at any point closely followed the same law. 

In any case, if f is the form factor * of the secondary 
voltage curve, which in these experiments was 1°13, and if 


N=the number of windings in the secondary coil, 

S=the total cross-section of the iron, 

B=the maximum value of the induction density in the 
iron in C.G.S, units at that point in its length at 
which the secondary coil is placed, and 

n=the frequency of the induction cycle ; then if ¢ is the 
R.M.S. value of the secondary electromotive force 
in volts as measured by the voltmeter, we have 
always 

10%e, = 4f/NSBn. 
Hence the maximum value of the induction density B can 
be calculated from the known value of all the other quantities. 
In this manner a large number of measurements of the 
value of the induction density B were made at different points 
in the lengths of various bundles of iron strips of diferent 
lengths and total cross-sections. 


* See ‘The Alternate Current Tiaasformer,’ Fleming, vel. i., new. ed., 
p- 588, for a reference {o this term. 
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These values were then laid down in a series of induction 
density curves so drawn that the ordinates represented the 
maximum value of the induction density in the bar at dif- 
ferent transverse sections along the half-length of the bar, 
taken as corresponding abscisse. 

It has been shown by Steinmetz and fully confirmed by 
others that for most varieties of iron used for electrotechnical 
purposes the hysteresis loss in the iron, per cycle of induction, 
per cubic centimetre varies as a power of the maximum value 
of the induction density, which is very nearly 1:6, when that 
maximum value of the induction density has any value below 
about 9000 C.G.S. units. Hence if the ordinates of the 
above-mentioned induction curves are all raised to the 1°6th 
power and a new curve plotted showing the variation of 
B'® along the half-length of the bar, we have another curve 
which represents the variation of the hysteresis loss per unit 
of volume along the half-length of the bar from point to 
point. A large series of such curves showing the variation 
of B and Bt were drawn for bundles of iron strips and steel 
of different lengths and sections, and the results are collected 
and represented in the form of curves in the diagrams in 
Plate VII. 

The upper curves in each case in the figs. 1, 2, and 3 in 
Plate VIL. represent the variation of B along the half-length 
of the bar, and the lower curves the corresponding curves 
for the variation of B'’. The first pair of diagrams represent 
the result of varying the maximum induction density in the 
centre of a bundle of strips of iron of the same length and 
section. 

The second pair of diagrams give the curves showing the 
same results for bundles of iron strips of varying lengths but 
the same section. 

The third pair for various samples of iron strips of the same 
length but different section. 

It is clear from these diagrams therefore that such a bar or 
bundle of iron strips placed in an originally uniform magnetic 
field has a non-uniform induction density produced in it at its 
various points, which is symmetrical about the centre ; and a 
non-uniform hysteresis loss per unit of volume also symmetrical 
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about the centre. The maximum values of each being at the 
centre of the bar. 

If we take the true mean value of the varying distributed 
hysteresis loss per unit of volume, it is obvious that at some 
point in the half-length of the bar there must exist an actual 
induction density B, such that the true mean hysteresis loss 
in the whole bar is proportional to B,'6. Let this value of 
the induction density be called the effective value, and the 
point in the bar at which it occurs the effective point. Then 
the effective value B; must be equal to the 16th root of the 
mean of the 1‘6th powers of the actual induction densities 
taken at equidistant points all along the bar, or 


i digs . Bis 


where m.B*®% stands for the mean ordinate of the curve 
representing the varying values of B® all along the half- 
length of the bar. j 

If then this effective value B, of the induction density is 
calculated for each of the samples of iron strip used, and the 
position at which the actual induction has this effective value 
is marked off on the half-length of the bar (this position is 
represented by the cross on the curves given in Plate VII.), we 
have noticed the remarkable fact that whatever the length or 
section of the iron strip may be, the point in the bar at which the 
actual induction density has a value equal to the effective value, 
always comes at the same proportional distance from the centre 
of the bur ; and this distance is very nearly equal to ‘56 of the 
half-length of the bar from the centre or at ‘22 of the whole 
length of the bar from one end. 

The following Table I. embodies all the results taken with 
bundles of annealed transformer iron strip (Sankey’s) of very 
different lengths and sections, and Table II. similar observa- 
tions on rods of steel and hard iron; and it will be seen that 
the effective induction in the case of the iron strip is always 
found at a point in the bar or bundle which is very nearly 
0°56 of the half-length of the bar from the centre. If 
therefore the secondary coil is placed at that spot and the 
secondary voltage then observed used to calculate the-in- 
duction density, the value so obtained is that which corre- 
sponds to the true mean value of the varying hysteresis loss 
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per unit of volume all along the bar. In other words, if we 
suppose the bar magnetized by an alternating current uni- 
formly and with a maximum induction density everywhere 
equal to that which it actually has under normal conditions 
at 0°56 of the half-length of the bar from the centre ; then 
the hysteresis loss in such a bar would be equal to that found 
in the bar as it is. In all cases where induction density values 
are given, these are to be understood as being the maximum 
values during the cycle unless otherwise stated. The frequency 
of alternations used was 80. 

We have therefore in this useful fact regarding the distri- 
bution of induction in iron strips in a uniform magnetic field, 
the foundation of a quick method of determining the hysteretic 
constant of a sample of iron. 

If the iron sample, taken in strips, is placed as above in 
the interior of the long magnetizing coil, and if a sensitive 
wattmeter, suitable for use with alternating currents, is con- 
nected therewith, we can measure the total power taken up 
in the iron and in the copper of the coils when any known 
alternating current is passing through the magnetizing coil. 
If then the iron strips are withdrawn and another measurement 
of the same kind made with the current passing through the 
magnetizing coil adjusted to the same value as in the first 
case, this last reading gives us the wattmeter-reading corre- 
sponding to a known power taken up in the copper of the 
magnetizing coils. Hence the first wattmeter-reading gives 
us the iron loss, together with the copper loss, and the second 
reading gives us the copper loss alone. The iron loss gives us 
the true mean value of the hysteresis Joss in the iron, assuming 
the iron is so well laminated that eddy-current loss is prac- 
tically absent. 

The above-mentioned law as to the distribution of the 
induction enables us, then, to assign the corresponding value 
of the maximum induction density. 

Unless this can be done, the mere mean hysteresis loss mea- 
surement is no practical use *. 

* Methods of measuring hysteresis loss by one observation of an instru- 
ment have been suggested by other observers ; but the practical value of 
these methods has been very small, because the investigators have not 
shown how the corresponding maximum value of the effective induction 
is to be obtained. The rule above given supplies this deficiency. 
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The operation of making the mean hysteresis measurement 
is effected by a sensitive mirror bifilar electrodynamometer. 

This was constructed in the following way :— 

The fixed or series-coil consists of 90 turns of No. 16 8.W.G. 
cotton-covered copper wire wound in five layers on a rect- 
angular block of wood. The movable coil, or shunt-coil, 
consists of a rectangular coil of 20 turns of No. 24 8.W.G. 
wire, the turns being fastened together with silk and shellac. 
This movable coil embraces, without touching, the fixed coil, 
asin a Siemens dynamometer. The movable coil is suspended 
by a bifilar suspension consisting of two silver wires ‘002 of 
an inch in diameter and 37 centim. long, fixed about 3 millim. 
apart. These wires are attached to the ends of the suspended 
coil, and serve to convey the shunt-current in and out of the 
coil. The movable coil carries a concave silver mirror by 
means of which a sharp image of an incandescent lamp- 
filament is formed upon a scale ata fixed distance of 100 
centim. from the mirror. A torsion-head carries the upper 
ends of the bifilar suspension, and serves to adjust the zero. 

In series with the shunt-coil is a high non-inductive 
resistance of 1000 ohms. 

The resistance of the thick-wire fixed coil of the wattmeter 
is ‘133 of an ohm, and the resistance of the shunt-coil and 
suspension, without the associated inductionless resistance, is 
11-7 ohms. 

When such a bifilar wattmeter is employed to measure 
electrical power, it can be shown that the deflexions of the 
movable coil, when not large, are strictly proportional to the 
power passing through the wattmeter, so that each scale- 
division has an assignable power value, which in our case 
was almost exactly ‘01 of a watt per millimetre of scale. The 
arrangement of circuits was then as shown in the diagram on 
p- 205. The long magnetizing coil above described was con- 
nected in series with the fixed coil of the wattmeter, and also 
with a sensitive electrodynamometer or ammeter suitable for 
measuring small alternating currents of about an ampere or 
less in value. 

The shunt-coil of the wattmeter was joined across the ends 
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of the long coil. Suitable resistances beyond controlled the 
current, 

The process of measurement was then as follows:—A 
bundle of straight iron strips was fitted with the secondary 
coil at the effective point, viz. °56 of the half-length of the 
bar from the centre. The bundle was slipped into the mag- 
netizing coil, and an alternating current sent through the 
coil of such a magnitude (generally about -2 of an ampere) 
as to give an induction density of not more than about 
6000 C. G.S. units at the effective point. The wattmeter 
deflexion was then read. To interpret this reading the iron 
strips were removed from the coil and another wattmeter 
measurement made on the copper coil alone. As the removal 
of the iron sends up the current strength by decreasing the 
inductance of the circuit, it is necessary to readjust the current 
to the same value as before, and to know that value in amperes. 
The resistance of the coil being known, and also the current 
passing through it, we can calculate the power being taken 
up in the copper coil alone for this standard current; and 
hence know the power in watts producing the observed 
wattmeter deflexion. 

The wattmeter is therefore calibrated on the copper circuit 
of the magnetizing coil, and from the known copper loss in 
this coil and the proportionality of its deflexions we are 
enabled to assign at once the value in watts of its deflexion 
when used to measure both the iron loss and copper loss 
together when the iron strip is inserted in the coil. 

If the induction is carried up as far as 4000 or 5000 C.G.S. 
units at the effective point, and if the strips have a thickness 
over ‘01 inch, then it becomes necessary to apply a small 
correction for the eddy-current loss set up in the iron. This 
can be at once done by using the following simple practical 
formula given by the author * for this loss in. rectangular 
sectioned strips. 

If t is the thickness of the strip in mils (1 mil=-001 inch), 
nm is the frequency of the current, and B is the maximum 


* See ‘The Alternate Current Transformer,’ Fleming, vol. ii. p. 490, for 
proof of this formula. 
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value of the induction density during the cycle at any point 
on the bar, then it can be shown that the eddy-current loss in 
watts per cubic centimetre at that point in the rectangular 
or sectional strip is closely given by the expression :— 


(spt). 


and hence for a given frequency and thickness the eddy- 
current loss per pound of iron is very quickly found from a 
simple parabolic curve representing B? in terms of B. 

In all the above observations with the iron strip used, 
which was 12 mils thick, this correction has been applied, 
and it is sufficient for this purpose to take as B in the above 
formula the value B, of the effective induction. 

The eddy-current loss varies from point to point in the bar, 
being always proportional to the square of the maximum 
value of the induction density. Hence, properly speaking, 
the mean value of the eddy-current loss should be obtained 
by taking the mean square value of the induction all along 
the half-length of the bar, and using the mean-square value 
instead of the B’ in the formula above. 

We have, however, found that the point on the half-length 
of the bar at which the actual induction has a value equal to 
the root-mean-square value, or to the square root of the mean 
of the squares of the distributed induction, is always very close 
to the point at which the 16th root of the mean of the 1:6th 
powers of the distributed induction is found. In other words, 
the induction at the effective point is the induction corre- 
sponding to the mean eddy-current loss as well as to the mean 
hysteresis loss. This is shown by the curves given in figs. 4 
and 5, Plate VII., in which the curve marked B is the curve of 
variation of the maximum value of the induction-density 
along the half-length of a bundle of iron strips, and the curves 
marked B** and B? represent (to different scales) the variation 
of these powers of B. Ina bar 5 centim. long (see fig. 5, 
Plate VII.) the points where the actual induction had a value 
equal to /m. B? and to n/m. Br? were only separated by 
a fraction of a millimetre. Hence by another curious coinci- 
dence we are enabled to apply the proper correction for the 
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eddy-current loss by taking the square of the effective induction 
B, and putting its value into the expression 


Bint 
1036 ? 


where x is the frequency and ¢ the thickness of the strip in 
mils. 

In order to put the method to a test, a very careful 
determination was made by the ballistic method of the 
hysteresis loss of a sample of the transformer iron strip used. 
A ring-coil was prepared, and a series of (B-H) cycles of 
magnetization taken, and a hysteresis loop drawn, and from 
this loop it was found that for this iron the hysteresis loss was 
‘25 watts per pound per 100 cycles per second, for a maximum 
value of the induction density equal to 2500 C.G.S. units. 

Straight strips of exactly the same iron were then tested 
by the method here described, which for shortness will be 
called the “straight coil” method, and the results of these 
tests with the iron in different conditions of hardness are 
shown in the Tables III., 1V., and V. 

It will be seen that the results of the “straight coil” 
test with the wattmeter, as given in Table IIL, gave exactly 
the same mean value for the hysteresis loss of the strip 
when not bent and unbent, as did the calculations made 
from the ballistic test, viz.: ‘25 watts per pound per 100~ 
per maximum induction density of 2500. The difference in 
the time of taking the tests is, however, immense, A very 
few minutes suffices to take the wattmeter tests, and the 
necessary calculations can be made in a comparatively short 
time. 

Many dozens of tests of irons can be made by the 
straight coil method in the time occupied by one ballistic 
test. 

There is another method by which the bifilar wattmeter 
can be calibrated, but which is not so generally convenient 
as that above described. If the shunt and series coils of the 
wattmeter are joined up in series with each other, so as to 
form a dynamometer, and if a known current I is passed 
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through these coils, causing a deflexion @ in the movable 
‘coil; then when the instrument is used as a wattmeter with 
a total shunt-resistance R (including the added non-inductive 
resistance) the true power corresponding to a deflexion @ is 
PR watts. 

Hence, from a curve showing the deflexion given by 
various currents, we can at once determine the constant of 
the instrument, when used as a wattmeter, with given shunt 
resistance. 

If this standardization is taken with continuous currents, 
then itis necessary to eliminate the effect of the Earth’s field 
by taking right and left deflexions. The curve connecting 
square of current strength and the deflexions of the movable 
coil is nearly a straight line, in the case of the bifilar 
wattmeter. 

Standardizing our wattmeter in this way with a continuous 
current, we then made another set of hysteresis measure- 
ments, with 12 strips of perfectly new annealed transformer 
strips (Sankey’s), with the results shown in Table VI. Two 
other sets of observations for hammered and hardened iron 
are given in Tables VII. and VIII. 

As a matter of fact, in the above experiments in the obser- 
vations given in Tables III., IV., V., VIL, and VIIL., the 
wattmeter was standardized ie seadine gee and rueaented 
currents through the copper coil and obtaining a wattmeter 
constant by fae the deflexions corresponding to known 
copper losses in ie copper coil. Thus are found the following 
figures, when using the wattmeter to measure power taken 
up in the magnetizing coil alone :— 


Known copper loss 
(O?R) calculated from Scale-deflexions of | Watts per millimetre 
observed current and wattmeter in of scale-deflexion of 
coil resistance in watts. millimetres, wattmeter, 
°398 39-1 0102 
"292 28°9 ‘0101 
LOT 19:0 "0103 
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In the case of the observations given in Table VI., we 
employed the method of determining the wattmeter constant 
by passing known currents through its coils joined up in 
series and used as a dynamometer, and from the curve 
showing relation of (current)? to deflexions we could at any 
moment find the wattmeter constant. 

The method described above has this great advantage that 
the test can be made on fairly large samples of iron, and it 
can be made with an alternating current having any desired 
and practical form factor. The iron is tested under conditions 
which are exactly similar to those under which it will be used 
in transformer manufacture, and, in fact, the straight mag- 
netizing coil and iron sample constitute an open circuit 
transformer of very small power factor. 

The above described method effects a great saving of time 
in comparison with the ballistic method, whilst at the same 
time it is an absolute method and does not depend upon com- 
parisons with other iron samples of supposed known hysteretic 
value. ; ; 

In converting hysteresis losses from one maximum induc- 
tion-density B to another by the aid of Steinmetz’s law, it is 
useful to have the arithmetic values, for different values of B, 
of the ratios of B® to 25001; since B= 2500 C.G:S. units is 
generally taken as the standard induction-density in reference 
to hysteresis determinations. The following table (‘Table IX.): 


TABLE IX. 
Showing the Values of the Ratio of B'6 to 25002, 


B. pes. B. Passe 
250016 250016 

1000 231 5500 3°531 
1500 ‘442 6000 4-058 
2000 ‘700 6500 4-614 
2500 1:000 7000 5193 
3000 1338" ° 7500 - 5-795 
3500 ie7hes Or 8000. | 6-430 
4000 2-118 ENS B5008.~ 7-085 
4500 9563 | 9000 7764 
re” 500°” 3:031 * 9500 8:466 
10000 9-190 
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gives these ratios with sufficient accuracy for all practical 
work. Thus, for instance, if the value of the hysteresis loss 
in an iron has been determined at a maximum induction- 
density during the cycle of 5000 units, and we wish to know 
the value at 2500 units, the observed value has to be divided 
by 3:081 to obtain the required result. 


DIscussIoNn. 


Mr. Carter asked whether roots other than the 1:6th gave 
a similar constant value of the induction density. 

Dr. FLEMING said it seemed to be the result of accident 
that the 16th root gave a constant value for iron. 


XX. Attenuation of Electric Waves along Wires and their 
Reflexion at the Oscillator. By Epwin H. Barton, D.Sce., 
F.RS.E., Senior Lecturer in Physics at University College, 
Nottingham *, 


Last year Mr. Bryan and the present author realized 
experimentally the absorption by a terminal bridge of the 
electric waves incident upon itt. ‘The first application of 
this result which suggested itself was the use of such a bridge 
in determining the attenuation (or rate of decay) of the 
waves along their parallel leads. Tor, if one can at pleasure 
either (1) practically absorb the waves, or (2) reflect them 
practically undiminished, a suitable electrometer being inserted 
in the line, we have in the first case a single passage of the 
waye-train past the electrometer, and in the second a number of 
passages of the wave-train until it is practically quenched by 
its repeated losses. Thus, the electrometer in the second 
case is affected by the sum to infinity of two geometrical 
progressions, viz., those due to the forward and return 
waves respectively. . Whereas in the first case, when the 


* Read June 25, 1897. 


+ Proc. Phys. Soc. vol. xv. pp. 28-80, 1897; Phil. Mag. [5] xliii, 
pp. 89-45, 1897. 
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waves are absorbed at the end of the line, the electrometer 
is affected by the first term only of one of the above series. 
Hence the ratio of the electrometer-throws in the two cases is 
a function of the attenuation constant and the dimensions of 
the line, and would appear to be immediately calculable. But 
this is not all. For the above is on the assumption that 
the losses occur only along the wires themselves, whereas 
something is lost also on reflexion at the primary oscillator 
where the waves are generated. This fact soon became 
apparent on the repetition of the experiment with different 
lengths of line, and the value of this reflexion coefficient 
was substantially confirmed by further experiments and by 
the application of this new view of the case to experiments 
previously carried out in Bonn. 

Experimental Arrangement.—The arrangement of the ap- 
paratus adopted in the determination is diagrammatically 
represented in fig. 1. In this figure, A denotes the battery 


of two storage-cells, B and C are the primary and secondary 
coils respectively of the induction-coil, of which C has a 
resistance of 3000 ohms and an inductance of about 20 
henries. G is the spark-gap, which was adjusted to 2 mm. 
The wire PGP’, measured along the semicircle, was about 
2m. PP’ are condenser-plates of zinc 40 cm. diam. placed 
opposite to and 30 cm. distant from the precisely similar 
plates SS’. The line is represented by SET T’ B/S’, and 
consists of two parallel copper wires 1°5 mm. diam., and kept 
8 cm. apart by wood separators at intervals of about 2 m. 
iE’ denotes the electrometer, which has a single plane 
needle, initially uncharged, and suspended by a fine quartz 
fibre between two disks attached to the line at H and HE’. The 
needle is therefore electrified by induction whenever a wave 
passes HE’, and its ends are consequently attracted to the 
VOL. XV. R 
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disks whatever the sign of their potential-difference. A ed 
signifies the several pieces of apparatus successively used at 
or near the end of the line, and will be described in detail for 
each case when dealt with. The lengths of the line before 
and after the electrometer will also be stated in connexion 
with each experiment. The waves generated by the primary 
oscillator were about 8°5 m. long. 

Theory.—Let 5, be the electrometer-throw obtained when 
a completely absorbing bridge is used at TT’ (fig. 1), and let 
5, be the throw when a “no-resistance” bridge is used at TT’, 
i. e., a piece of short thick copper wire, which therefore reflects 
the waves without appreciable loss. Then it is required to 
express the ratio 5,/5, as a function of the attenuation and 
reflexion coefficients and then, from the experimental values 
of the above ratio, to solve the resulting equations for the 
coefficients sought. 

Let the maximum potential-difference of the two wires of 
the line due to any wave be taken as the amplitude of that 
wave, let p be the factor by which the amplitude of a wave is 
affected on reflexion from SS’ (fig. 1), and let e~7* be the 
attenuation factor by which the amplitude is affected in 
traversing # cms. of the line. For convenience of actual 
working 10 was substituted for the above, 2’ denoting 
length traversed in metres, o was then deduced from s. 

_ Now the throws of the electrometer are proportional to the 
time-integral of the square of the amplitude of the passing 
wave-train, 7. ¢., proportional to its energy: hence, if the 
lengths of the line before and after the electrometer are /, and 
I, respectively, and a wave-train of initial energy 7 leaves the 
oscillator, we have with the “absorber”’ at the end of the 
line ; : 
067 hb. ns eS 

where k is the electrometer constant. 

- Again, with the no-resistance bridge or short circuit at the 


end, we have two series of impulses at the electrometer, the 
energy of the forward waves being 


teh [1 + p2e*thyo + re By 
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and that of the backward ones [e-*”] times the above. 
Hence we obtain 


te~2ho(1 4 ¢—4h7) 
1 — pK tae enO., enamine (2), 


whence 
A 1 ete eather 
1 3 pe 


8,/8, = =f SAY, tat osteo) 
i being written for 1, +1,. 

Two experiments with different values of J, and /y furnish 
two equations like (3); these are then cast in the form 


Pre Sp Fae er te ee ea 


and p? eliminated between them. The result was an equation 
in o of the form 

Aye" + Ane" +... = 0, 
or say fa 

Various trial values were then given to o and plotted as 
abscissee of a curve, the corresponding values of u being its 
ordinates. The value of o satisfying the equation was thus 
found graphically as that at which the curve cut the axis of 
abscissze. 

Experiments.—In the experiments the bridge used as an — 
absorber was placed absolutely at the end of the line, as it is 
only when in that position that it can absorb all. It consisted 
of pencil marks on a ground glass disk as previously described, 
and before use each time was carefully adjusted to the requisite 
resistance for absorption as mentioned in the paper already 
referred to. A doubt has been expressed as to the constancy 
of the value obtained for a resistance of this kind by the 
Post-Office box, some similar resistances having been said to 
measure differently according to the voltage used in the test. 
Probably this might be the case to a slight extent if extreme 
variations were used, but with the pencil-mark resistances 
employed in this work no change of value was observable, 
whether a single Leclanché cell was used or a battery of 
several storage-cells, so that. the resistance was determined 
with all the accuracy needed for the present purpose. 

R2 
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The other bridge, intended to reflect undiminished the waves 
incident upon it, was placed a little short of the end of the 
line, and occupied alternately two positions a quarter of a 
wave-length apart. This precaution was adopted lest, far as 
the bridge was beyond the electrometer, the head of the wave- 
train reflected from the bridge might reach the electrometer 
before'the tail had passed it. In this case a slight interference 
would arise at the electrometer, and its throws would not be 
of the values due to simple passages and re-passages of the 
wave-train. By using the above two positions for the bridge 
this source of error is obviated, for, if one gave additive inter- 
ference at the electrometer, the other would give about equal 
subtractive interference, and their mean would be the result 
desired as though no interference had occurred. 

The length /, is of course measured from the electrometer 
to the point midway between these two positions of the 
bridge. 

Further, to eliminate errors due to the unavoidable irregu- 
larity of the sparking in the primary oscillator, a number of 
readings, about 20, with the absorber only at the end of the 
line were alternated with a like number of readings with 
the reflecting bridge interposed. The separate ratios of the 
electrometer-throws obtained under the two conditions were 
then taken, and the probable error of their arithmetic mean 
calculated by the theory of probabilities. 

Observations and Results—Four such sets of readings were 
taken with different values of J, and /,. One set is shown in 
Table I., and the data and results of the whole four sum- 
marized in Table II. 

It may be interesting to regard, in the light of the results 
in the second table, two sets of observations taken by the writer 
in Bonn during the summer of 1893 while working under 
the late Professor Hertz*. In the course of those experi- 
ments (directed primarily to an object quite different from 


. Proc. Roy. Soe. vol. lvii. pp. 72 & 75 (1895) ; D.Se. Thesis for the 
University of London, 1894, pp. 20-22 and 28-29; Wied. Ann. Bd. hii. 
pp: 929-527 and 528-529 (1894), 
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Taswe I., showing readings for 1, =117°5 m. and 1,=48 m. 


= | Electrometer-throws with 
Absorbing Bridge only at 
end of line. 


| Actual 
_ observations. 


11 


bo 
isc) 


Interpolated 
Means. 


13 

165 
175 
18°5 


Electrometer-throws with 
Reflecting Bridge 


r 
t 48 m.—— 
a as 


beyond the 
Electrometer. 


43 


42 


41 


33 


55 


56 


57 


50 


at 48 m.+% 


beyond the 
Electrometer. 


44 


36 


44 


33 


28 


46 


48 


43 


52 


49 


Ratios of throws, 
viz. -— 


2°400 


2°560 


2-000 


2-500 


2°731 


2°850 


2'325 


Mean 
col, 4 | Ratios 
col. 2 

2666 | 2-986 
1946 | 2-173 
2 933 2°605 
2200 | 2131 
2:333 | 2°446 
2486 | 2-243 
2-181 2°340 
2155 | 2443 
2476 | 2:663 
2:279 2°302 


Whence Final Mean Ratio = 2:-43+0:05. 
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that now under discussion) the electrometer was placed almost 
at the end of the line. By an entirely different method from 
that now adopted, ratios were obtained for the electrometer- 
throws due (1) to the passage past it of the sum to infinity of 
the geometrical progressions formed by the outward and 
return waves, and that due (2) to the single passage of the 
initial wave-train. The lengths of the line to the electro- 
meter in the two cases were 160 and 91°5 m. respectively, 
and the corresponding ratios were 1:0°34 and 1 :0°8l. 
Hence for this case equation (4) takes the form ; 


pres FAD, te) 5 8 
since /,=0. 

Solving simultaneously the two equations thus derived from 
the experimental values of 7, we obtain ~ 


s=0:00027, p= 0°476, 


o = (0000062 and p=0°69 J * (6) 


In these experiments the primary oscillator as regards the 
parts SPGP’S! (fig. 1) was precisely the same as in the 
present paper, and it seems noteworthy that its reflexion 
cvefficient is practically the same. The values of the resistance 
and inductance of the secondary circuit of the induction-coil 
used in Bonn cannot be stated, as they were not at the time 
regarded as of any material consequence and accordingly 
were not measured. 

It will be seen that the attenuation constant in the 1893 
case is about half that in the present work. This may possibly 
be due to the wood separators used along the line being much 
drier in a German summer than in an English winter and 


spring. 


Comparisons with Heaviside’s long-wave theory of refleaion.— 
After obtaining experimentally the unexpected result that of 
the wave energy incident upon the primary oscillator only 
about one-half or less was reflected along the line, it seemed 
incumbent on one to test this if possible by theory. And 
in this connexion I have pleasure in acknowledging my 
indebtedness to Mr. Oliver Heaviside for an explanation of his 
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theory applied to the case of reflexion from a terminal 
arrangement prior to its publication *. 

On Heaviside’s theory developed originally for long waves, 
say of telephonic frequency, we have for the reflexion co- 
efficient oe 

—Lv 
P= aati nies asda (7) 


where Z is the resistance operator, L is the inductance per 
unit length of the line, and v is the speed of light. 

Now-~the resistance operator in the case of condensers, 
secondary and primary coils is given by 


M?,? 
R, + Lyp’ 


where § is the capacity of the condenser, the R’s are the 
resistances and the L’s the inductances of the coils, M their 
mutual inductance, and p the time differentiator. 

Of the three terms on the right-hand side of (8), the first 
only is to be used if the arrangement is short-circuited at 
the spark-gap, G (fig. 1), the first and second only if the 
primary circuit of the “ay Geeeeaaah is open, but all three if 
the primary is closed. 

Now in the actual experimental case the sparks at the 
primary oscillator are started by the break of the primary 
circuit of the induction-coil, the interruptor remaining open 
during the greater part of its period (say the 3'5 of a second). 
But the time required for the wave-train to pass to the end 
of the longest line used and back again, say a dozen times 
(which practically extinguishes it), is only of the order 
14 millionths of a second. Hence the form of (8) to be 
adopted as applicable to the present case is 


i 
7 Spee (Rp + Lyp) — (8) 


d= 5 +R, +Lap, i oe gegen 


if indeed the long-wave theory holds:at all for waves so short 
as 8 or 9 m. 


* ‘Hlectromagnetic Theory,’ pp. 786-9; ‘The Electrician, April 9, 
1897, 
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But, on working from equation (9) the value of p, we 
obtain a result differing from unity by less than 1 in 10. 

It would appear therefore that the long-wave theory fails to 
apply to the present case of high-frequency waves and their 
reflexion from condensers and coils of high inductance, each 
of which involves of course the time-differentiator. 

In the case of a resistance practically devoid of inductance, 
on the other hand, as was seen in the last paper on the 
absorbing bridge, the long-wave theory seems to hold within 
a close approximation. 

Reflexion from Condenser only.—However,. in order to 
test the matter experimentally a little further, a second set 
of plates like PP’ SS’ (fig. 1) was made and put up at the 
end of the circuit at TT’, but this set had simply one wire in 
the form of a semicircle to connect the far plates instead of 
a spark-gap as at G. The induction-coil was also omitted 
entirely at this end of the line. 

Hence the long-wave theory for reflexion for this arrange- 
ment gives Z=1/Sp and 

etsp—Te 
P= 1/8p + Lv’ * 


And this equation, applied to an incident wave of the type 
¢, sin nt, gives for the reflected wave ¢! sin (nt+a), where 


(10) 


p/p=p=1, 
k — —2L8Sn (11) 
and an a= 1—(LvS8n)? 


Here then is an opportunity of comparing simply the 
behaviour of the short waves with what may rightly be 
expected of the longer ones. For in this arrangement there 
is no spark-gap whose heated state in the former case leaves 
one in some doubt as to how far, when the waves return to 
it, it acts as a short circuit and so possibly cuts out the 
induction-coil entirely. 

The experiment was now conducted by alternating electro- 
meter readings (1) with the condenser at TT’, fig. 1, and 
(2) with a no-resistance bridge placed across the wires just 
before the end of the line. 
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- If then the condenser reflected all, as by equations (19) 
and (11) must be the case with long waves of the simple 
harmonic type whatever the capacity of the condenser, we 
should find the ratio of the electrometer-throws taken under 
the two conditions to be unity. Whereas the experiment 
gave the ratio of throws with no-resistance bridge to those 
with condenser only to be 1°26+0°07, the lengths of the line 
before and after the electrometer being 117°5 m. and 48 m, 
respectively. Applying now to this case the theory of the 
phenomena analogous to that developed in the early portion 
of this paper, and substituting for p? and s in the equation so 
derived the values 0'4776 and 0:000564 as shown in Table IL., 
we obtain for the reflexion coefficient of the condensers alone 


reed sy Maat Pepe airametarenny 6 (2 


This value, while differing but little from that of p for the 
condensers, spark-gap, and induction-coil at the oscillator, 
differs in the direction that one might anticipate. It also 
supports the value previously found for p, in that p' though 
greater than p is still distinctly less than unity. It will be 
seen from the end of the article in ‘The Electrician,’ April 
9th, 1897, that Mr. Heaviside scarcely expected the long- 
wave theory to be valid for the high-frequency waves here 
used. 

Conclusion.—The chief results arrived at may be thus 
summarized :— 

1. The value of the attenuation constant o for the line 
experimented upon and the waves in use is of the order 
0:000013, where the amplitude of the waves is affected by 
the factor e~* in traversing «cm. of the line. The energy ~ 
of the waves is thus reduced to half by traversing about 
250 m. of the line. 

2. The reflexion coefficient applicable to the primary 
oscillator and induction-coil as used to generate the waves is 
of the order 0°69, or rather more than half the energy is 
lost on reflexion. The reflexion coefficient of a precisely 
similar arrangement of condenser-plates but devoid of spark- 
gap and induction-coil is rather greater but still distinctly 
less than unity. On the long-wave theory the second of 
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these reflexion coefficients would be precisely equal to unity 
and the first of them practically so. 

I have to thank Mr, H. A. Ratcliff for help at the 
beginning of this work, and especially Mr. R. 8. Willows for 
his valuable assistance at the later experiments and their 
reduction. 


University College, Nottingham, 
May, 1897. 


XXI. Experiments on the Condensation and Critical Pheno- 
mena of some Substances and Mixtures. By* De Fake 
KUENEN *. 


1. Tux investigation contained in this paper is a continuation 
of a research on ** The Condensation and the Critical Pheno- 
mena of Mixtures of Ethane and Nitrous Oxide,” which was 
read before the Physical Society some time agof. The 
results arrived at in the latter paper were stated as follows :— 

(1) All mixtures of C,H, and N,O which contain more 
than 0:1 of C,H, have critical temperatures lying beneath 
the critical temperature of C,H. 

(2) The vapour-pressures of the mixtures lie partly above 
those of N,O, and accordingly show a maximum situated near 
0:2 of C,Hg. 

(3) This maximum does not disappear with rise of tempe- 
rature, but remains up to the critical region ; the maximum- 
curve reaches the plaitpoint-curve. 

(4) The mixtures ranging between 0-2 and 0°5 of C,H, 
have retrograde condensation of the second kind, all the others 
retrograde condensation of the first kind. 

IT have now discovered two more instances of mixtures with 
similar properties, viz. mixtures of ethane and acetylene, and 
mixtures of ethane and carbonic acid. I will begin by 


* Read June 25, 1897. 
+ Kuenen, Proc. Phys. Soc. vol. xiii. pp. 528-48. 
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relating some experiments which were made in connexion 
with the former paper, and afterwards give an account of the 
results obtained with those mixtures. 


A. On Ethane prepared by different methods. 


2. The ethane used in my former experiments had been 
prepared from sodium acetate by electrolysis. Its vapour- 
pressures and critical constants, especially the latter, were 
different from those given by other observers. The different 
values are the following, p being expressed in atmospheres :— 


Dewar*. Olszewskit. MHaenlen ft. Kuenen §. 
Pe hoy fey AOOe 34° 34°5° 32°05° 
Dreths ce 20d 50:2 50 48°8 


Ethane from Ethyl Iodide. 


3. In order to ascertain the probable reason of this diver- 
gence I prepared some ethane from ethyl iodide, the method 
used by Haenlen, and investigated its properties. The 
results have been communicated to the Royal Society of 
Edinburgh. I will therefore simply state my conclusions 
here so far as they bear upon the point in question. 

Ethane from ethyl iodide contains a variable quantity which 
may go up to several per cent. of an admixture of higher 
critical temperature and higher density than ethane, probably 
butane. This impurity raises both the critical temperature 
and pressure, and lowers its vapour-pressures. Pure ethane 
is difficult if not impossible to obtain by this method. 

This result accounts for Haenlen’s critical values being 
higher than mine (and probably also for Olszewski’s figures), 
and it shows at the same time the greater purity of my ethane, 
Even this was not absolutely pure, as shown by some change 
of the vapour-pressure with volume. But whatever the ad- 
mixture may be that this was due to, it was probably too 


* Phil. Mag. (5) xviii. p. 214. 

t Bulletin Ac. des Sciences de Cracovie, 1889, p. 27. 
} Lieb. Ann, celxxxii. p. 245. 

§ Proc. Phys. Soe. xiii. p. 583. 
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small to affect the critical temperature by more than a few 
tenths of a degree and the critical pressure by more than some 
tenths of an atmosphere. 


Ethane from Sodium Acetate. 


4, In order to confirm my results, and at the same time to 
obtain some more pure ethane for further experiments, I 
repeated the preparation of ethane from sodium acetate. The 
anode, consisting of two pieces of platinum foil (joint surface 
150 cm.?), was placed inside a good-sized porous pot, care being 
taken to obtain a high current-density *. A current of about 
15 amperes was used. Special precaution was required to 
prevent the indiarubber stopper which closed the porous pot 
from being burnt by the heat developed. A glass tube, 
passing through the stopper, was bent into a U-shape outside 
and contained some mercury. The contact with the platinum 
foil was made by platinum wires soldered to the foil. 

The gas was washed in sodium hydrate, fuming sulphuric 
acid, and potash, and collected in a gasometer which was 
filled with a solution of potash. This gasometer consisted of 
two carboys, closed with indiarubber stoppers and connected 
by a wide glass tube. The yield of ethane was very high, 
very little oxygen being formed. The oxygen was moreover 
absorbed by introducing a piece of phosphorus into the gaso- 
meter. 

5. In order to purify the gas further, it was compressed by 
means of a Natterer pump into a small copper cylinder fitted 
with high-pressure stopcocks +. In this process it was once 
more washed in potash and subsequently dried by calcium 
chloride and phosphorus pentoxide. Pump and cylinder 
were previously exhausted by a mercury air-pump. During 
the compression the copper cylinder was placed in solid 
carbonic acid. The pressure required to liquefy the gas was 
pretty high: this shows that it contained a considerable 


* Murray, Journal Chem. Soc. Ixi. pp. 10-36. 

+ Most of my high-pressure apparatus are manufactured by Giltay, 
Delft, Holland, and are of the same type as those used in the Physical 
Laboratory at the University of Leyden (Director, Prof. Kamerlingh 
Onnes). ; 
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quantity of some permanent gas ; this may have been air 
which in some unknown manner had got into the gas. By 
thoroughly boiling the ethane, as much of this admixture was 
removed as possible. The results obtained with this ethane 
show that some admixture was left, of about the same amount 
as in the gas which I used in my former experiments. It is 
noteworthy that with other substances, such as carbonic acid 
and nitrous oxide, I always succeeded in removing practically 
all impurity by this process ; for some reason the same thing 
seems more difficult with ethane. It is not impossible that 
ethane forms a mixture of constant boiling-point with the 
admixture, whatever it may be. 

6. The apparatus which was used for filling the com- 
pression-tubes with the gases consisted almost of one piece of 
glass. The mercury air-pump was sealed to the double 
mercury gasometer which I used for preparing the mixtures 
(see below). This was connected at the other side with a 
tube leading to the compression-tube, and another tube 
through which the purified gas was supplied trom the com- 
pression cylinder. The connexion with the cylinder was 
made by means of a copper tube, sealed with sealing-wax into 
a glass tube, the connexion with the compression tube being 
made by a ground joint. This was so adjusted, that the tube 
after being filled could be turned upright without being 
detached, by which manipulation the tube was shut off at the 
bottom by some mercury. There are two reasons why I 
prefer this manner of filling the tubes to sealing them off. 
In the first place many gases are more or less decom- 
posed at the temperature of softened glass, and in the second 
place the sealing place is apt to end ina sharp point, while 
for the proper action of the little iron stirring-rod which [ 
use inside the tubes, a rounded top is absolutely necessary. 
It need hardly be added that the apparatus was fitted with a 
certain number of safety-tubes dipping in mercury. I found 
that the amount of spring in the apparatus was quite sufficient, 
and that special glass springs were superfluous. 

7. For the observations properly speaking, I used Ducretet’s 
apparatus. The temperatures of air-manometer and gas-tube 
were kept constant with the running water of the supply. A 
constant water-pressure was obtained by means of an overflow 
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arrangement, and the current before passing round the gas- 
tube was heated by a long coil in warm water. A sufficiently 
constant temperature was obtained in this manner, 


TABLE I. 
Ethane from Sodium Acetate (April 1897). 


| t P, Pe: | % v 
ie EE SS SSS eee CSS eee 
BBB 26-90 27-49 | 231:2 33-0 
145 32-91 33°52 W771 35°6 
150 33-23 33°77 1761 35:5 
23°05 39°74 40:27 130-9 39-0 
30:2 46°35 46-72 945 46-2 
32:2 48-64 Cc 61:5 


8. Table I. gives the results obtained: p, and v are the 
pressures and volumes when the condensation begins, p, and 
v, when the whole substance is liquefied; p is expressed in 
parts of an atmosphere, the v’s in this and in all the other 
tables are expressed in an arbitrary unit, but reduced to the 
some initial volume at 0° and 1 atmosphere. C indicates the 
critical point. The experimental determination of the pe’s 
gives no difficulty if the stirring-rod is continually used. 
For p, this is not always the case, because stirring is not so 
effective when the volume is much larger. In cases of doubt 
ps and vw were therefore determined graphically as the 
points of intersection in the p-v diagram of the two parts of 
the isothermal, the part where the substance (mixture) is 
homogeneous and the part where there are two phases. 
Another advantage in drawing the latter part of the isothermal 
is that from its shape and the direction of its curvature 
some idea may often be obtained as to the nature of the 
admixture *. 

9. Tables IL. and III. contain values obtained for two 
samples of ethane on a former occasion. The pressures as 
shown by a comparison of the p-t curves are this time slightly 


* Compare a paper on ethane in the Proc, R. S. of Edinburgh, 1897. 
I thought it unnecessay to publish the p-v diagrams as they offer no 
special interest. 
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Tase II. 
Ethane. (April 1895.) 1st sample. 
fe Po: Pe 
Wiser 9738 Ot 27:92 
10°65 30°45 81:11 
154 33°84 3448 
22°4 39°73 40°25 
29°35 45°94 46:25 
31:0 47°64 47:95 
31:95 48°81 C 
7 a 
Taexe III. 


Ethane. (April 1895.) 2nd sample. 


ts Po: Pe: 

3°95 26:17 26°89 
15:4 ~ 8411 34°66 
22:4 39°89 40°32 
29:3 45°89 46:19 
82:05 48-91 C 


lower and the critical temperature a little higher. Absolutely 
pure ethane would probably have pressures slightly lower 
even and a slightly higher critical temperature. The p-é 
curves in the diagrams for ethane and the other single 
substances are drawn with ps ; as this value is probably nearer 
the true value of p than p,. 


B. Mixtures of Carbonic Acid and Acetylene. 


10. In my former paper I gave a first instance of mixtures 
having critical temperatures below those for the compo- 
nent substances. The only instance of critical temperatures 
above those of the components seemed to be that of mixtures 
of carbonic acid and acetylene. According to an observation 
of Dewar’s*, a mixture of 400, and +0,H, has a critical 
temperature of 41° C., those for carbonic acid and acetylene 
being 31° and 37° respectively. It seemed necessary to try 
the experiment, because experiments on mixtures have always 


* Proc. R. S. of London, xxx. p, 542. 
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to be accepted with caution, unless it appears that exceptional 
precautions have been taken to avoid retardation and 
impurities *, The phenomenon, if confirmed, would have 
been worth completely investigating. The results which I 
have obtained contradict Dewar’s experiment. 


Preparation of Carbonic Acid. 


11. Both carbonic acid and acetylene were prepared before 
I was ina position to apply the method of purification de- 
scribed for ethane by condensation and distillation. I had 
therefore to resort to chemical methods of purifying the gases. 
Carbonic acid was made from sodium bicarbonate and sulphuric 
acid. The acid was contained in a boiling-flask provided 
with a dropping-funnel with the sodium bicarbonate solution. 
All solutions used were previously boiled and cooled in a 
current of carbonic acid. The gas passed through sulphuric 
acid and phosphorus pentoxide. Before the solution was 
admitted the whole apparatus had been exhausted with a 
mercury air-pump. 

12. The purity of the carbonic acid was first tested in the 
compression-apparatus and appeared to be quite satisfactory. 


Tasue LV. 
Carbonic Acid. 

t Ps De Amagat. 
14:95 50:02 50°24 50:0 
20°5 DU LOM ime, Sache 57:0 
25°85 64:92 65:06 64°5 
Set 73°26 


Amagat’s values for the critical point are 31°35, 72°9 atm. 
The agreement is very close, the deviations of my values 


* Prof. Dewar, on learning that I had repeated this experiment of his 
(forming part of an essentially qualitative investigation carried out in 
1880), told me that his acetylene contained C,H,Br. This accounts for 
the high critical temperature and low vapour-pressures observed by 
him. 

VOL. XV. 8 
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being probably due to a slight admixture of permanent gas. 
This would, in fact, make the vapour-pressures and critical 
pressure higher and the critical temperature lower. Similar 
deviations will be noticed by comparing some of Andrews’s 
values with Amagat’s, the former having been reduced to 
atmospheres. 


ting Andrews. Amagat. 
13:09 48°05-49°50 476 
21°46 58°94—-61°35 58°2 


Andrews’s critical constants are 30°°9 and about 73 atmo- 
spheres. The deviations are in the same direction, only 
much more pronounced. Andrews’s carbonic acid contained 

: 
about —\ of air. 


Preparation of Acetylene. 


13. This gas was prepared in the same apparatus as car- 
bonic acid, from calcium carbide and water. The water had 
been previously saturated with carbonic acid. The gas was 
washed in silver nitrate to absorb the phosphoretted hydrogen 
and sulphuretted hydrogen which it contained. It was freed 
from carbonic acid by soda-lime and dried in sulphuric acid 
and phosphorus pentoxide. Two samples were obtained. 
The first probably contained some air and also some phos- 
phoretted hydrogen. In preparing the gas for the second 
time, a second washbottle with silver nitrate was introduced, 
and this bottle was only just beginning to get blackened, 
when the acetylene was collected. The only possible im- 
purity of this sample is therefore a trace of air. 

Some of this sample was used in making the mixture with 
CO,, the results for which are communicated below. Some 
mixtures of the first sample with CO, gave, however, similar 
results. The results obtained with the purer sample are 
contained in Table V. 

14. Evidently the gas contained an admixture of some 
other substance. If this admixture is air, the vapour-pressures 
are slightly higher than for pure acetylene, and the critical 
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temperature a few tenths of a degree too low. In this case 
also the p,’s were used in drawing the vapour-pressure 
curves in the diagrams. 


TABLE V. 
Acetylene. 
t Po: Pe 
14-95 38-09 3866 
20°15 43:18 43°75 
26'8 50-29 50°85 
o7-1 50°55 B12 
30°8 ot aA td eS 
35-25 61:02 © 


| 


The pressures agree very well with those given by Villard *, 
who finds 87:9 at 15° C., and 42°8 at 20°2. Ansdell’s f 
values are a good deal different, his pressures being 32°77 at 
13°°5, 39°76 at 20°15, 48:99 at 27°55, 56°20 at 31°6. For 
the critical point he found 68:0 atmospheres and 36°-9 C. 
As to Pictet’s{ values, they show no resemblance whatever 
with the others. His pressures were: 29'0 at 14° 1, 33°5 at 
19°°5, 38°5 at 27°-6, and 48:0 at 36°5 (critical point). 


Mixture of Carbonic Acid and Acetylene. 


15. The mixture was made in a mercury gasometer con- 
sisting of two parallel wide glass tubes of 300 c.c. each, 
provided at the bottom with a tap, an indiarubber tube, and a 
funnel with mercury sufficient to fill up the whole of the 
tubes. At the top the tubes ended in threeway stopcocks 
communicating together, the whole, as described before, con- 
nected on one side with the pump, and at the other side with 
the rest of the apparatus. The mixture contained $C,H, and 
4CO,. 

* Ann. de Chimie et Physique, March 1897. 
+ Proc. R. S. of London, xxix. p. 211 (1879). 
t Zeitschrift Compr. und fliissige Giase, i. p. 82 (1897). 


s2 
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16. The results obtained are the following :— 


TABLE VI. 
Mixture 0°5 C,H, —0°5 COQx. 


t Po: Pe 

7°35 35°98 36'90 
14:95 43°46 44-62 
20:15 AQI5A wines 
24°75 55°18 56°10 
26°15 57:10 57°95 
31:55 64:79 65:17 
32°55 66°52 C 


The differences between py, and p, (fig. 1), the pressures at 
the beginning of the condensation and at the end, are some- 
what larger than for acetylene, as might be expected. It 
would be possible to make an allowance for the impurity of 
the component gases, and in that manner obtain approximate 
corrected values for the pressures. This would, however, be 
a rather uncertain calculation, and in drawing the border- 
curve for this mixture I have preferred to use the direct 
experimental values. Obviously, though the slight impurities 
of the CO,, and specially of the C,H, also affect the values 
for the mixture, the divergence from the true values can only 
be of the same order of magnitude as for the components. 

17. The diagram (fig. 1) shows that the plaitpoint curve 
is a line with small curvature and that mixtures of carbonic 
acid and acetylene have critical temperatures between those 
for the pure gases. The border-curve for the mixture inves- 
tigated is relatively narrow. This entails small differences in 
composition between the coexisting phases, the vapour con- 
taining only a little more carbonic acid than the liquid. It 
also follows that the critical phenomena will closely resemble 
those of a pure substance. This was found to be the case, 
the plaitpoint temperature and critical temperature nearly 
coinciding. 

18. An instance of a critical temperature above those for 
the components has therefore not been discovered as yet. 
From the theory it may be deduced that this phenomenon 
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Fig. 1. 
(Vide Tables IV., V., VI.) 
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will probably occur for mixtures which have a minimum 
vapour-pressure at low temperature ; in the same way as the 
critical temperatures below those for the components seem 
to occur for mixtures which have a maximum vapour-pressure 
(as for nitrous oxide and ethane). 

The law of the connexion between the two phenomena will 
be again referred to in connexion with the application of 
Prof. van der Waals’s theory. 


C. Mixtures of Acetylene and Ethane. 


19. The relative position of the vapour-pressure curves 
and critical points in the ¢-p diagram of these gases was such 
as to promise interesting results for mixtures of them: in 
fact the same reasoning holds for this combination which led 
me originally to the choice of nitrous oxide and ethane. If 
we consider the curves for the four gases the critical tem- 
peratures of which are between 30° and 40°—CO,, C,H,, 
C,H,, and N,0—we find that besides with the combinations 
C,H,-N,O and C,H,-C,H, we may expect similar pheno- 
mena with C,H,—N,O, a combination which I have not been — 
able to try. Results obtained with the couple C,H,-CO, 
will be described later on. They agree with those of N,O- 
C,H, and C,H,-O,H, The case C,H,—CO, was discussed 
above. The combination CO,-N,0O ofters no interest a priori. 
Moreover, some time ago 1 investigated a mixture of these 
two gases, but did not obtain any remarkable results. 

Mixtures of some of these four gases with hydrochloric 
acid (51°) or methyl fluoride (44°-9) also promise new results. 
Mixtures of hydrochloric and carbonic acids were investigated 
by Dewar * and Ansdell ft. Their figures differ from each 
other, but the plaitpoint curve does not seem to offer any 
peculiarities. It is hardly necessary to add, that a number of 
combinations of substances at other temperatures might be 
mentioned which would probably display similar phenomena. 

20. I began by preparing two mixtures of acetylene and | 
ethane containing 0°68 and 0:27 of the latter gas respectively. 


* Proc. R. 8. of London, xxx. p. 548. 
t Ibid. xxxiv. pp. 113-119. 
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After having got the constants for these two and not having 
any more acetylene available at the time, I made new mix- 
tures by partly exhausting the compression-tube containing 
the 0:27 C,H, mixture and introducing fresh quantities of 
ethane. In this manner four more mixtures were obtained. 
Though great care was taken not to introduce any traces of 
air into the tubes by this repeated process, it is not a safe 
method, and the results seem to show, that some impurity 
must have got into the mixture. Moreover, the calculation 
of the composition of each fresh mixture was again somewhat 
uncertain. The consequence is, that the last mixture pre- 
pared in this manner, which, according to the calculations, 
contained 0°76 C,H,, showed higher changes of vapour- 
pressure (p,—po) than the first mixture (w=0°68), and at 
the same time a slightly lower critical temperature and higher 
critical pressure. All this does not agree with the position and 
shape of the plaitpoint curve. The results for this mixture 
had therefore to be rejected. This also makes the values for 
the other three mixtures (especially the last one) doubtful. 
It must, however, be understood that this small uncertainty 
does not make the general result in the least doubtful, only 
the curves would be slightly different for the mixtures if pure. 


Tasie VII. 
Mixture 0°68 C,H,-0°32 CoH. 


t Py Pe % Ye 
Gone Cae. SAC t lee gaa: 33-9 
7-05 rane eee 1725 

13-95 40:35 4595 1343 37-2 
222 4917 5183 88-2 46-5 
a ae oA nee 002 
Zi | Beton te 50: 
i Ae 52-41 } SN en 543 M 
Bie pile bce 5282 Bish an acnaet 574 P 
23-45 Brel ee ee oer ce ee 
23-5 Br egn a eae. WO | ns 
io ee oe ae ae 591 
i ae it ee ee 60-2 
23:65 51-72 52°16 67-2 60°3 
23°75 52-06 o 65'1 
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Taste VIII. 
Mixture 0°61 C,H, ~ 0°39 C,Hp. 

iB Pp»: Pe Up. Ue. 
8°85 39°6 44:04 136°6 3843 
13°97 44°6 48°42 112-9 3r3 

20:15 52°10 53°68 M 74:6 48°4 
20°55 52°61 53°68 70°6 52°4 
20°75 53°06 53°47 P 67:5 59-5 
20°77 53°42? C 62°5 
TABLE [X. 
Mixture 0°51 C,H,-0°49 C,Hy. 

t. Pp: P, Uy. ” 
8-4 40:87 45°60 130-4 33:1 
14:0 46:4 50°50 106°3 36°71 
19°35 53°27 55:02 M 73:2 46:1 
19°75 54:10 55:02 65:2 51°2 

185 ene E87 Perce. 544 
19:9 SERA | ee Se. 64:4: 2a eae 
19:95 Od Wie 60:7 OUT, 
19:96 54:65 ? C 58:2 
TABLE X. 
Mixture 0°41 C,H,-0°59 C,H. 

t. Py: Po Up. U,. 
Ves bea 42°70 pee ote 
8-0 SO006 7 Taina ste 1962. <lwokwee 

140 46:1 48:19 107:°3 346 
19 35 520 53:67 83:1 406 
20:95 54:50 55:11 67? 47:9 
21-0 54:62 HOD SMS eee. 50:0 
EO Geen os were aCe Nie Mal hoe ate 50°6 
Da, Bi ewe. Ye O)sal 2) |e eae es 63°7 
Ope 3) Geek ‘Su an (see 8 55:2 
21:15 54:99 C 55'1 

TABLE XI, 
Mixture 0:27 C,H,-0°73 Goi. 

t. Po: Pe U- U4. 

76 38-25 39°61 148-4 29-7 
13°95 44-63 45-64 114:5 ro ba 
22°2 53:9 54:55 (bore 39:0 
23°75 56 05 56:27) M 61:7 47-7 
23:8 |) De 563255 /E | eee Slt 
23°85 56:23 Cc 55:4 
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21. The Tables VII.—XI. contain the results for the five 
mixtures ; the diagram (fig. 2) shows the relative position of 
the vapour-pressure curves for the pure substances, the border- 
curves for the mixtures, and the plaitpoint curve which 
envelops the border-curves. Only two of the border-curves, 
for mixtures 0°68 and 0°27, have been drawn in order not to 
make the diagram too complicated. 

The diagram is qualitatively the same as that for nitrous 
oxide and ethane: quantitatively there is a difference in the 
circumstance that the mixture of minimum critical tempera- 
ture and the mixture of maximum vapour-pressure are much 
nearer to each other than in the other case. Mixture 0°51 
was about the mixture of maximum pressure (point B), while 
the minimum critical temperature (point A) occurs for a 
mixture containing only a little more ethane («=0°53 or 0°54). 
The same points B and A were much farther apart for 
N,O-C,H,, where they belonged to mixtures «=0°2 and 0:5 
respectively. 

22. It was stated in my former paper that the critical phe- 
nomena of the mixtures of N.O and C,H, are little marked. 
Between C and A, and also between C and B, the condensa- 
tion should be retrograde of the first kind between the two 
critical temperatures tp and t,; between A and B the con- 
densation should be retrograde of the second kind. The 
latter phenomenon has never yet been observed owing to 
disturbing circumstances such as gravitation and small im- 
purities. For C,H,-C,H, the chances of observing special 
critical phenomena between A, B are obviously even smaller 
than for N,O-C,H,. 

I succeeded this time in observing critical phenomena of 
the first kind with all five mixtures. This is chiefly owing to 
the temperatures being more constant than formerly. The 
phenomena were very marked for the mixtures 0°68, 0°61, 
and 0:51, much less marked with mixtures 0-41 and 0:27. 
Though the relative position of P (plaitpoint) and C (critical 
point) is the same along the curves C,B and C,A, this is not 
the case as regards the point of maximum pressure M. Be- 
tween Band C,, M is between P and C; along AC,, P is 
between M and C. The results with mixtures 0°68, 0°61, and 
0:27 are in accordance with this rule; mixture 0°41 shows M 
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to be near P but on the wrong side ; mixture 0°51, which is 
about the mixture of maximum vapour-pressure, should have 
one critical point ; evidently it contained some other admixture. 
Moreover, the differences between p and p, are considerable for 
this mixture, while they should be very small, not larger than 
for the components used. Altogether the results show that at 
least some of the mixtures contained a small admixture of air. 
The figures are therefore less trustworthy than those for N,O- 
C,H, or those for CO,-C,H,, the combination to be descriked 
presently. 

The v-2 curves have the same character as those for 
N,O-C,H, : it seems therefore unnecessary to publish them. 


D. Mixtures of Carbonic Acid and Ethane. 


23. The ethane used in these experiments was the same as 
for the mixtures with acetylene. Thecarbonic acid was taken 
from an ordinary carbonic-acid cylinder, after having been 
distilled and purified in a small high-pressure cylinder in the 
way as described for ethane (see § 5). 


TABLE XII, 
Mixture 0°50 C,H,-0°50 CQ,. 
t. Pb. Ppe- Up. Ve. 

ihr | Teens: 4TAT hae: 322 | 

8:85 ABTACE OR aa LISS pee 

9:05 A594. =e Sp eae 118 S52) | 

Obes oe VE aes ee me 324 | 
14:95 52-94 54:10 82-6 37-1 | 
17°55 5663 | 57:18) Ml 624 448 
17°75 56-90 57-24 [ P 60°8 51-4 | 
17°85 56-99 57-15 59-9 55-9 
1788 57:10 57-4 | 


TaBLE XIII. 
Mixture 0°43 C,H,-0°57 CO,. 


| 
zt; po Pee Ub | Ve 
8-95 47-27 48°46 1068 | 307 
14:95 54:50 55°80 717-4 | 35°5 
75 Sys) ee | BEAD a: glee 448 
17°58 51s ts ee \ Bp (he A 
17°62 58:37 P and 0 527 


Pressures (atmospheres). 
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TABLE XIV. 
Mixture 0°30 C,H,-0°70 CO,. 
z. pb. Pe. Ub Ve. 
8:95 48°58 49:07 1060 28'8 
14°95 55°82 56°28 79:8 3822 
17:28 59-02 59°31 66:9 35°0 
WSiGSme ol - - fecacs CYL} 12) See |, gaa ae 41°4 
18:69 Gia |e eae Sos wie eee 
Sey ae, ae 61-08. \a wv leesa a 42:8 
18°75 61-21 61-31 $M 52-5 461 
SOG ee a ee: 61°29 } P 
18°30 61:26 C 48:5 
TABLE XV, 
“Mixture 0°15 C,H,—-0°85 CQ,. 
| 
zt. Po. Pe- Ub Ve. 
10°35 48°84 49-46 111-2 25-4 
160 55°72 56°32 90 27-2 
2 66°32 ee 377 
93:2 GBiGy A MeL eeEe 52:9) Mle eases 
23-35 66°44 66°52) P 496 41'8 
23:37 ee 66-57! Ml] ...... 43-2 
23:4 66°54 Jo 47-6 


Fig. 8. (Vide Tables I., IV., XI1.—XV.) 


Temperature C, 
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24. These mixtures (Tables XII.-XV., fig. 3) show again 
the phenomena of minimum critical temperature and maxi- 
mum vapour-pressure which had been found with mixtures of 
ethane with N,O and C,H; The minimum critical tempe- 
rature occurs for a mixture «=0°45 about (A), the maximum 
vapour-pressure for a=0°30 approximately (B). These com- 
positions are nearer together than for N,O-C,H,, but not so 
near as for C.H,—-C,H,. 

25. Again, the critical phenomena characteristic of mix- 
tures were very little marked. As just stated, mixtures con- 
taining ethane between the limits 0°30 and 0:45 ought theo- 
retically to show the critical phenomena of the second kind. 
For mixture 0°43 points P and C were, however, so near 
together that I could not observe a difference. For mixture 
0°50 P is between M and C; for mixture 0°30 M and P 
coincide, and very nearly also with C ; for mixture 0°15 M 
seems to lie between Pand C. All this agrees with the rules 
given above. The differences between ps, and p, are very 
small, especially for the maximum mixture. This also is in 
accordance with theory. The results for this combination 
are more trustworthy than those for C,H.-C.H¢, and as good 
or better than those for N,O-C,H,. 

The v-x diagram (not published) has the same character as 
for the two other combinations. 


E. Application of Van der Waals’s Theory*. 


26. If taken as generally as possible, van der Waals’s theory 
of mixtures depends on the assumption of the existence of a 
relation between p, v, and ¢ for a mixture of the same cha- 
racter as for pure substances. The p-v curve must be supposed 
to have an unstable part below a certain temperature, and in 
changing the composition of the mixture gradual changes in 
the relation between p, v, and ¢ should take place. The laws 
of the condensation, the critical phenomena, in general of the 
coexistence of phases are then found by an application of 
thermodynamics in one of its many forms: van der Waals 


* Archives Néerl. xxiv. pp. 1-56; Zeitschrift physik. Chemie, v. 
pp. 188-173; Kon. Akad. van Wet. Amsterdam, Noy. 24, 1894, pp. 183- 
187; ibid. Mei 25, 1895, pp. 20-380; Juni 29, 1895, pp. 1-12. 
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used the y function (=e—Tn). (T=absolute temperature.) 
In fact wherever thermodynamics is used for purposes of this 
kind, the existence of a similar equation of condition must be 
presupposed, though the actual form of this equation can only 
be given in the simplest cases, and even then only qualitatively. 
It is well known that the theoretical equation for single sub- 
stances given by van der Waals does not agree with the results 
of experiments, and the same is true for the analogous equation 
for mixtures of two substances which he uses in his theory. 
It is Well, however, to bear in mind that a number of the 
results which he arrives at are independent of the form of the 
equation. Even those results which are not, still may have a 
resemblance to actual phenomena in the same manner as for 
single substances. 

In the following account of some of the theoretical results 
I will only consider the case of the coexistence of vapour and 
liquid, 2. e. a separation of the liquid into two will be excluded 
from the consideration. 

I shall sometimes follow a method different from van der 
Waals’s, chiefly for the sake of shortness and simplicity. 

27. Let us suppose a set of isothermal curves (p-v diagram) 
to be drawn for the mixture as determined by observations of p, 
vy, and ¢ in homogeneous states, and completed by partly un- 
stable interpolation-curves joining the curves in the homo- 
geneous gaseous and liquid condition. 

Suppose we forget for a moment that the substance is a 
mixture, and apply the Maxwell-Clausius criterion for finding 
the coexisting phases in the usual manner. We should then 
get the border or saturation-curve separating the homoge- 
neous states from those where these are unstable or less stable 
than the separated states. The diagram thus obtained gives 
us the condensation-pressures, the vapour- and liquid-densities, 
and the critical point for the mixture, if supposed to behave 
like a pure substance, i. e. not dividing into phases which 
have a different composition. The real border-curve can only 
be found by a more complicated application of thermody- 
namics: still we may easily see one thing, that the real 
border-curve would lie entirely outside the hypothetical one 
just obtained. Instead of the horizontal line cutting off 
equal areas from the isothermal, we get a sloping line; this 
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line has again to cut off equal areas. Obviously this is only 
possible by making it start lower and finish higher than the 
straight line. This is true at all temperatures, and the con- 
clusion is, as stated, that the border-curve will be entirely 
outside the hypothetical one. From this it follows, e. g., that 
the real critical temperature is higher than the critical tem- 
perature for the undivided mixture ; also that the critical 
isothermal does not touch the border-curve at the top M but 
ata point to the right C, where a 0 instead of =0 as fora 
single substance. The volume in the critical point is obviously 
larger and the pressure smaller than the same quantities at 
the top of the border-curve. 

28. The last fact about the critical pressure (point ©) not 
being the maximum pressure (point M) for the mixture on 
the border-curve was pointed out above with reference to the 
p-tdiagram. In fact the loops for the mixtures are nothing 
but the real border-curves represented in a different manner. 
The third point P which we considered in that case (plait- 
point), the point of contact of the loop and the enveloping 
curve (plaitpoint curve), cannot be found by a simple geo- 
metrical construction in the p-v diagrams. The connexion 
between the latter diagrams for different mixtures is not so 
simple as the connexion between the loops (border-curves) in 
the p-idiagram. A point of intersection of two loops gives 
the pressure and temperature at which the two mixtures to 
which the loops belong will coexist as vapour and liquid*. 
The enveloping-curve contains the points of intersection of 
loops infinitely near each other ; in other words, it gives the 
conditions of pressure and temperature of the coexistence of 
identical phases : at those points the mixtures are therefore in 
the critical condition, and will display the critical phenomenon. 
Evidently these points P do not in general coincide with 
either M or C. At the critical point C the mixtures do not 
show the critical phenomenon, the latter belonging to P, 
where the temperature is lower. This was fully explained 
on former occasions. 


* This is not so when a mixture of maximum or minimum pressure is 
between the two mixtures. 


PHENOMENA OF SUBSTANCES AND MIXTURES. 255 


29. The properties of the v-a diagram were sufficiently 
discussed in my previous paper. Also its meaning as pro- 
jection on the v-z plane of curves on the wf surface studied by 
van der Waals. It was found in the first place that the 
maximum mixture in its critical point behaves entirely as a 
single substance ; this fact would appear in the p-v diagram 
by the critical isothermal touching the border-curve at the 
top, and by points M, P, and C coinciding. If the maximum 
mixture is the same at all temperatures (as is approxi- 
mately realized by N,O-C,H, within the limits of tempera- 
tures used), the real border-curve coincides entirely with the 
hypothetical border-curve examined above. If the maximum 
mixture changes with temperature the two curves coincide at 
the top only. 

30. The consequence of this coincidence is that the critical 
point of the maximum mixture may be determined in exactly 
the same way as for a single substance: the conditions being 

dp _. %P_ 

re =), Jo? =), 
The direction of the vapour-pressure curve of the maximum 
mixture at B (i. e. the direction of the maximum-curve at 
that point) is also the same as for a single substance. This 
direction may be easily proved to satisfy the equation 


(#) ey 
aty. ie et 

* This equation is true for single substances at the critical point, and 
for the maximum mixture at B; for other mixtures it would hold at the 
hypothetical critical point for the homogeneous mixture. The hypo- 
thetical vapour-pressure curve for a mixture lies in between the two 
branches of the loop in the p-t diagram, and comes to an end at this 


hypothetical critical point at some distance from the plaitpoint-curve. 

The equation consequently does not hold for a mixture at its plaitpoint. 

It seems therefore impossible to identify the expression (22) with 
d vx 

the of of the hypothetical vapour-pressure curve at the plaitpoint of 


an arbitrary mixture, although this is done by van der Waals in his 
interpretation of the equation which gives the difference of the value of 


(2). and (22) | Kon, Ak. Amsterdam, Mei 25, 1895, pp. 13, 30; 
Juni 29, 1895, p. 3, form. (5)). 
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the index indicating the quantity which is kept constant in 
the differentiation. Van der Waals* has discovered that for 


single substances F z is approximately equal to 7 at the 
critical point. It is an interesting confirmation of the theory 
that my maximum-curves also give a value about equal to 7 
at point B. 

31. An important question in connexion with this is, What 
is the direction of the plaitpoint-curve at B? In my former 
paper this point was left undecided. In the meantime Prof. 
van der Waals, to whom I showed my results, has published 
two paperst in which the properties of both points B and A 
are completely discussed. I will deduce here some of his 
results, sometimes using his equations in a different manner. 


32. For “ of the plaitpoint-curve the following may be 


written :— 


4p) — (2) + (2) (ae) + (S2). (ae) 


At B both op and op will be seen to be =0. This follows 
Ov rok 


immediately from the conditions of the v-x diagram, op being 


=(, because the line of equal pressure always touches the 
connodal curve at the plaitpoint, and is therefore parallel to 


the v-axis in this particular case ; while oP =0(, because the 
2 

point has still the properties of a maximum pressure-point. 

Neither ae nor ge can be © along the plaitpoint-c t B 

oF cP g plaitp urve at B, 

because that would mean that the temperature went through 


a maximum or minimum. The result is that at B 

d fs) d 
(F).= (Ss ee (see above) ($) along maximum curve, 
2. e. the maximum curve touches the plaitpoint-curve at B. 


* “Continuity” &c., Supplementary Notes; Kon. Ak. Amsterdam, 
Mei 25, 1895, p. 27. 


+ Kon. Ak. Amsterdam, Mei 25, 1895, pp, 20-30; Juni 29, pp. 1-12. 


PHENOMENA OF SUBSTANCES AND MIXTURES. 257 


The diagram in my former paper is therefore incorrect, as the 
plaitpoint-curve was drawn with a break at B. 

33. As to point A, it may be proved that (7) is infinite 
- P 

there. We must use for this the conditions which hold for 
the point where a plait is split up. A plaitpoint is a point 
of the connodal curve on the y surface, but at the same time 
of the spinodal curve. The connodal curve is the curve traced 
out by the double tangent-plane : the spinodal curve, which 
is inside the connodal curve, separates the part of the surface 


where the substance is stable from the unstable part. The 
equation of this curve is 


A= SY SS (SE) 0. 


Inside the curve A < on bei A> 0; 
Applying the condition that A=0 in the plaitpoint, we have 


(= Ge)..+ Se). G),* Be). 


Now at Rye is > 0, because just before the division 


of the plait A< 0 in that point, and just atter A>0*. 
Moreover we have at point a (2 =0, and (2°) == () 
Ox ut Ov axe 


This will be seen to be true on considering that in the 
direction of the z-axis A passes from negative through 0 
back to negative, in the direction of v from positive through 
0 back to positive. The conclusion we come to is that either 
S or a or both, are infinite at A. The last alternative is 
the true one; but either of the three is sufficient for our 


purpose. If we put in the general equation for Gal in (82) 
=, we find (F), at ) =o, because at A neither oe nor 
an. 


a is 0, the direction of the py line not coinciding with 
v 
either the v or the « axis. 
: : oA 
* A more rigorous proof may be given by working out YE 


compare van der Waals, /. c. Juni 29, p. 2. 
VOL. XV. Ae 
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34, From (2) = at Ait follows, that the plaitpoint curve 
P 


has a vertical tangent at A and the loop for the mixture of 
minimum critical temperature touches the plaitpoint curve at 
A:in the ordinary manner. In my former paper I drew the plait- 
point curve witha break at A, as suggested by the experimental . 
data, and drew some conclusions from this which now appear 
to have been erroneous. The two branches of the connodal 
curve at the moment of the division of the plait intersect as 
two straight lines. ‘his was not sufficiently brought out in the 
diagram (fig. 11) *: Moreover the curves were drawn in such a 
manner, that a line parallel to the v-axis had, under certain 
circumstances, four points of intersection. This was an unne- 
cessary assumption which, in cases of splitting up of the first 
plait, is not a probable one. _ Altogether the paragraphs 40-- 
42 with the figures 7, 11, and 12 should be withdrawn. * 

35. All these results are entirely independent of the form 
of the equation between p, v, and T for the mixtures. We 
will now apply van der Waals’s equation for some calculations 
regarding the mixtures investigated. 

The equation between p, v, and T has the form 


(p+ as) (v—0,) =RT, 


in which a, and b, depend on the composition of the mixture 
x in the following manner :— 


Ay = a (1— 2a)? + 2ayya(1—2) + age’, 
b= b;(1L—2)? + 2b,,a(1—@) + bax? ¢ ; 


a,,), being the constants for the first and ag, by for the second 
substance ; ay. is the attraction-constant between the two 
substances, b,, the volume-constant for the ‘combination. 
According to the simple suppositions underlying the deduction 
of the formula, we should have : 


WV dyg=h{ Wl Bist V bo}. 


36. Now the three combinations investigated offer a good 
opportunity for calculating a, and 0,5. We saw that the 


* Kuenen, Proc. Phys. Soc. xiii. p, 545. 
t Lorentz, Wied, Ann. xii. p. 134. 
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same formule hold for the critical point of the max. mixture 
as tora single substance. From the T and pin the maximum 
point B we can therefore calculate a, and >, and deduce from 
these the ay and by. The values of a, will give some idea 
of the relative attraction of the two kinds of molecules, 
probably quite as accurate an idea as the ordinary a gives of 
the mutual attraction of the same molecules. The bj. obtained 
may be compared with the theoretical value. 
37. The results of my calculations are the following :— 


TABLE XVI, 


Gee Des a. Poe: 
IMG afi sss 309 | 71-9 | 0:00753 | 0-00197 
Crk Seren reek 308:25-| -61:02 | 0-00881 ‘| 0-00231 
Cor. st pie: 3041 | 73:26 | 000714 | 0-00190 
eee 305 | 488 | 0:01078 | 0-00286 
a 6b 


12° 12° 

N,O-C,H, (c=0'18) ...| 3028 | 65:3 | 0-:00859 | 0:00239 
O,H,-C,H, (#=0°51) ...| 29296} 54-7 | 0:00789 | 0-002295 
CO,-C,H, (c=0'30) ...) 2918 | 61:3 | 0:008076 | 0:002357 


CO,-C,H, («=0-50) ...) 30555] 665 | 0-C0792 | 0-:00210 


I have added to the table calculated values of aj. and dy, 

for the combination CO,-C,H,. The mixture of these two 
gases was proved to have a very narrow border-curve, and 
consequently the critical point observed cannot have been 
very much above the hypothetical critical point. The caleu- 
lation of aj, and 6, from the critical constants, though not 
legitimate, must have given values for aj, and b,, not very 
far wrong. 
_ The values of 0,2 calculated from the formula in § 85 coin- 
eide with the values in Table XVI. in the case of N,O-C,H, 
and of CO,-C,H,: for C,H,-C,H, 6,2 is even smaller than } 
for CjH,. a, is in all cases smaller than the mean of the 
a’s, and for C,H,-C,H, even smaller than a for C,H, It 
is chiefly on this smallness of a, that the existence of a 
minimum critical temperature depends. 

38. Knowing ay, and 6,2, we may calculate the critical 

T 2 


260 DR. KUENEN ON THE CONDENSATION AND CRITICAL 


constants for the other mixtures, if supposed to remain 
undivided. It is with the temperature that we are chiefly 
concerned. 


TABLE XVII. 


| N,0 ay O,H.. | 
a one 
L 273 7 ij dee 
0-18 302'8 3028 
0-43 299-0 299-05 
0:55 298°7 29905 
0-76 300°5 30085 
0:27 296°7 2968 
0-41 293'1 294-15 
0-51 293-0 293°0 
061 293°6 2938 
0:68 294'8 296°75 
O15 296°1 2964 
0:30 291-8 291°8 
0:43, 290°7 290-62 
0:50 290°8 290°88 


Table X VII. gives the calculated values of the hypothetical 
critical temperature as compared with the real critical tem- 
perature. The former is found to be everywhere lower than 
the latter (except for mixture 0°43 CO,-C,H,, where the 
calculated value is 0°08 above the observed T,, a difference 
almost within the limits of experimental errors) : for the 
maximum mixture the two naturally coincide. The differences 
are very small, especially with N,O-C,H, and CO,-O,H,. 
For C,H,-C,H, they are somewhat higher for mixtures con- 
taining more C,H,: this is in agreement with the fact that 
the critical phenomena were more marked for those mixtures 
than for the others. In plotting the values of Table XVII. 
against the x’s, two curves are obtained, connecting the same 
points C, and C, and touching at a point corresponding 
to B. The curves are close together and the minimum of a/d 
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should belong to approximately the same value of 2 as the 
minimum T;. The existence of a minimum for a/b depends on 
Qyo/b12 being smaller than both a,/b; and a,/b,*. Table XVIII. 
gives the values of « for the minimum of a/b and for the 
observed minimum critical temperature (point A). The two 
sets agree very closely. 


TasLe XVIII. 


Max. pressure. 
Min. a/b. | Min, T,. : A. 


| Calculated. | Observed: B. 
N,O-C,H, ... 2=0°52 0°50 0:01 0-20 
O,H,-C,H, ... x=0°50 0°53 0°36 0°51 
CO,-O0,H, ... x=0°48 0:45 0:10 0°30 


39. In Table XVIII. are also given the mixtures of maximum 
pressure as observed and as calculated from the theory. The 
latter calculation is simple. In coexisting phases we have the 


three conditions that oy and ye are equal. 


Now w may be found from the equation p v T, because 
oe =—p. ‘This leads to 
p= —RTU(v— bs) — 2 + $(2). 
The two first conditions mentioned lead immediately to 
11/0 1 Bary, 
Vtg! OL Uz OF 
remembering that « is the same in the two phases ; % and vz 


are the volumes of the coexisting phases. At the critical 
point : v,=v,=30,, and the equation becomes 


2 dd, _1 a 


Bb Ox a, 02 


There is not a very good agreement between the values 


* Van der Waals, Arch. Néerl. xxiv. p. 23. 
+ Van der Waals, /. ¢, p. 23. 


262 DR. KUENEN ON THE CONDENSATION AND CRITICAL 


calculated from this formula and those observed. The pee 
of agreement are that both sets of v’s are smaller than the 2’s 
for the min. cr. temp., and that the smaller the « observed, 
the smaller also is the x calculated. 

Considering how insufficient van der Waals’s formula is, we. 
should not expect a better agreement ; still the equation 
seems to give correct indications as regards the relative 
position of We two points A and B. This connexion may be 
better shown in the following manner: the condition for the 
min. of a,/b, may be written thus :— 


1 Bae _1 db. _ 
Ay OL b aQe-- ? 


and the condition for point B 


Ay Ox 3b: Ox ra 


> 0 (in which case also See > 0), as is the 


When 


case in the three combinations investigated, the first equation 
gives a higher value of # than the second *. 

40. But another question arises—What happens to the 
‘maximum at very low temperatures ? This can be found 
from the same equation given above (in 39) by putting 2, 

(volume of the liquid) equal to dz and neglecting 1/v,. The 
result is the same equation as holds for the min. cr, tempera- 
ture. Probably therefore, if the equation does not mislead 
us here-too much, approximately the same mixture which has 
amin. cr. temp. will be the mixture of maximum vapour- 
pressure at low temperatures. We may therefore expect the 
mixtures of C,H, with N,O, C,H,, and CO, which contain 
‘about 0°5 of each to have a max. vapour-pressure at low tem- 
peratures. By raising the temperature this maximum moves 
towards the substance of higher vapour-pressures (N,O, C.H,, 
and CO,). As we saw for C,H,-C,H,, this motion has been 
very small, the points B and A almost coinciding. It is not 
_ impossible Hat for other mixtures which have a max. pressure 
at low temperature the maximum reaches one of the com- 
ponents at higher temperature and thus disappears. Those 


0b, 
rok 


* Van der Waals, Kon. Ak. 29 June, 1895, pp. 11-12. 


PHENOMENA OF SUBSTANCES AND MIXTURES. 263: 


mixtures would still have a minimum for a,/}, and, if the 
real critical temperatures are not too much above the hypo- 
thetical ones, they would also show a minimum critical 
temperature. 

Instances of maximum vapour-pressures are : —ethy] alcohol. 
and carbon disulphide (Berthelot *), chloroform and carbon’ 
bisulphide (Guthrie t), ether and carbon disulphide (Guthrie), 
propyl alcohol and water (Konowalow t). Some of these 
combinations would be worth investigating at higher tempera- 
tures up to the critical condition. 

41. Similar considerations hold for maximum critical tem- 
perature and minimum vapour-pressure. A minimum vapour- 
pressure at low temperature means, according to the equation, 
a maximum for a/b; and a maximum of a/b is the same as a 
maximum of the hypothetical critical temperature, and there= 
fore a fortiori of the real critical temperature. The minimum 
pressure will move towards the substance of lower vapour- 
pressure, with rise of temperature, and may either disappear 
or else exist up to the critical region. It is easy to under- 
stand what the p-t diagram would be like in this case. But- 
the case has not been observed yet. A minimum. vapour- 
pressure was found by Roscoe and Dittmar § for hydrochloric 
acid and water and for nitric acid and water, by Konowalow || 
for formic acid and water, by Friedel for hydrochloric 
acid and methyl ether. I hope to have an early opportunity 
of trying the latter combination, which will not require tem- 
peratures as high as the combinations with water. © 

42. One remark may be added. In the condensation of 
some substances it is assumed that an association takes place 
of molecules to more complicated systems. Substances with 
which that happens do not obey the laws of corresponding 
states, and van der Waals’s formula would be even more in- 
adequate in those cases than otherwise. We may expect 
similar phenomena to occur in the liquefaction of some 


* Berthelot, Comptes Rendus, Ixvii. p. 480. 

+ Gutbrie, Phil, Mag. (5) xviii. p. 515. 

+ Konowalow, Wied. Ann. xiv. p. 34, 

§ Roscoe & Dittmar, Lieb. An. exii. p. 827, exvi. p. 827, 
|| Konowalow, Wied, Ann. xiv. p. 54. 

4) Friedel, Comptes Rendus, 1xxxi. p. 152. 


f 
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mixtures. An association of that kind one would feel inclined 
to identify with what is called the formation of molecular 
compounds. This would naturally have a great influence on 
the vapour-pressure, and it is not unlikely, that rules like 
those given above and deduced from van der Waals’s formula 
would fail entirely in those cases. But these considerations 
can only be tested by experiment. 


University College, Dundee. 


Discussion. 


~ Dr. S. P. Tompson asked whether diagrams characteristic 
of cyanogen had been obtained. Its remarkable polymerism 
suggested an interesting case for critical phenomena. 

Dr. Kurnen thought such a substance might be worth 
investigating. 


,XXII. On the Steady Motion of an Electrified Ellipsoid. 


. f 
f 
fd 
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» By G. F.C. Szariz, WA., Demonstrator in Experi- 
mental Physics, Cavendish Laboratory, Cambridge *. 


(Q/ yj J Ar the Meeting of the Royal Society on 19th March, 


i 
5 


1896, I read a paper on “ Problems in Electric Con- 
vection.” The first part of the paper is printed in the 
‘Philosophical Transactions of the Royal Society ’’t, and 
contains the principles which are required in the solution of 
any problems about moving charges. The second part of 
the paper, which deals with the motion of a charged ellipsoid, 
was not published by the Royal Society. A few of the 
results are, however, stated in an abstract published in the 
‘Proceedings’ $. By the permission of the Royal Society I 
now publish my results for a moving ellipsoid. As frequent 
reference to my paper in the ‘ Philosophical Transactions’ 
will be necessary, I shall use the notation {§ 5} and {(9)} to 
indicate the paragraph or equation referred to in that paper. 


* Read June 25, 1897. 


t Phil. Trans. vol, 187 (1896) A. pp. 675-713. 
{ Proc. Roy. Soe. vol. lix. p. 343. 
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When any system of electric charges moves with uniform 
velocity through the ether, the electromagnetic field, when 
referred to axes moving forwards with the charges, can be 
completely defined by means of a quantity WV, as was first 
shown by Prof. J. J.Thomson*. The electric force E and the 
magnetic force H are simple functions of VW. But besides E 
and H there is another vector of great importance, viz. the 
mechanical force F experienced by a unit charge moving with 
the rest of the system. The value of F I have shown {§ 10} 
to be given by the vector equation 


P= Vs + 6. aY aee mee 

The equations of the field are {§ 4} 
eurlih=O)eiieets. oe) 
ING oben an oe ee Y 


If v= ae is the velocity of light, and if a stand for 1—- = 


then when ie motion takes place parallel to the axis he a 
we have {§ 4} : 


DSi mibaor ah ee 5 7 (4) 
dv lav a Vay 
Maria), Eames? HE as ee) 

KudvV Kud¥ 
1b) Li ae md Bile. adi dil ° (6) 


From these equations, since E has no divergence, 


ek a a 
“aa tae T de 


200. 8 ae 


Here, and throughout the paper, the axes are supposed to 
move forward with the same velocity as the electrical charges. 
Prof. W. B. Morton has considered the motion of an 
ellipsoid in a paper read before the Physical Society on 
27th March, 1896 ¢. He obtains the two following results, 
viz. : (1) that the distribution of electricity is the same as if 


* Phil. Mag. July 1889. 
+ Proc. Phys. Soc. No. 71, August 1896, p. 180; Phil. Mag. xli. p. 488. 
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the ellipsoid is at rest, and (2) the value of V when the 
ellipsoid moves along one of its axes. 

Prof. Morton obtains his result by the assumption first 
made by Mr. Oliver Heaviside, F.R.S.*, that a distribution 
of electricity on the surface of a charged body. such as to 
give zero disturbance at all points inside the surface is an 
equilibrium distribution. _ Since F satisfies curl F=0 and F 
vanishes inside the surface, it follows that on the outside of 
ihe surface F is perpendicular to the surface. This implies 
that Wis constant over the surface. But as neither. the 
electric force E nor the mechanical force experienced by each 
part of the charged surface (calculated from the Maxwell 
stress) is normal to the surface, I felt unable to accept the 
validity of Mr. Heaviside’s assumption until I discovered 
{§ 15} that F is the mechanical force on an isolated moving 
unit charge, and that the term —VGD, which appears in the 
expression for the force experienced by the surface, has no 
influence in causing convection of electricity from one part 
of the surface to another. Here Dis the electric displacement, 

dH 
| ae 

Since V is a true potential for the mechanical force F, I 
have called WV the “ electric convection potential.” 
_. When there has been established the boundary condition 
that V is constant over the surface, with its consequence that 
there is zero disturbance within the surface, it is very easy to 
show that the distribution on an ellipsoid is the same for 
motion as for rest. Suppose the ellipsoid to have the same 
distribution as when it is at rest, so that o=gp/4rabc, where 
g-is the charge, a, b, c the axes of the ellipsoid, and p the 
perpendicular from the centre upon the tangent-plane at the 
point. Through any internal point M as vertex draw a 
slender double cone intercepting two areas N, N’ on the 
surface. Now the electric force due toa moving point-charge 
is still radial and still varies inversely as the square of the 
distance, although it alters with change of direction of the 
radius vector. Thus it follows just as in electrostatics, since 
o x p, that the effects at M of N and N’ are exactly equal and 


and G the “ magnetic current ” 


* ‘Electrical Papers,’ vol, ii, p, 514. 
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opposite. The whole surface can be treated in the same 
manner, and thus it follows that E=0 at ali internal points. 
Hence H=O also. Thus the assumed distribution is in 
equilibrium and is therefore the actual distribution. Thus 
the motion has no influence upon the distribution, and this 
result is true whatever the direction of motion with respect 
to the axes of the ellipsoid. 

In order to find the state of the ae: near a charged 
ellipsoid moving with velocity w parallel to the axis of 2, itis 
necessary to find a value of VY which shall be constant over 
the surface of the ellipsoid, shall vanish at infinity, and shall 
satisfy (7). We see at once that if f (2, y, 2) satisfies 
v7f=0, then f (a#//a, y, z) satisfies (7). Now from 
electrostatics we know that 

dn 
, NV (a+r) (B +2) (2+A) 


where A is connected with 2, y, z by the relation 
2 


x . Beer iot = 
an Pw EN? 


satisfies V?®=0. 


Hence 
Adnr 
= 8 
ik V (a? +r) (82 +A) (C242) ” (8) 
where X is connected with a, y, z by the relation 
Pak aii EEN ES (9) 
EEN) sO A. AY ae ae 
satisfies (7). 
Writing a? for aa”, (8) and (9) become 
v=| obs kim A eae cag Pe 6) 
, V (a? + ar) (+A) (CP +A) 
2 2 2 
“+77 4" (11) 


a+ar GEN Cen | 

This value of WV is constant over the surface of the 
ellipsoid a, b, c, for A=0 at all points of this surface ; it also 
vanishes at infinity, and it satisfies (7). It is therefore the 
value of VY required. To find the constant A we make o have 
its proper value g/47dc at the end of axis a. 
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Now 
K K 


o= ign ig 
at the end of the axis. 
But by (5) n=-=. 


Again, at r=a, y=z=0 we have dd/dv=2a/a and con- 
sequently 
dv dVdy <A 2a 


de drxde abe’a’ 
Hence A= oe 


Thus, as Prof. Morton has also shown by the same method, 
v= 7 ga dr 

J, 2K (a + ar) (PP +2) (+A) | 

Now I have shown {§ 21} that if there is a surface A 


carrying a charge g, and any surface B is found for which 
W is constant, then a charge g placed upon B and allowed to 


(12) 


Fig. 1. 


acquire an equilibrium distribution will produce at all points 
not inside B the same effect as the charged surface A. 

Hence the ellipsoid (11) when carrying a charge g produces 
at all points not inside itself exactly the same disturbance as 
the ellipsoid a,b, ¢ with the same charge. 
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If we make a=b=c=0, the surfaces of equal “ convection 
potential” are the ellipsoids given by 


a oe es 
ee mae 


They are therefore all similar to each other. Thus the 
ellipsoid of this form produces exactly the same effect as a 
point-charge at its centre, and thus an ellipsoid of this form 
takes the place of the sphere in electrostatics. An ellipsoid 
with its axes in the ratios »/a:1:1 I have called a Heavi- 
side Ellipsoid, since Mr. Heaviside* was the first to draw 
attention to its importance in the theory of moving charges. 
Whatever be the ratios u:b:c, the equipotential surfaces 
approximate to Heaviside ellipsoids as X is made very great. 
IVa 
Vr 

Putting c=b so that we have an ellipsoid of revolution, 
the axis of revolution being the axis of wv, we see by taking 
A= —/ that a uniformly-charged line of length 2 Wu?—b?a 
lying along the axis of # produces exactly the same effect 
as the ellipsoid a,b,b. It may therefore be called its 
“image.” When b=a this length becomes 2au/v. Thus, 
when a charged sphere is at rest it produces the same effect 
as a point-charge at its centre. When the sphere is in 
motion it produces the same effect as a uniformly-charged 
line whose length bears to the diameter of the sphere the 
same ratio as the velocity of the sphere bears to the velocity 
of light. When u=v, so that the sphere moves with the 
velocity of light, the line becomes the diameter of the 
sphere ; and the same is true for an ellipsoid. Since when 
u=v each element of the charged line produces a disturb- 
ance which is confined to the plane through the element 
perpendicular to the direction of motion {(46)}, it follows 
that the disturbance is entirely confined between the planes 
z=+a. Between them the electric force is radial to the 
axis of w and has exactly the same value, viz. g/aKp, as if 


the line had been of infinite length and had had the same 


The value of V at the surface AX is 


* ‘Electrical Papers,’ vol. ii. p. 514, 
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line-density g/2a. Here p stands for { y+z27}4. The mag- 
netic force is by (3) gu/ap. Hence the field between the 
planes w= +a is independent of x. There are therefore no 
displacement-currents except in the two bounding-planes. 
There is an outward radial current in the front plane and an 
inward current in the back plane, the total amount of current 
in each: case being qu, equal in amount to the convection- 
current carried by the ellipsoid. 
er lt appears, however, that at the velocity ee light any 
distribution on any eurtieed isin equilibrium. For ae value 
of V at any point near a moving point-charge is {(43)} | 
qQva 
KV e/aty+2 
and this vanishes when u=v (so thata=0), even when v=0. 
Thus the value of VW for a point-chargé vanishes, and the 
value of WV for any distribution being derivable from that for 
a point-charge by integration, it follows that VW has the 
constant value zero everywhere. Hence the charge is in 
equilibrium however it may be distributed. The same result 
follows from the expression {§ 19} for the force between two 
moving charges. When they move parallel to each other 
with the speed of light the force between them vanishes. 

If the ellipsoid is more oblate than Heaviside’s the limiting 
internal surface of ellipsoidal form, whose action is the same 
as that of the ellipsoid, is a disk of radius “0?—a?/a, the 
axis of the disk coinciding with the axis of z. 

The form of the ites of the electric force E due to an 
ellipsoid of revolution is easily found. Putting p? for Pt 2, 
the equilibrium surfaces are given by 

x Die al 
a+ UE ey = 


NW Res 


(18) 


Now the mechanical force F is normal to this surface, and 
therefore 


_ p(w +an) 
ae a(b? +r)’ 
where ES See 


Hi = F, and E, = ¥,/a; 
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so that. - . , 
Pas 5 iB, 1 p(a?@+anr) Anse 
Biaaice BP)” . ‘a ) 
Now consider the conic 
2 yy 
= P Le ca ¥en 


AREY Pity 

The tangent of the angle which the geomeirical tangent 
makes with the axis of « is 

x(b? +v) 


pla’ +a)” | 


But if the point z, p lies on both (18) and (15), it follows 
that 


(16) 


_ a(F+v) _ Lp@+tar) 


p(atav) a x(b?+A)° 
~ Hence by (14) and (16) the electric force is always tangential 
to the conic (15). But this conic has exactly the same 
equation as the equilibrium surfaces. Thus the single 
equation (13) represents both the equilibrium surfaces and 
the lines of electric force. 

If any point z,p be taken, there are two values of X which 
will satisfy (13) considered as a quadratic in XA. One value 
corresponds to an ellipsoidal equilibrium surface ; the other 
to a hyperbolic surface whose lines of intersection with planes 
passing through the axis of # are the lines of electric force. 
The lines of electric force for a charged sphere in motion are 
not radial but form a series of hyperbolas. 

Figs. 2 and 3 show the forms of the equilibrium surfaces 
and of the lines of electric force, for a line and a disk respec- 
tively, when a=} so that u/v='866. In fig. 2 the curve 
marked X=# is a circle, a section of the sphere of which the 
line marked X=0 is the “image.” The semi-length of the 
line and the radius of the disk are each taken as unity. 

[ have attempted to find the lines ot the mechanical force F 
these being everywhere perpendicular to the equilibriam 
surfaces. But the process involved an impracticable ‘inte- 
gration, and thus led to no result. 
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I will now write down the values of E and H at any point 
near the ellipsoid of revolution with axes a,b,b. Instead of X 
it will be convenient to take as the parameter of any one of 


Fig. 2. 


Von 2-373 


(NN 


we 


ae 


<P 
iy ie) 
(| 


eee 
» 
6 
ee Ee 
LOO, 


iT 
Kh 


the equilibrium surfaces its # axis and to denote this by h. 


Thus : 
W®=a?+ar; 


and consequently if we put J? for a?—ab?, so that J is the semi- 
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length of the line which is the “image” of the ellipsoid, we 
have 
Wl 


a 


P+A= 
The value of V in terms of / thus becomes 


age dh C 
vakl jaye «ED 


A=-°*9588 


Na! 
Equation (11) now becomes 
ee oS, se 


so that instead of the cylindrical coordinates# and p(= »/7? +2) 
VOL. XV. U 
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we can take A and } where 


ioe 
2=hcos ¢, p= XE "sing. . Ee) 
a 


From (18) we have in terms of / and ¢ 


dh _ (l?—I?) cos dh _ hv i@—EPsind Va 
de l@—Pcsd dp W—P coh 
Hence ; 


b= 


dv dh _ aq cos 
~ dh’ dz K(®—F cos? >)’ 


(20) 


= hsi aes 
E ___ 1d¥ ah ee gh sin p N/a , (21) 
adh “dp K V/h?—P (h?—P’cos’ ) 
uh sin oe 
fen Pula . (22) 


V/12—P(h? — 2 cos? b) 


I now pass on to calculate the total energy possessed by 
the ellipsoid when in motion along its axis of figure. , In 
making the calculation I shall suppose that a> ab eee, 
that [? is positive. The case in which a? < ab? can be deduced 
by the appropriate mathematical transformation. 

I have shown {§ 22} that the total energy, viz. the volume 
KE? + wH? 

or 


integral of , due to the motion of a charge on any 


rface, 1 
surface, is We=ho¥+2, 
where WV, is the value of the convection-potential at the 
surface of the body, and T is the magnetic part of the energy, 
viz., the volume integral of #H?/87. 


Fig. 4. 


Now in fig. 4 let the ellipsoid PQ be determined by h, and 
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the ellipsoid RS by h+dh. Let the angular coordinate of 
Pand S be @, and let that of Q and R be +d. Then the 
area PQRS 


_ U«,p) dedp  dxdp 
a cee Tah) ue 
}?—P cos? ° 
=— = 
Wa fe rd. 


Now if the area PQRS revolve about the axis Ow the volume 
of the ring traced out is 


(x,p) 2d) ete cos? @) sin h 
2p Pa 5) dhdp= dh dd. 


Thus for the magnetic a of the energy we have ~ 


n= \\5e ‘gy the 


_ ug u aa 1? sin® $ dh ape 


1? —?)(i?—F cos’ o) 


Since X goes from 0 to % fh goes from a too. The limits 
of ¢ are 0 and z. 


Now 
mein PAD. <> 1 [ “ pect ae h+lcos¢d 
\ V—Pcos'?'d 8 P CO? “Si 8 Tees ran 


e—-E Io gf +1 
= {2 i=l 
_ eeu 21? hy h+ tl 
= SP oa eet 08 p= )ae 
_ wep ns +f? | 
Sah ! af 8 ht 
When his large the quantity in [J 


l tke 
=a +1) (7 + or A) 
vanishing when A= 


Thus, making use of wKv?=1 we have for the magnetic 


energy 


Hence 


T= 


gy ue a+?) ott! 
ALK v? Di Salt rt 
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Now by (17) we have at the surface of the ellipsoid 


rd ee qa atl 
ic a) PoP = 2K 8a 


Hence the total electromagnetic energy of the ellipsoid is 


a war Cate va 
Wig +2T= ge, { (1+ | ) logs a Se) 


ve Goal ae 


Here we must remember that /?=a?—alb”. 
(A)~ Energy of Heaviside Ellipsoid. If we put a/l=S and 
make 8 large we have 


55 422) aah eee 
Rak a vw (s+ 355 eG =} 

2 2 
= (+55) when S=<e).'5-~.. < i eh seed) 


This corresponds to the Heaviside ellipsoid, for when S= 
a=abl®. The energy of the same ellipsoid at rest is 


g Va 
“DK ou 


” sin- 
(B) Energy of a Sphere. Putting b=a we have /=au/v, and 


thus 
Pope 2 1). nee 


r= t_ 
Wee Ss u v—U 


If uw is small ae with v we have 
Oe 


W=5- af (14 te ..). 


It will be found that as far as u?/v? the magnetic energy is 


gre pug? 
3Kav?—s 8a 


as has been found by Mr. Heaviside*. It follows from this 
that as far as terms in w/v” the electric part of the energy is 
unaltered by the motion. 


* ‘Electrical Papers,’ vol. ii. p. 505. 
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(C) Energy of a very slender Ellipsoid. When the ellip- 
soid is so slender that L?/a? may be neglected in comparison 
with unity we have 


2a ur 


a ail ( “) 2 
Me 2Ka I+ fa log WA id vy)? 


(26) 


v 


When u/v is small, this becomes 


“fae Be) 
v=o U(1 +2 7) oes + +33) 
(D) Energy of a Disk. 


When a? < ah? the ellipsoid is more oblate than Heaviside’s, 
and /* becomes negative. In this case let us write 


2 
a 

= le— — 
a 


xf 


so that ris the radius of the disk which is the “image” of 
the ellipsoid a,b. Then writing /” —1=7 we have from (23) 


we ae ( te ) - Ll+inar/a qura 
AKir / a 2y2y eli Ja ria 2K v?r?2a 


But 


: 1+m ee a heer 
7 ogi =2(¢— 7 + Fee: ) =2tan rp 


so that (23) becomes 


= Sena 
pe {G- = tan a Tawi (27) 


When a=0 we find for the energy of a disk of radius r 
moving along its axis 


Gea 


Aa 


. (28) 


In all these cases it will be found that when u=v the 
energy becomes infinite, so that it would seem to be impossible 
to make a charged body move at a greater speed than that 
of light. 
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Discussion. 


Prof. Perry said the paper would help to solve many 
problems connected with the effect of the rotation of the 
earth upon electrical surface changes. An expression might 
be found for the mechanical and magnetic forces due to 
the motion of a charge at any point of the earth’s surface. 
At the equator a point moves at different velocity at midday 
to its midnight velocity ; it might now be possible to deter- 
mine the magnetic and mechanical effects due to electric 
charges at equatorial points. 

Mr. Buaxestey asked whether, in calculating the mutual 
action of two charged particles, proceeding at the velocity 
of light, it was assumed that the lines of motion were 
parallei. 

Mr. Sear.e said he had always considered parallel lines 
of motion; he could not say whether the force would be 
zero in any other case. The results arrived at in the paper 
could be applied to problems connected with distributions of 
terrestrial charges. 
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February 14th, 1896. 
Captain Apney, President, in the Chair. 


The following was elected a Member of the Society :— 
—— Mr>G, Hatoimay. 
Prof. Ramsay and Mr. Evmorropounos read a paper “On the 
Determination of High Temperatures by the Meldometer.” 
Prof. Ramsay showed a Direct-vision Spectroscope of special 
form. 


February 28th, 1896. 
Prof. Perry, Vice-President, in the Chair. 


The following were elected Members of the Society :— 
Messrs. F. Bepreti, A. Grirritas, D. Morgan Lewis, 
C. Roperrs, and 8. Woop. 
Sir D. Satomons showed some experiments with Incandescent 
Lamps. 
Prof. Frumine and Mr. Peraven communicated a paper “On an 
Analytical Study of the Alternating-Current Arc.” - 
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March 13th, 1896. 


Prof, Carzy Fostrr, Vice-President, in the Chair. 


The following were elected Members of the Society :— 
Messrs. F. W. Henxerr and D. Korpa. 

Mr. J. H. Runves read a paper on “ An addition to the Wheat- 
stone Bridge for the Determination of Low Resistances.” 

Mr. J. H. Reuvus read a note on “The Exact Value of Mat- 
thiessen’s Standard.” 

Herr Purvs communicated a paper on “ Kathode Rays,” with 
illustrations. 

Mr, W. Ackcroyp and Mr. H. B. Knowzzs also exhibited some 
Rontgen-ray photographs. 


March 27th, 1896. 
Prof. Carry Foster, Vice-President, in the Chair. 


Prof. Fremre read a paper on ‘“‘ The Edison Effect.” 
Mr. W. B. Morron communicated a paper “On the Electro- 
magnetic Effect of Moving Charges.” 


April 24th, 1896. 
Captain Asnry, President, in the Chair. 

Mr. R. A. Lenrerpr communicated a paper on “ Symbolism in 
Thermodynamics.” 

Mr. Rorno Arpreyarp read a paper “On the Adjustment of the 
Kelvin Bridge.” 

Mr. J. Frira read a paper “On the Effect of Wave-form on the 
Alternate-Current Arc.” 


May 8th, 1896. 


Captain Apney, President, in the Chair. 


The following were elected Members of the Society :— 
Messrs. A. Tuornron and E. Tremusrr Carrer. 
Messrs. Fria and Ropemrs gave a paper “On the True Resistance 
of the Electric Arc,” 
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May 22nd, 1896, 


Prof. Ayrton, Vice-President, in the Chair. 


Mr. Rorto Aprieyarp read a paper on “ Dielectrics.” 

Prof. Virramu Jones made a communication “On the Magnetic 
Field due to an Elliptical Current at a point in the Plane of the 
Ellipse and within it.” 

Mr. Campsern read a paper on “New Instruments for the 


Direct Measurement of the Frequency of Alternating or Pulsating 
Electric Currents.” 


June 12th, 1896. 


Captain Apnezy, President, in the Chair. 


Mr. Camppett read a paper “On the Measurement of very large 
and very small Alternating Currents.” 

Mr. Grirrirus exhibited some Improvements in “ Apparatus for 
the Measurement of Electrical Resistance.” 

Prof. S. P. THompson made a communication on “ Réntgen 
Rays.” 


June 26th, 1896. 


Captain Asnery, President, in the Chair. 


The following was elected a Member of the Society :— 
Mr. R. H. Sopzav. 

Mr. F. Brepett read a paper on “ Admittance and Impedance 
Loci.” 

Prof. S. P. Tuompson read a paper ‘“‘ On the Properties of a Body 
having Negative Resistance.” 

Mr. F. W. Burstatt gave a paper ‘‘On the Use of Bare Wire for 
Resistance Coils.” 

Mr. J. Larmor gave a paper “On the Theory of Moving Electrons 
and Electric Charges.” 
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October 30th, 1896. 
Captain Annuy, President, in the Chair. 


This was a Special Meeting. The following resolutions were 
passed :— 


I. That the Subscription to the Society be increased to 
£2 2s. per annum. 

II. That all Members who have already compounded for their 
subscriptions be invited to contribute to the Funds 
of the Society voluntarily, by either subscribing One 
Guinea annually or compounding for such Subscription. 

ITI. That a Guarantee Fund be instituted. 
IV. That in future Members of the Society be styled ‘“ Fellows 
of the Physical Society of London.” 

V. That a Foreign Secretary be appointed who shall be 
ex officio a Member of the Council. 

VI. That a Librarian be appointed who shall be ex officio a 
Member of the Council. 
VII. That an Editor of the Abstracts be appointed who shall 
be ex officio a Member of the Council. 
VIII. That the Articles of Association of the Society be and 
hereby are altered in the manner to give effect to the 
previous resolutions. 


At the Ordinary Meeting of the same date a letter was read from 
Lord Kelvin thanking the Society for the Address which the 
President, on behalf of the Society, had recently presented to him. 

The following were elected Members of the Society :— 

Messrs. D. B. Marr, G. H. J. Hurst, and F. G. Donnan. 

Prof. Srrovp and Mr. J. B, Heyperson read a paper “On a 
satisfactory method of Measuring Electrolytic Conductivity by 
means of Continuous Currents.” 

Mr. Roito Appiryarp exhibited a number of different forms of 
Electrical Trevelyan Rockers. 


November 13th, 1896. 


Captain Anny, President, in the Chair. 


The following was elected a Member of the Society :— 
Mr. J. W. Grrrorp. 
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A communication ‘On some Experiments with Réntgen’s Radia- 
tion” was received from Prof. Taretratt and Mr. Pottocx. 

Mr. Bryan and Dr. Barron gave a paper “ On the Absorption of 
Electric Waves along Wires by a Terminal Bridge.” 


November 27th, 1896. 
Captain Annery, President, in the Chair, 


This was a Special Meeting at which the resolutions passed on 
October 30th were confirmed. 

At the Ordinary Meeting of the same date the following were 
elected Fellows of the Society :— 

Miss Fanny Lowarer, Messrs. W. E. Harrison and 
V. A. Munprtza. 

Professor Ricxur, Vice-President, took the Chair while the 
President made a communication upon ‘‘ Apparatus for giving Dia- 
grams of the Efficiency of a Photographic Shutter.” 


December 11th, 1896. 
Prof. Ayrton, Vice-President, in the Chair. 


The following were elected Fellows of the Society :— 
Messrs. C. Corer and J. KE. Myrrs. 
Dr. Curex gave a paper on “ Applications of Physics and Mathe- 
matics to Seismology.” 
Mr. R. T. Rupp communicated a paper on ‘“‘ Musical Tubes.” 


January 22nd, 1897. 
Prof. Ayrton, Vice-President, in the Chair. 
The following was elected a Fellow of the Society :— 
Mr. J. R. Asnworra. 
Mr. W. B. Crorr gave an exhibition of some simple Apparatus. 
Mr. E. C. Baty read a paper “On the Passage of Electricity 
through Gases.” 
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Annual General Meeting. 
February 12th, 1897. 
Captain Asyezy, President, in the Chair. 


The following Report of the Council was read by the Chairman :— 


In the Annual Report of the Council for the past year there has 
to be chronicled the greatest change which has taken place in the 
Society since its first establishment in 1875. With the expansion 
given to the scope of the work of the Society in the publication 
every month of the Abstracts, in the printing in advance of proofs 
_ of papers to be read before the Society, and in securing a home 
at Burlington House, it was found impossible to carry on the 
operations of the Society on a sound and substantial basis under 
the old regulations. The difficulties were greatly accentuated by 
the notable decrease in the interest for money invested, compared 
with the condition in this respect of the money market at the date 
of the Society’s foundation. The Society owes much to the fore- 
sight in these financial matters of past Councils, so that on the one 
hand the necessary changes which the out-going Council have 
proposed and which the Society has loyally supported them in 
carrying out, have neither been hurriedly proposed nor postponed 
till too late, and on the other hand are believed to be sufficient for 
the purposes of the present day. 

Though the annual subscription of Members has been raised, ae 
Council is fully convinced that it is as low as is consistent with 
maintaining the efficiency of the Society, and is not higher than 
that of other scientific associations. The formal title of Membership 
is now conveyed in the word “ Fellow.” 

There have been held fourteen ordinary business meetings since 
the last report, as well as the two special meetings necessary for 
the passing and confirming the changes in the constitution of the 
Society, all at Burlington House. 

From a scientific point of view the past year has been marked by 
the development of Prof. Réntgen’s great discovery of the peculiar 
radiations which by general consent bear his name, and Fellows of 
the Physical Society have, as might be expected, been forward in — 
these investigations. 

A satisfactory number of new members has joined the Society, 
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and the Council feels great satisfaction that only a few resigna- 
tions have been sent in owing to the changes in the regulations 
that have been made. 

Among the deaths which have taken place are those of Mr. W. H. 
Walenn, September 20, 1896, and Captain Marshall Hall, April 14, 
1896. 


Wirrram Henry Watenn was born in London, January 7, 1828, 
and died at his residence, 9 Carleton Road, N., on September 20, 
1896, after a long and painful illness. He was trained as an 
engineer at the works of Messrs. Cottam, and received part of his 
education at University College, London, where he studied mathe- 
matics under Professor De Morgan. He was one of the earliest 
abridgers of specifications to the Patent Office, beginning under the 
then Comptroller, Mr. Woodcroft, for whom he compiled the series 
of abridgments relating to Electricity and Magnetism, Photography, 
and other subjects. In 1866 his book, ‘Little Experiments for 
Little Chemists,’ was published, and in it was given a new process 
for depositing brass upon zine. In 1871 he contributed a paper 
to the ‘ Philosophical Magazine,’ ‘“‘ On the Solutions for Depositing 
Copper and Brass by means of Electric Force.” About this time 
he conducted some experiments for the Government of the day 
in electro-depositing copper upon the bottom of an iron ship. 
Between 1868 and 1880 he communicated through the ‘ Philo- 
sophical Magazine’ several mathematical papers upon “ Unitates,” 
and methods of checking calculations by means of these. Mr. Walenn 
was known among his friends as a man always ready and willing 
to aid any inquirer after scientific truth, whether in his favourite 
study of mathematics, or in the many branches of physics and 
chemistry with which he was familiar. He became a Fellow of 
the Chemical Society in 1866, and of the Institute of Chemistry 
soon after its establishment. 


The adoption of the Report was proposed and passed unani- 


mously. 
The election of Officers and other Members of Council then took 


place, the new Council being constituted as follows :— 
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President.—Suertrorp Bipweit, M.A., LL.B., F.R.S. 


Vice-Presidents who have filled the Office of President.—Dr. J. H. 
Guapsrone, F.R.S.3 Prof. G. C. Foster, F.R.S.; Prof. W. G. Apams, 
M.A., F.R.S.; Lord Kutvin, D.C.L., LL.D., F.R.S.; Prof. R. 
B. Crirroy, M.A., F.R.S.; Prof. A. W. Rernotp, M.A., F.RB.S.; 
Prof. W. E. Ayrron, F.R.S.; Prof. G. F. Firzesratp, M.A., 
F.R.S.; Prof. A. W. Ricxser, M.A., F.R.S.; Capt. W. pz W. Asney, 
fob C.b., DC.1., 2 R.0. 


Vice-Presidents—Major-General EK. R. Festine, R.E., F.RS.; 
L. Fretcame, M.A., F.R.8:;—Rrof. J. Perry, DSc. FBS; 
G. Jounstone Sronry, M.A., F.R.S. 


Secretaries.—T. H. Buaxestey, M.A., M.Inst.C.E.; H. M. Expmr, 
M.A. 


Foreign Secretary.—Prof. 8. P. THompson, D.Sc., F.B.S. 


Treasurer.—Dr. E. Arxinson, J.P. 
Librarian.—C. Vernon Boys, F.R.S. 


Other Members of Cowncil—Watter Batty, M.A.; L. Cars, 
C.E., F.R.S.; A. H. Fisoy, D.Se.; Prof. J. A. Fremine, M.A,, 
F.R.S.; BR. T. Guazesroox, M.A., F.R.S.; Prof. A. Gray, M.A.; 
G. GrirrivH, M.A.; Prof. G. M. Mincuty, M.A., F.R.S.; Prof. W. 
Ramsay, Ph.D., F.R.S.; J. Watxer, M.A. 


Votes of thanks were passed to the Chemical Society; to the 
OrrFicers; and to the Auprrors. 
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MAGNETIC OBSERVATIONS WITH IRON SPECIMEN A. 
Crit. Temp. 795. 


at 1050° 
Curves N° 2. Hysteresis Loaps. 
Annealing Process and subsequent cooling 
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Curves N® 3. 
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Explanation 


The larger Hysteresis Loops are all taken esactly 
within the Limits H = + 6:83 CGS Units. 


The smaller loops are within the limits of 
Induction B=+ 4260 lines for the 1°" series 
and B =+ 4550 lines for the 2" series 


The dotted curves are the B-H curves 
taker. by the Method of Reversals. 
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MAGNETIC OBSERVATIONS WITH IRON SPECIMEN B .((rit.lemp. 100.) 
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Curves N°5. 
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